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Bias - Variance Decompositionexpected squared loss
:

TELL] = ☒ [ jcx) - y5]
error from model data

= E- Eta) - hast] + E [Chan -yi]

depends on the choice forfcx). arises from the intrinsic
we want to find a fcx) noise on the data

to minimize this term .

first item depends on dataset D:
Ep [etx;D) -hast] = ( E-☐

[f-CX;D)] - hcx) )
-

+ E-
☐
[ CJCX;D) - Ep [JLX ;D]] i]

model risk ( bias>
2 variance

expected squared loss = (bias )
-
+ variance + noise

model risk

-



I. SUM
- Geometric representation I

*
- Geometric representation 2

- dual formation
*

- Soft margin SUNI

* slides are adapted from MIT Artificial Intelligence , Fall 2010 , lesson 16 by Patrick Winston
.

Lecture recording is available on YouTube
.



Geometric Representation I



Geometric Representation I
^ + Let's define a vector TO

that is perpenticular to the

decision boundary Ñ •I + b = 0
.

→ W.✗+ b.= ⑤
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Geometric Representation I
^ + Let's define a vector TO

that is perpenticular to the

decision boundary Ñ •I + b = 0
.

× ;

r;
For a random point X : ,

^

,, a.⇔. → *. µ,⇔ boundary
← 7; = lÑ•¥→w-b_ .

→ W.✗+6=0
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Geometric Representation I
✗ + For a random point Xi ,

it's distance to the decision boundary
ri =

'Ñ•¥→w¥b_t .
X ;

We introduce y :

ri

^

y=+ , * + sample.

c- y = - l for - samples

% = y ;(Ñ•✗+b,→ iv.✗+b--0
It 11

geometric margin>



Geometric Representation I
✗ + We introduce y :

9=+1 for + samples

y = - l for - samples
× ;

% = y:(
Ñ•✗+,
11TH

,

"

geometric margin

→ w.xi-b-o.ir?---Y ;
CÑ • ¥ ; +b)

label prediction

functional margin



Maximum Geometric Margin
r, = y(Ñ•✗+) Let's say each sample has distance at least 7

,

i 11TH i. e. We constrain ri ≥
-

r Vi .

geometric margin And we want to maximize V
,
i. e. we want points

closest to the decision boundary to have large margin .

Objective :
Max r

sit
. YicÑ¥I≥ -

r

r=Éwn
Objective :%

.
= y ;cÑ•✗ :

+b) -7
label prediction Max ☒

Sit
. Y ;CÑ•Ñ, + b) ≥Ñfunctional margin



Maximum Geometric Margin
Objective :

% = y:(
Ñ•✗+,
11TH Max r

geometric margin
sit

. YicÑ¥b#≥•r

Objective :F
,
± y ;cÑ•✗ :

+b)
max iÉ

label prediction

sit
. Y ;CÑ•Xi + b) ≥Ñfunctional margin

Notice that the value of Ñ doesn't matter : Ñ '=¥- .
We can set r to 1

.

max ¥, ⇔ min¥"ws.t.yicw.FI +b) 71sit
. Y;CÑ•iI +b)≥ I



Geometric Representation 2
✗ + Let's define a vector TO

that is perpenticular to the

decision boundary .

We want to know which sidec-Its

-

"

an unknown vector Ti is on .

Project Ti to Ñ :

Ñ •Ti ≥ c then -1

Decision Rule :

> Ñ•ñ + b ≥o then +
[ b = - C)
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✗ + Decision Rule :

ii. Ti + b ≥o then +
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÷""""÷⇔⇔( b = - C)%
arbitrary numbers

Ñ•É+ + b ≥ 1
we choose

-

→ Ñ .Étb=l
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→ w→Ñ- b. =-1
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Geometric Representation 2
✗ + Decision Rule :

Ñ•ñ+b≥o then +
( b = - C)

%
arbitrary numbers

Ñ • I' + + b ≥ ,
we choose

g. ¥
.

+ b. ≤ , ,

we introduce y :

y = +1 for + samples

y = - l for - samples
>



Geometric Representation 2
✗ + Ñ • I' + + b ≥ I

iv.I
-

t b ≤ -1

We introduce y :

Y = +1 for + samples

-

"

y = - l for - samples

→ iv. ✗ +b--1 We want y.tw?I..- b) El ti

→ w .×+b=-1 support vectors I ≈ YCÑ- I'+b)=\
>
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^ + ycÑ•Ñ +b) =L for II.%

Ñ
width = CI, - Ii) • ☒

"

⇔" """"
= ¥,cñ•Ñ-ñÑ )

✗2 distance between
= 11%1-1 two parallel lines

✓
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goal :
Max,É ⇔ min IIÑII

⇔ min £ / 112
/

constraint : YCÑ • I' +b) ≥ I



Geometric
>

kepresentation

Geometric Representation 1
:

We maximize the distance / margin of the samples
that are the closest to the decision boundary .

Geometric Representation 2
:

We maximize the width of the "

street.
"

support Vectors : samples lie on the boundary of the "

street "
.



Dual Formation

primal problem : dual problem : ( Lagrange function]

min £110112 LLW.ba) = -211nF 112 _ ÷Éa;[yiCÑ•Ti+b) - I]
Wib

s
.
-1 . YCÑ . + b) -1>-0 objective .

maaxmintcwsb.cl/s.t.di--0V-iWsb

N

}¥-=Ñ - qaiy.it, =o ⇒ Ñ = ?Éa;yiÉ.

÷=-÷!aiyi=o ⇒ Éaiyi=o

* %%É=2Ñ Khe Matrix Cookbook>> page 14



Dual Formation
dual problem : Ñ = Éd;yiÉ.
Lew, b.d) = I' IIÑ 112 _ Éa:[ yicw . I.+b) - i]
objective :

\
a. y ;=o

maax Lca )

5.4
.
A ; ≥ 0 notice : for non - support vectors , di = 0

Éiaiyi=o

Lca)= -2 ( Éaiyi✗:) .ci?&aiyi-xi)--&aiy;-xi.ljEdjy;Ij)-&iaiy;b- Éd ;
= 0

=Éa , - £É¥j aia.yiyixi.it;



Soft margin SUM
① loss

^

^ +
→ Ñ .I+b=o ye loss

#ycÑ . I'+b)

③
② hinge loss = maxco, I -ycÑ•É+bD

⑤ greater
①

: MAXCO, I - I ✗ Than) = 0
9=1 Ñ-✗+b=1

→ ycÑ +b) =\ ② : Max 10 , I - I ✗ 1) = 0
between between

③
: MAXCO , I - I ✗ ◦ & 1)= ◦ & I

9=-1 Ñ•✗+b= -1
④

:
Max co , I - / ✗

between between
→ YCÑ .#+b) =\ → & 0 ) = I &2

> smaller greater⑤ : Max [0, I - I ✗ than I = than
-1 I



Soft margin SUM
loss
"

slack variables
: .

g loss §: ≥0

soft margin constraints :

ycut.it?+b)--1-G;-y-cw-.x-+b)

[ Recall
"

hard margin constraints:]hinge loss = maxco, I -ycÑ•Ñ+bD YCÑ ; •¥,
+ b) ± 1

Objective :
min -1110112 -1C ?ÑG ;
iv.b.G

minimize empirical loss with regularization .
min-4-E.cl - y , • E.+b) 5*-1×-211WTF S.t. yfÑ -Ii+ b) ≥ I - § ;

Vi

§ ; 70 Hi



II. Kernels
- kernel tricks

- Valid kernels

- IBF kernel



kernel tricks

prediction for a new example I given SVAX solution Ñ↑b* , a:*
,

y = Ñ* • I + b*

= a!iy;É, > •I + b*

= -Éa↑y;×?•x + b*



kernel tricks

KKT Conditions *prediction for a new example I

given SVAX solution wYb* , a:* _ÉaiyÑ,
= it

y = Ñ* • I + b* ⇒aiy , = ◦
= at yixi ) •I + b.

*
a ; ≥

0

y ;cÑ .I
,
+ b) - I ≥o

= za↑y ; I. •I + b* a:[ y;iÑ•É. + b) -13=0
KCX ; , × ) ↓

We only need to compute the inner product a*
; is zero for all non - support vectors.

between support vectors
and ¥ .

* Under KKT conditions . the solution for primal and dual is the same .



kernel tricks

K [✗ , y ) = B- Cx] • Big ]

④ : feature space mapping

☒ Cx) : high dimentional feature vector ; example : × :(¥;) .
Bao =

¥
A kernel is an inner product between two vectors

.

It measures the similarity between two vectors.



Valid kernels

- It can be written as an inner product of two vectors .

- It satisfies Mercer's theorem :

For Gram matrix *;j ± KCÉ, , I;) ,
E'Kz ≥ 0 i. e. 4%2 ; zjkcxi.X.gl ≥0

- It can be constructed from other kernels
.



Example I
show KCI.fi = 11-1%55 is a valid kernel

.

- We need to rewrite kcxiy) as Bats . B-of] .

Suppose I = (E) T =/%)Yz
KLI.fi = [ It I.g)

2

= ( it × , y , -1×-925

= I + ✗Fyi + ✗EYE + 2X, Y , -12×292 -12%91×292
= ( Is XP , ✗E , Taxi , REX≥ , BX,

✗2) • ( 1
, Yi , Yi , Fyi , F-Ya , Fay , Ya )

= 011¥) • § [§ )



Example 2
If K , (I.$

'

) is valid kernel
,
show kcI.IS) -1k$ II.III. C ≥o is also a

valid kernel
.

The Gram matrix : K = Ck , ,

which implies V2 C- ☒^ , ztkz = Cztkz ≥ 0 .



RBF kernel which value

of r tends toKCI ,x→ ) = exp l - RHI - I' 117
overfit ?

T sets the width of the bell shaped curve
.

r = I V = 32

regionsF-reg.no#in-s-miarFregion of
dissimilarity similarity dissimilarity



Questions ?


