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Abstract

Recenttext and speechprocessingapplicdions suchas
speechmining raisenew andmoregereral prodemsre-
latedto the constretion of languag@ models.We present
anddescriben detailseveralnew andefficientalgoithms
to addessthesemore generalprodems and repat ex-
perimertal resultsdemastratingtheir usefulness. We
give analgoiithm for compuing efficiently the expectel
courts of ary sequene in a word lattice outpu by a
speectrecoqizer or ary arbitray weightedautomata;
describea new techniaie for creatingexact represeta-
tions of n-gramlanguagemodelsby weighted autonata
whosesizeis practicalfor offline useevenfor a vocab
ulary size of abou 500,M0 wordsandan n-gram order
n = 6; andpresent simpleandmoregeneratechnige
for constrieting class-basethnguag modéds thatallows
eachclassto represenan arbitrary weightedautonaton.
An efficientimplementationof our algoithms andtech-
nigues hasbeenncorpaatedin ageneal softwarelibrary
for languag@ modeling the GRM Library, thatincludes
mary othertext andgramnar processindunctioralities.

1 Motivation

Statisticallanguaye modelsare crudal compaments of
mary modern natual langlageproessingsystemssuch
as speechrecogition, information extractian, machire
translation,or docunent classification. In all cases,a
langlage model is usedin comhnation with othe in-

formation sourcesto rank alternatve hypothesedy as-
signing them some probabilities. There are classical
techniaqiesfor constreting languag@ modelssuchasn-

gram models with variols smoothimg techrques (see
ChenandGoodnan(199) andthereferencesthereinfor

asuney andcommrisonof thesetechniqes).

In somerecentext andspeeciprocessingapplicatians,
severalnew andmore geneal prablemsarisethatarere-
latedto the constretion of languag@ models.We present
new andefficient algaithmsto addessthesemoregen-
eralprobdems.

Counting. Classicallanguagemodelsareconstructd
by deriing statisticsfrom large input texts. In speech
mining apgicationsor for adapationpumposespneoften
needsto constrict a language model basedon the out-
put of a speechrecogiition system.But, the outpu of a
recoqition systemis not just text. Indeed theword er

ror rate of corversationalspeectrecogqition systemss
still too highin mary tasksto rely only on the onebest
outpu of the recogtizer. Thus, the word lattice output
by speechrecogition systemss usedinsteadbecaseit
contairs the correcttranscripion in mostcases.

A word lattice is a weightedfinite automaon (WFA)
outpu by the recogrizer for a particdar utterance It
contairs typically averylarge setof alternatve transcrip
tion sentence$or that utterane with the correspndirg
weightsor probabilities. A necessargtepfor constrict-
ing alanguagemocel basedon aword latticeis to derive
the statisticsfor ary given sequencdrom the latticesor
WFASs outpu by therecogiizer. This canrot be dore by
simply enumeating eachpathof thelatticeandcountirg
thenunberof occurencesof thesequene consideredn
eachpathsincethe nunber of pathsof even a smallau-
tomatonmay be more than four billion. We preseh a
simpleandefficientalgorithm for compuing theexpected
court of ary givensequenein aWFA andrepat expei-
mentalresultsdemorstratingits efficiency.

Representaton of language modelsby WFAs. Clas-
sicaln-gramlanguagemodelsadmita natual represeta-
tion by WFAs in which eachstateencalesa left context
of width lessthann. However, the sizeof thatrepresen
tationmakesit impracticalfor offline optimizationssuch
asthoseusedin largevocahulaly speechrecogition or
geneal informationextractionsystemsMost offline rep-
resentatios of thesemodds arebasednsteadon anap-
proximationto limit their size. We describea new tech-
niquefor creatingan exactrepresentatiorof n-gramlan-
guag mocklsby WFAs whosesizeis practicalfor offline
useevenin taskswith avocalulary sizeof about500000
wordsandfor n = 6.

Class-basedmodels In mary applicatiors, it is nat-
ural and convenientto constriet class-basedanguag
modds, thatis modds basecdn classe®f words(Brown
etal., 199). Suchmodelsare also often more robust
sincethey may includewordsthat belorg to a classbut
thatwerenot foundin the corpus. Classicalclass-based
modds are basedon simple classessuch as a list of
words.But new clusteringalgorithmsallow oneto create
moregeneal andmore comple classegshatmaybereg-
ular languaes. Very large andcomgex classesanalso
bedefinedusingregular expressionsWe presenaisimple
andmoregereralappoachto class-basethngiagemod
els basedon geneal weightedcontext-dependentrules



(KaplanandKay, 1994 Mohri and Sproat,199%). Our
apprachallows usto dealefficiently with morecomple
classesuchasweightedregular languages.

We have fully implemerted the algorithms just men-
tioned and incarporatedthemin a geneal software li-
braryfor languag@ modelirg, the GRM Library, thatin-
cludesmary othertext andgramnar processindunction-
alities (Allauzenet al., 20@). In the following, we will
presentn detailthesealgoithmsandbriefly describethe
correspndirg GRM utilities.

2 Preliminaries

Definition 1 A system (K, ®,®,0,1) is a semiring
(Kuich and Salanaa, 1986 if: (K, ®,0) is a commuta
tive monad with identityelemen®; (K, ®, 1) isamonad
with identityelement; ® distributesover @; and0 is an
annihilator for ®: foralla e K,a ® 0=0® a = 0.

Thus,a semiringis a ring that may lack negation. Two
semiringsoften usedin speechprocessingare: the log
semiringl = (R U {oo}, ®iog, +,00,0) (Mohri, 2002
which is isomorghic to the familiar real or prabability
semiring(R,, +, %, 0, 1) via a log momphismwith, for
alla,be RU{oo}:

a @log b=— log(exp(_a) + exp(_b))

and the corvention that: exp(—o) = 0 and
—log(0) = oo, andthe tropical semiring7 = (Ry U
{00}, min, +, 00, 0) which canbe derived from the log
semiringusingthe Viterbi appraimation

Definition 2 A weightedfinite-statetransdaerT overa
semiringK is an 8-tupleT = (X,A,Q,I,F,E )\ p)
wheee: ¥ is thefinite input alphabetof the transduwer;
A is thefinite outpu alphabet; @ is a finite setof states;
I C @ thesetof initial states;F C @ the setof final
states;E C @ x (XU {e}) x (AU{e}) x K x @ afinite
setof transitions; A : I — K theinitial weightfunction
andp : F — K thefina weightfunction mappng F' to
K.

A Weightedautomaton A = (X,Q, I, F, E, )\, p) is de-
finedin a similar way by simply omitting the output la-
bels.Wedendeby L(A4) C X* thesetof stringsacceptd
by anautonaton A andsimilarly by L(X) thestringsde-
scribedby areguar expressionX .

Givenatransitione € E, we derote by i[e] its input
label, pe] its origin or previous stateandnle] its desti-
nationstateor next state,w[e] its weight, o[e] its output
label (transdeer case).Givena stateq € ), we dende
by E|[q] thesetof transitiondeaving q.

A pathm = e; ---e; is anelementof E* with con-
secutie transitions:nfe;_1] = plei], ¢ = 2,...,k. We
extendn andp to pathsby setting: n[r] = n[e] and
p[r] = pler]. A cycle « is a path whoseorigin and
destinationstatescoincice: n[r] = p[r]. We denoteby

P(q,q') the setof pathsfrom ¢ to ¢’ andby P(q,z,q")
and P(q,z,y,q') the setof patts from ¢ to ¢’ with in-
putlabelz € ¥* andoutpu label y (transdger case).
Thesedefinitionscanbe extendedto subsetsk, R’ C @,
by: P(R,z,R') = UgeR, ¢'cR’ P(q,z,q"). Thelabel-
ing fundions ¢ (and similarly o) and the weight func-
tion w canalsobe exterdedto pathsby definingthela-
bel of a path as the concateation of the labels of its
constituen transitiors, and the weight of a pathasthe
®-product of the weightsof its constituen transitions:
i[r] = ile1] - -ilex], wln] = wle1] ® -+ ® wleg]. We
also exterd w to ary finite setof pathsII by setting:
wlll] = @,y w[r]. Theoutputweightassociatedy
A to eachinputstringz € X* is:

D

neP(I,z,F)

[Al(z) = A(plr]) @ wlr] @ p(n[r])

[A](z) is definedto be 0 when P(I,z, F) = (. Simi-
larly, the outpu weightassociatedby atransducefl” to a
pair of input-outpt string (z, v) is:

D

TFEP(I,.’L‘,Z/,F)

[T1(z,y) = AWplr]) € wlr] © p(n[r])

[T z,y) = 0 whenP(I,z,y,F) = (. A successful
pathin a weightedautomé#on or transdeer M is a path
from aninitial stateto afinal state.M is unanbiguasif
for ary stringz € ¥* thereis atmostonesuccessfupath
labeledwith z. Thus,anunamliguows transdeerdefines
afunction.

For ary transdicerT’, dende by IT,(T") theautomato
obtaina by projeding T onits outpu, thatis by omitting
its inputlabels.

Notethatthe secondperatia of thetropical semiring
andthelog semiringaswell astheiridentity elemems are
identical. Thus the weightof a pathin anautomata A
over thetropicalsemiringdoesnotchangif A is viewed
asa weightedautomaon over the log semiringor vice-
versa.

3 Counting

This sectiondescriles a countirg algorithm basedon

geneal weighted automataalgoritms. Let A =

(Q,I,F,%,4,0,), p) be anarbitraryweightedautona-

ton over the prokability semiringandlet X beareguar

expressiordefinedoverthealphdetX.. We areinterested
in courting the occurencesof the sequencex € L(X)

in A while taking into accoum the weight of the paths
wherethey appear

3.1 Definition

WhenA is deterninistic andpusted, or stochasticit can
beviewedasa probability distribution P over all strings



Figure 1: Countirg weightedtransdeer T with ¥ =
{a, b}. Thetransitionweightsandthefinal weightatstate
1 areall equalto 1.

¥*.1 Theweight[A](z) associatethy A to eachstringz
is thenP(z). Thus,we definethe court of the sequene
zin A, ¢(z), as:

c(@) = Y luls [Al(2)

uex*

where|u|, denoteshenumierof occurencesof z in the
string u, i.e., the expected numter of occurencesof x
given A. Moregenerallywewill definethecourt of z as
above regardlessof whetherA is stochastior not.

In mostspeechprocessingpplicdions, A maybe an
agyclic autonaton calleda phae or a word lattice out-
putby a speechrecogition system.But our algorithmis
geneal anddoesnotassumed to beagyclic.

3.2 Algorithm

We descrile our algorithm for computing the expectea
courts of thesequences € L(X) andgive the proof of
its correctress.

Let S betheformal power seriegKuichandSalomaa,
19869 S over the probaility semiringdefinedby S =
0* x z x 0*, wherex € L(X).

Lemmal Forallw € ¥*, (S,w) = |w|,.

Proof. By definition of the multiplication of power se-
riesin the probability semiring:

(Sw) = D (Q%u) x (,2) x (27,0)
= lygo=w = |w|m
This provesthelemma. ]

S is arationalpower seriesasa product and closureof
the polynomial power series(? andz (SalomaaandSoit-
tola, 1978 Bersteland Reutenaar, 1983). Similarly,
since X is regular, the weightedtransdation definedby
(2 x {e}))*(X x X)(T x {e})* isrational. Thus,by the
theoren of Schitzerbeiger (Schitzenbeger,1961), there
existsaweightedtransdeerT" definedover the alphalet
¥ and the prabability semiringrealizing that transde-
tion. Figurel shows the transduer T in the particuar
caseof ¥ = {a, b}.

1Thereexist a generaweighteddeterminizatiorandweight
pushingalgorithmsthatcanbeusedto createadeterministiand

pushedautomatorequialert to aninput word or phore lattice
(Mohri, 1997).

Proposition 1 Let A be a weightedautanatonover the
probability semiring then:

[M2(A o T)](z) = c(x)

Proof. By definitionof T', forary w € ¥*, [T](w, z) =
(S,z), andby lemmal, [T](w,z) = |w|,. Thus,by
definitionof compsition:

[Ma(AeT)](z) = > [Al(w) x |w|z
n€P(I,F), w=i[r]
= > vl [Aw) = e(2)
wEX*
This endsthe proof of the proposition. O

The propasition givesa simplealgorithmfor computing
the expectedcountsof X in a weightedautomata A
basedon two geneal algorithms: compsition (Mohri et
al., 1996 and projectionof weightedtransdwers. It is
alsobasednthetransdeerT whichis easyto constrict.
Thesizeof T'isin O(|X| + |Ax|), whereAx is afinite
automaon acceptingX. With alazy implementationof
T, only onetransitioncanbeusedinsteadof |X|, therely
redudng thesizeof therepresentatioof 7' to O(|A x|).

The weightedautonaton B = II,(A o T') containse-
transitions. A generale-removal algoiithm canbe used
to compue anequvalentweightedautonatonwith noe-
transition. The compuation of [B](z) for a givenz is
doneby compaing B with anautonatonrepresentinge
andby usingasimpleshortest-distatealgorithm (Mohri,
2002 to compue the sumof theweigtts of all the paths
of theresult.

For nunrerical stability, implementationsoftenreplace
probabilitieswith — log prokabilities. The algoithm just
describedappliesin a similar way by taking — log of the
weightsof T' (thusall the weightsof T' will be zeroin
thatcase)andby usingthe log semiringversionof com-
positionande-removal.

3.3 GRM Utility and Experimental Results

An efficient implementationof the courting algoritm
was incomoratedin the GRM library (Allauzenet al.,
2003. The GRM utility gr ntount canbeusedin par
ticular to geneate a compact repesentationof the ex-
pectedcourts of the n-gram sequencegppeaing in a
word lattice (of which a string encoed asan automata
is a specialcase)whoseorderis lessor equalto a given
integer As anexamge, thefollowing commandline:
grnctount -n3 foo.fsm> count.fsm
createsanencoedrepresentatiortount . f smof then-
gramsequencg n < 3, whichcanbeusedto construcia
trigrammodel. The encoed representidon itself is also
givenasanautomaonthatwe do notdescrile here.
Thecourting utility of theGRM libraryis usedn ava-
riety of langitagemodéding andtrainingadapationtasks.



Ourexpeiimentsshav thatgr ncount is quiteefficient.
We testedthis utility with 41 000weightedautomaaout-
putsof our speechrecoqition systemfor thesamenum
berof speectutterarces. The total nunber of transitions
of theseautomatawas 18.8M. It took about1h52m, in-
cludingl/O, to computetheaccumulate@xpectectounts
of all n-gram n < 3, appearig in all theseautonata
onasingleprocessormf a 1GHzIntel Pentiumprocessor
Linux clusterwith 2GB of memoryand 256 KB cache.
Thetime to compute thesecountsrepresets just %th of
thetotal durationof the41,M0 speechutterancesisedin
our experimrent.

4 Representationof n-gram Language
Models with WFAs

Standardsmoothé n-gram mockls, includng bacloff
(Katz,1987 andinterpdated(JelinekandMercer 1980
modds, admitanaturd represetationby WFAs in which
eachstateencalesa conditioring history of lengthless
thann. The size of that represetation is often pro-
hibitive. Indeed,the corresponthg autonatonmay have
|£|"~! statesand|Z|™ transitions. Thus,evenif the vo-
calulary sizeis just 1,0, therepesentatiorof a classi-
caltrigrammodelmayrequre in theworstcaseupto one
billion transitions Clearly, thisrepresentatiois evenless
adequate for realisticnatual langua@ processingppli-
cationswherethevocahilary sizeis in theorderof several
hundedthowsandwords.

In the past,two method have beenusedto dealwith
this prodem. Oneconsistsof expandingthat WFA on-
demaul. Thus,in somespeectrecoqition systemsthe
statesandtransitiors of the language mockel automata
are constructd as needecbasedon the particularinput
speechutterarces. The disadwartageof that methd is
thatit cannotbenefitfrom offline optimizaion techniqies
that can substantiallyimprove the efficiency of a rec-
ognizr (Mohri et al., 1998). A similar dravback af-
fectsothersystemavhereseveralinformationsourcesre
comhbined suchasa comgex informationextractian sys-
tem. An alternatve metha comnonly usedin mary ap-
plicationsconsistsof construting insteadanapprxima-
tion of that weightedautomata whosesizeis practical
for offline optimizations. This methodis usedin mary
large-vocalulary speectrecoqition systems.

In this section,we presenta nev methodfor creat-
ing an exact representatiorof n-gram languag@ models
with WFAs whosesizeis practica even for very large-
vocahllary tasksandfor relatively high n-gram orders.
Thus, our represetation doesnot suffer from the disad-
vanta@sjust pointed out for thetwo classicaimethals.

We first briefly presenthe classicaldefinitions of n-
gramlangwagemodelsandseverd smootting techniqies
commaly used. We thendescribea natual represeta-
tion of n-gramlanguagemodds usingfailure transitions
Thisis equivalentto theon-denandconstrctionreferred

to above but it helpsus introduce both the appraimate
solutioncomnonly usedandour solutionfor anexactof-
fline represention.

4.1 ClassicalDefinitions

In an n-gran mockl, the joint probaility of a string
wo - .. wy, IS given asthe product of condtional proba-
bilities:

k
Pr(wg...wr) = H Pr(w;|h;) 1)
=0

wherethecorditioninghistoryh ; consistsof zeroor more
wordsimmedately preceihg w; andis dictatedby the
orderof then-grammodé.

Let ¢(hw) denotethe court of n-gram hw and let
lg}(w|h) be the maximum likelihoad probability of w
given h, estimatedfrom courts. Pr is often adjusted
to resene someprabability massfor unseem-gran se-
guertes. Denoteby ﬁ(w|h) the adjustedconditioral
prokability. Katz or absolutediscownting bothleadto an
adjustecprobalility Pr.

For all n-grans h = wh' whereh € %* for somek >
1, wereferto h' asthebacloff n-gramof k. Conditioral
prokabilitiesin a bacloff modelareof theform:

Pr(w|h)

if c(hw) > 0
an Pr(wll')  otherw )

Pr(wlh) = { otherwise
whereay, is a factorthat ensuresa nomalized mocel.
Conditioral probailities in adeletednterpdationmodel
areof theform:

_ [ (1—ap)Pr(w|h) + an Pr(w|h’) if c(hw) > 0
Pr(wlh) = {ah_g};(wm}l)]l o Priv] ot}clerxise
3)

whereqa;, is themixing parametebetweerzeroandone.

In practice,as menticmed befae, for numeical sta-
bility, —log probabilities are used. Furthernore, due
the Viterbi appoximationusedin mostspeechprocess-
ing appications,the weightassociatedo a stringz by a
weightedautonatonrepreseting the modé is the mini-
mumweight of a pathlabeledwith z. Thus, ann-gram
languagemode is representetdy aWFA overthetropical
semiring.

4.2 Representdion with Failure Transitions

Both bacloff and interpolated mockls can be natually
represeted using defaultor failure transitiors. A fail-
uretransitionis labeledwith a distinctsymba ¢. It is the
default transitiontaken at stateq wheng doesnot admit
anoutgoing transitionlabeledwith theword corsidered.
Thus,failuretransitionshave the semantic®f otherwise



Figure2: Representatioof a trigrammodelwith failure
transitions.

The setof statesof the WFA represeting a bacloff or
interpdatedmocel is definedby associating stateg,, to
eachsequene of lengthlessthann found in the corpus:

Q = {qn : |h| <mnand c(h) > 0}

Its transitionsetE is definedastheunionof thefollowing
setof failuretransitiors:

{(qwh'a ¢> -
andthefollowing setof regulartransitions:
{(qh7w) - IOg(PI‘(’U}lh)),’I’Lhw) 1qn € Q:C(hw) > 0}

whereny,, is definedby:

dhw
n =
hw { qh'w

Figure2 illustratesthis constrution for a trigrammocel.
Treating e-transitiors as reguar symtols, this is a
determinstic automato. Figure 3 shovs a compete
Katz bacloff bigrammodel built from countstakenfrom
thefollowing toy corpusandusingfailuretransitiors:

log(an),qn) : qun € Q}

if 0 < |hw| <n
if |hw| = n where h = w'h/

(4)

(s) b aaaa{s)
(s) baaaa{s)
(s) a (I's)

where(s) dendesthe startsymbad and(/s) theendsym-
bol for eachsentenceNotethatthe startsymbad (s) does
not label ary transition,it encoes the history (s). All
transitionslabeledwith the end symba (/s) leadto the
singlefinal stateof the autanaton.

4.3 Approximate Offline Representdion

Thecomnonmethal usedfor anoffline represetationof
ann-gramlangug@emodel canbeeasilyderivedfrom the
represetation usingfailure transitionsby simply replac-
ing eachg-transitionby ane-trarsition. Thus,atransition
thatcouldonly betakenin theabsencef ary otheralter
native in the exact representatiorcannow be taken re-
gardessof whetherthereexists an alternatve transition
Thusthe appoximaterepresentatiormay containpaths
whoseweightdoesnot correspondo the exactprobabil-
ity of thestringlabelingthatpathaccodingto themockl.

</s>/1.101

Figure 3: Exampe of representatiorof a bigrammodel
with failuretransitions.

Considerfor exampe the startstatein figure 3, labeled
with {s). In afailure transitionmodel, thereexists only
onepathfrom the startstateto the statelabeleda, with a
costof 1.108, sincethe ¢ transitioncanna be traversed
with aninput of a. If the ¢ transitionis replacedby an
e-trarsition, thereis a secondpathto the statelabeleda
—takingthee-transitionto the history-lessstate thenthe
a transitionout of the history-lessstate. This pathis not
partof the probabilistic mocel — we shallreferto it asan
invalid path In this casethereis a prodem, becausehe
costof theinvalid pathto the state— the sumof thetwo
transitioncosts(0.672) —is lowerthanthe costof thetrue
path. Hencethe WFA with e-trarsitions gives a lower
cost(higherprobaility) to all stringsbeginning with the
symbad a. Notethattheinvaid pathfrom thestatelabeled
(s) to the statelabeledh hasa highercostthanthecorrect
path,whichis notaproblemin thetropical semiring.

4.4 Exact Offline Representaion

This sectionpresets a methodfor constricting an ex-
act offline represetation of an n-gram languag model
whosesizeremairs practicalfor large-vocahulary tasks.

Themainideabehindour new constructia is to mod
ify thetopolagy of the WFA to remove ary pathcontain
ing e-transitiors whosecostis lowerthanthe correctcost
associatedyy the mockel to the string labelingthat path.
Since,asa result,the low costpathfor eachstring will
have the correct cost, this will guaanteethe correctness
of therepresetationin thetropical semiring.

Our corstructionadnits two parts:thedetectiorof the
invalid pathsof the WFA, and the modification of the
topolagy by splitting statedo remove theinvalid paths.

To detectinvalid paths,we determire first their initial
non< transitiors. Let E, dende the setof e-trarsitions
of the original automato. Let P, bethe setof all paths
T=ei...e; € (E—E.)* k> 0,leadingto stateg such
thatfor all 4,7 = 1...k, p[e;] is the destinatiorstateof
somee-trarsition.

Lemma 2 For an n-gram language modé, the number
of pathsin P, is lessthanthen-gramorder: | P;| < n.

Proof. Forall m; € P,, letw; = me;. By definition
thereis somee; € E. suchthatn[e;] = ple;] = gx,. By
definition of e-transitiors in themodel,|h;| < n — 1 for
all 4. It follows from the definition of reguar transitions
thatnle;] = qn;w = ¢. Henceh; = hj = h,i.e. ¢; =



Figure4: Thepather is invalid if i[e] = e, i[r] = i[x],
m € P, andeither(i) ' = r andw[er] < w[x'] or (ii)
i[e'] = e andwlen] < w[r'e].

e;j = e, forallm;, m; € Py. Then,P, = {me : w € P, }U
{e}. Thehistory-lessstatehasno incoming non< paths,
therefae, by recursion|P,| = |P,, | + 1 = |hw| < n.

We now definetransitionsetsD s (originally empty)
following this procedure: for all statesr € @) andall
™ = e...e; € P, if thereexistsandherpathw’ and
transitione € E. suchthatnle] = p[x], p[r'] = ple],
andi[r'] = i[x], andeither(i) n[r'] = n[r] andw[en] <
wln'] or (ii) thereexistse’ € E. suchthatple'] = n[n']
andnle'] = n[r] andwlen] < w[r'e], thenwe adde; to
theset: Dyjqpir] ¢ Doprjpl«] U {€1}. Seefigure 4 for
anillustrationof this condition Usingthis procedurewe
candetermire theset:

E[Q] ={e€ E[g]:3q¢',e € Dyy}.
This setprovidesthefirst non< transitionof eachinvalid

path. Thus,we canusethesetransitiors to eliminatein-
valid paths.

Propasition 2 Thecostof theconstructiorof £[q] for all
q € Qisn?|%||Q|, whee n is then-gram order.

Proof. For eachg € @) andeachnr € P,, thereareat
most || possiblestatesq’ suchthatfor somee € E.,
ple] = ¢’ andnle] = q. It is trivial to seefrom the prod
of lemmaz2 thatthe maximum lengthof = is n. Hence,
thecostof findingall 7’ for agivenw is n|X|. Therebre,
thetotal costis n?|X||Q)|.

For all nonempty E[q], we createa new stateg and
for all e € E[q] we setple] = §. We createa transition
(4,€,0,q9), andfor all e € E — E, suchthatnle] = ¢,
we setnle] = ¢. Forall e € E, suchthatn[e] = ¢ and
|Dgple)|l = 0, wesetne] = ¢. Forall e € E, suchthat
nle] = g and|Dgyq| > 0, we createa new intermedate
bacloff stateg andsetn[e] = §; thenfor all e’ € EJ[g], if
e & Dgpre1, We addatransitioné = (g, ife’], wle'], n[e'])
to E.

Proposition 3 TheWFA over thetropical semiringmod-
ifiedfollowingtheproceduejustoutlinedis equivdentto
theexactonlinerepresentatia with failure transitiors.

Proof. Assumethatthereexistsa string s for whichthe
WFA retuns a weight(s) lessthanthe correctweight
w(s) that would have beenassignedo s by the exact
online representationwith failure transitiors. We will

call an e-trarsition e; within a pathm = ey ...e in-
valid if the next none transitione;, j > 14, hasthela-
bel w, andthereis a transitione with ple] = p[e;] and

Figure 5:
transitions.

ile] = w. Letw bea paththroudh the WFA suchthat
i[r] = s andw[r] = w(s), andnw hasthe leastnumter
of invalid e-transitiors of all pathslabeledwith s with
weight@(s). Lete; bethelastinvalid e-transitiontaken
in pathz. Let#' bethevalid pathleaving p[e;] suchthat
i[r'] = ileit1---ex]. w[n'] > wle;...ex], otherwise
therewouldbeapathwith fewerinvalid e-trarsitionswith
weightw(s). Let r bethefirst statewherepathst’ and
€it1 - - ey intersect.Thenr = nle;] for somej > i. By
definition e; 41 ...e; € Py, sinceintersectiorwill occu
before ary e-transitiors aretraversedin 7. Thenit must
bethe casethate; 11 € Dye,1p[e;), EQUIring the pathto
beremovedfromthe WFA. Thisis acontradction.  [J

Bigram model encaled exadly with e-

4.5 GRM Utility and Experimental Results

Notethatsomeof thenew intermediatebacloff stateqq)
canbe fully or partially memged, to redice the spacere-
quirenentsof the model. Finding the optimd configu
ration of thesestates,hawever, is an NP-had prablem.
For our expeiiments,we useda simplegreed appoach
to sharingstructure which helpedredice spacedranati-
cally.

Figure5 shawvs our exanple bigram model, after ap-
plicationof thealgoithm. Noticethattherearenow two
historylessstateswhich correspondo ¢ andq in theal-
gorithm (no ¢ wasrequred). The startstatebacksoff to
q, which doesnotincludeatransitionto the statelabeled
a, thuseliminatirg theinvalid path.

Table 1 givesthe sizesof threemodelsin terms of
transitionsand states for both the failure transitionand
e-trarsition encodig of the model. The DARPA North
American BusinessNews (NAB) corpus contains250
million words,with a vocatulary of 463331words. The
Switchboad trainingcorpis has3.1 million words,anda
vocahilary of 45,68. The numter of transitiors neede
for the exact offline represetationin eachcasewas be-
tween2 and3 timesthe numberof transitiors usedin the
represetationwith failuretransitions andthe numbe of
stateswas lessthantwice the original numter of states.
This shaws that our techniqe is practicalevenfor very
largetasks.

Efficient implemernations of mocel building algo-
rithms have beenincomporatedinto the GRM library.
The GRM utility gr mmake produces basic bacloff
modeds, using Katz or Absolute discountig (Ney et
al., 19949 method, in the topology showvn in fig-



Model | ¢-representation exactoffline
Corpus| order arcs | states arcs | states
NAB 3-gram | 10272 | 16838 | 303686| 1903
SWBD | 3-gram 2416 475 5499 573
SWBD | 6-gram | 1543 | 6295| 54002| 1237

Table 1: Size of models(in thousand) built from the
NAB and Switchboad corpora, with failure transitions
¢ versugheexactoffline represetation.

ure 3, with e-transitiors in the place of failure tran-
sitions. The utility grnshri nk removes transitions
from the model accoding to the shrinkirg methals of
Segymore andRosenfeld1996) or Stolcke (1998. The
utility gr nrconver t takesabacloff modelproducedby
gr nmeke or gr mshr i nk andcornvertsit into anexact
mode usingeitherfailuretransitionsor thealgoiithm just
described It alsocorvertsthe mockl to aninterpolatel
modeé for usein the tropical semiring. As an examge,
thefollowing commandline:

grmake -n3 counts.fsm > nodel . fsm
createsa basic Katz bacloff trigram model from the
courts producedby thecomnmandline examge in theear
lier section.Thecommand:

grnshrink -cl1 nodel.fsm> msl.fsm
shrinksthe trigram modelusingthe weighteddifference
method(Seymoare andRosenfeld 199%) with athreshdd
of 1. Finally, the command:
grnconvert -tfail msl.fsm> f.sl.fsm
outpusthemodelrepresentedvith failuretransitions.

5 General class-basedanguagemodeling

Standardclass-basear phrase-bsedlanguagemodels
arebasedon simple classeoftenreducedo a shortlist

of words or expressionsNew spolendialogapplications

requie the use of more sophisticatedclasseseither de-
rivedfrom aseriesof regularexpression®r usinggeneal

clusteringalgoithms. Regularexpressionsanbeusedo

defineclasseswvith aninfinite numker of elements.Such
classexannatually arise,e.g.,datesform aninfinite set
sincethe yearfield is unbainded but they canbe eas-
ily representé or approxmatedby a reguar expression

Also, represeting a classby anautomata canbe mudc

more compact than specifyirg themasa list, especially
when dealingwith classegepreseting phae numkers
or alist of namesr addesses.

This sectiondescribesa simple and efficient metha
for construting class-baselhnguag@ modelswhereeach
classmay representan arbitray (weighed) regular lan-
guae.

Let ¢1,¢2,...,¢, be a setof n classesand assume
that eachclassc; correspond to a stochasticweighted
automaon A; definedover the log semiring. Thus,the
weight[4;](w) associatedby A; to astringw canbein-
terpretechs— log of thecorditional probability P(w|c;).

Eachclassc; definesaweightedtransdution:
Ai — C;

This can be viewed as a specific obligatay weightel
contt-depemlent rewrite rule wherethe left and right
contets arenotrestricted KaplanandKay, 1994 Mohri
andSproat,199%). Thus,thetransdation correspnding
to theclassc; canbeviewedastheapplicationof thefol-
lowing obligaory weightedrewrite rule:

A = cife__e

The direction of applicationof the rule, left-to-right or
right-to-left, canbechoserdepadingonthetask?. Thus,
thesen classescan be viewed as a setof batchrewrite
rules(KaplanandKay, 1994)whichcanbecompiledinto
weightedtransdeers. The utilities of the GRM Library
canbe usedto comple sucha batchsetof rewrite rules
efficiently (Mohri andSproat,1996.

Let T betheweightedtransdaerobtainel by compl-
ing therulescorrespondirg to theclassesThecorpis can
berepresentedhsafinite automato X . To applytherules
definingthe classego the input corpis, we just needto
compsethe automata X with T' and project the result
ontheoutpu: .

X=I(XoT)

X can be madestochasticusing a pushingalgoritim
(Mohri, 1997). In geneal, the transdger T' may not
be unanbiguots. Thus, the resultof the applicationof
the classrulesto the corpws may not be a singletext but
anautanatonrepreseting a setof alternatve sequenes.
However, this is not anissuesincewe canusethe gen-
eralcourting algotithm previously describedo constriet
alanguagemodé basedn aweightedautomata. When
L = U, L(4;), thelanguag definedby the classesis
acock, thetransdeer7' is unanbiguaus.

Denotenow by G the languge model constructd
from the new corpus X. To constrat our final class-
basedangagemodelG, we simply have to commpse G
with T—! andprojed theresultonthe output side:

G=T,(GoT™™)

A moregereralapprachwould beto have two trans-
duces T} andT>, thefirst oneto beappliedto thecorpus
andthe secondoneto the langitagemockl. In a proba-
bilistic interpretation,T’; shouldrepresenthe probability
distribution P(c;|w) andT> the probability distribution
P(w|c;). By usingT; =T andT, = T~!, wearein fact
makingtheassumptioathattheclassesreequallyprob
able andthusthat P(c;|w) = P(wl|e;)/Z7-, P(w|c;).
More geneally, theweightsof Ty andT> coud bethere-
sultsof aniterative learningprocess. Note however that

2Thesimultaneousaseis equivalert to the left-to-rightone
here.



batman:<movie>/0.510

returns:returns/0

batman:<movie>/0.9
returnse/0

Figure6: WeightedtransdicerT obtairedfrom thecom-
pilation of contet-depemlentrewrite rules.

@ batman fl\ returns @
\_/

<movie>/0.51Q m
<movie>/0.916 M,

Figure7: Corpoa X and X.

we arenot limited to this probabilisticinterpetationand
that our apprach canstill be usedif 7', andT; do not
represehprobability distributions, sincewe canalways
pushX andnormdize G.

Example. We illustratethis constructio in the simple
caseof thefollowing classcontainirg movie titles:

<maovie>= {(batman0.6), (bamanreturrs, 0.4)}

The comglation of the rewrite rule definedby this class
andappliedleft to right leadsto the weightedtransduer
T givenby figure 6. Our corpus simply consistsof the
sentencebatman returrs” andis represeted by the au-
tomatonX givenby figure7. Thecorpis X obtainel by
commsing X with T is givenby figure7.

6 Conclusion

We presentedsereral nev and efficient algorithis to
dealwith more geneal problens relatedto the constrie-
tion of languagemodes found in new languageprocess-
ing applicatios andreportedexperimentalresultsshav-
ing their pradicality for construting very large models.
Thesealgorithms andmary othersrelatedo theconstrie-
tion of weightedgranmmarshave beenfully implemente
andincorporatedin a geneal gramnar softwarelibrary,
the GRM Library (Allauzenetal., 200).
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