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I. Probability
• Random Variables

• Bayes ' Rule

• Bernoulli distributions & Sigmoid function
• Categorical distributions & Softmax function
• Gaussian distribution

II. Bayes Optimal Rule

II. Linear Algera
• Vector norms

• matrix multiplication
• vector derivatives



I. Probability



Probability
two interpretations =

• frequentist
probabilities represent long run frequencies of events

• Bayesian [ this course)

probability is used to quantify our uncertainty about sth
.

can be used to model uncertainty about one-off events



Probability
even,f
Pr (A) : probability that A is true

C- [0 , I]

joint probability : PRCA , B)

if A & B are independent: PRCA
, B) = PRCA) PNB)

conditional probability : preps / A) ± Pʳ¥,,_
conditionally independent A 1-BIC

Prc A. BI C) = Pr CAICJPRCBIC )



Random Variable ( KU)

HH É=→ 2 X : number of heads

HT

TH \_✗ctT= ,

✗ [-11-1]=1
TT
✗=o>

°

sample space

RVs are functions . RV Is a numeric function of the outcome
.



Random Variable ( KU)

[
discrete RV

:

sample space is finite or countably infinite
continuous RV :

infinite number of values between two values

cumulative distribution function ccdg) ,
?
- - - - -
- -- - - --

Pcx, ± PrLX≤ ×) as -Éncdj
e. g. Pr ca<X≤ b) = Pcb) - Pca)

0 -

Is -2 I j
'

,

'

a § >
Cdg's are monotonically non-decreasing functions.



Random Variable ( KU)

probability mass function cpmf) probability density function <pdp
( discrete RV) [continuous RV]

pcx , ± PrcX=x ] pass =D pcx)

I pcx ) = I pcxsdx = I
✗ c-✗

f

a

uniform discrete distribution pot
""
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Which of the following are valid cdg ?
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Is it a cdg for a discrete random variable ?
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Terminology
✗ a random variable

× ~ ✗ a sample value of a RV ×
Prcx) = % (✗ = ×) probability of event ✗ has value ✗

Prat ) = I - Prix) probability of × not happening
PCX) cumulative distribution function lcdf)

pox> probability mass function cpmp1 probability density function cpdj)



Related Random Variables
joint distribution :

pcx.gs
= pLX=✗,Y=y )

marginal distribution :
pCX=x) = Type ✗

= ×
, Y=y) → sum rule

conditional distribution :

pcY=yI×=×> = Pl×;¥!¥_
II

patsy ) = pcxspcylx) → product rule

chain rule of probability .
p[✗↑ :D ) = PLX, ] pcxalxi ) pcxs /✗is XD - . . pcxplxi:D-1)



Moments of a distribution
mode

• mean <expected values :

nnE- [×] ≤ ¥×xpcx> FLEX ]⇒xpc-odxm.ea.it/cdiscre-eRV
) Ccontinuous RV)

left skew

linearity of expectation : ÷%÷
E- [ ?ÉXi ] = ¥

,

EEX:]

• Variance

④[×] ± EECX -µH=f×-µipc⇒d✗
⇒ = ☒ [✗2] - µ

≥ normal distribution

E-[✗
2] = 62 +µ

'

mode

[FIX;] = _É
,

VEX:] nN[aX+b ] = a- [✗]

• mode right skew

✗* = airgmaxpcx)



Bayes ' rule

H : unknown Cor hidden ) quantity Y=y :
observed data

prior : what we know about H likelihood
: distribution of data

before seeing dataI ↑ we expect to see if H=h

PCH=h1Y=y ) = PcH=h)==¥H=b_
↓↓ marginal likelihood

posterior : new belief state about H

posterior & prior × likelihood



Example :

The Monty Hall Problem

? $1,000,000

I ° 2 ◦ 3 ◦



Example :

The Monty Hall Problem

what's your choice ?

A. stick with door I

B. switch to door 2

{
door 3

is empty

I ° 2 °



Example :

The Monty Hall Problem

H : chidden quantity) the prize is behind a door 11.2.33

Y : observation] a door is opened 11,2 , 33

We want to compare
P( 1-1=114--3) us

.

PCH __ 214--3)



Example :

The Monty Hall Problem

H : chidden quantity) the prize is behind a door 11.2.33

Y : observation] a door is opened 11,2 , 33

We want to compare
PCH -_ 114--3) us

.

PC 1-1=214--3)

£ why? 51

PCH --117=3) = P"%¥;?Ñ = §
# %
PLY-_ 3) = PCY--311-1=1) PCH-- 1) + PCY--311-1--21171-1=2)-11>(7-311-1--3) PCH =3)

= -12×-31+1×-31 -1 0×31 = £

PCH --214--3 ) = 1- PCH __ 114--33=-5 choose door 2 !



Bernoulli and Binomial Distribution

Bernoulli distribution Binomial distribution
toss a coin toss a coin N times

0 : probability that it lands head
pCY= 1) = -0 pcY= 03=1- ⊖

head.
"
tail

Y ~ Ber 10-3

pmf : Bercy /F) = /
1- ⊖ 4-9=0

• i-y-lnumbero-heads.SE?&,Icyn-- 1)
#

Bercy / 0-30=8%1-0-59 Bines / IV. f) ⇐ (F) 0-41--0)"- s



Bernoulli Distribution and sigmoid function
Bernoulli distribution Bercy 10-30=8%1-0-59

Sigmoid clog -

ist:c) function

we want to predict a binary variable yc-H.is given inputs ✗EX
pcy IX. ⊖) = Bercy / TCX; ⊖)) 0 ≤ ja:O) ≤ I

vcanberelaxed-pcylx.lt) = Bercy / 64-4%0-1 )) OC ) : sigmoid function ◦ ≤Gla) ≤ I

6 can -2T¥ , where a __f-CX:O)



Sigmoid function
6cal ±⇒ , where a __f-CX:O)

,
a sigmoid function

pcy =L IX. 0) = ¥a = Coca ] I
pcy=0 IX. F) = I - ¥a= 6L-a) °

4 £
'

o

'

2 if
>

log odds
: log (Ip ) = bg(÷a¥ ) = logcea)=a ,

where p=pcy= 11×0)

log'Yt

( Spoiler ) Binary logistic regression
pay / ×; ⊖) = Bercy / GCWTX +b)) ⇔ pcy=I1×;0) = Gcwtxtb ) = ¥w✗+b,
decision boundary : ✗* → pcy-- I / ✗ = ✗* , a) = 0.5



Categorical and multinomial distributions

Categorical Distribution Multinomial Distribution

roll a C - sided dice roll a C- sided dice N times

C > 2

Catcylo> £ ¥ 8¥"
"

Mncs IN ,o→E (
H ) II. %" ,

c- I S
,
- - .sc

pcy=c / ⊖ ) = Fc
where so ≤ É;Icyn=c)

I
"

s, . . .sc
) : multinomial coefficient

member of ways to divide a
set of size N = II

,

Sc into

subsets with sizes si to Sc



SoftMax function
In conditional case :

pcy / ×;D = Catty /Jcxios) o≤fix:o) ≤ I
vcanberelaxedt

pcytx.es = Cathy / Slate ) Scs . softmax function ◦ ≤ Sea)c≤ I

&,Scac=1

sea)±[É . _ _ . . ]E. ea"

a =# F) logits



Softmax function 7=100
1-

-

0-8.scai-LE.ee?..--.:--%ac. ] ⇔

◦ _
ABLE @

temperature 7 : change the output distribution
, , 1- = ,

as 1- → 0
, Sca# = {

I. ◦ i-c-argmaxc.ae .

0.0 otherwise
0.4-:BB⇒

.



Gaussian [normal ) distribution

Y ~ 11141,6-3 Normal Distribution
0.4-

pdf :
0.3 -

Cy / II. 82) b- ¥pg @
-Éacy -142 ^0.2

-

mean:

µ = E- [Nc . / µ , 62 ]] 0.1 -

◦
µ

.%i;"%¥¥:÷
.

standard deviation
:

0 = std-LNC.IM . 67 ]



II. Bayes Optimal Rule



Bayes Optimal Rule
we are searching for a "J " measures distance
that minimizes the expeyfted loss . between true label and prediction .

↑

f-
*
= argmin Exy [

loss LY , fcx) ) ]
↓

J ↓ ↓
The expectation on Pas , ↓ prediction5$ :X → y i. e. the data distribution .

the function that achieves population
the minimal possible population risk true label risk

can't compute because Px 's is unknown
.



III. Linear Algebra



Notation

vector ✗ c- ☒
^

matrix A c- Hm
"

✗ = /
"

×:| Az, A22 . _ • Asnai : : :::✗n

Ami Ama -
. .am
)

one- hot Vector ( unit Vector) :

e ; = CO,
- - •

,
0
,
I. 0, - . - so ) Aij : the entry of A in the ith row and jth column

Ai
,
:

:
the i'th row

A : ,j : the j
'th column



Tensor
tensor :

a generalization of a 2d array
to more than 2 dimensions

.

order or rank of the tensor:
the number of dimensions



Vector Norms

norm of a vector 11×11
:

a measure of the
"length " of the vector

properties :

1- non -negativity 11×1170

2. definiteness 11×11=0 If ✗=o
3. absolute value homogeneity 11-1×11=1+111×11 for all ✗ c- ☒^

,
+ c-*

4. triangle inequality 11×+911 ≤ 11×11+11911 for all × ,y c- Rn



Vector Norms

p - norm
11×11 p

=L?E
,

IX:/ P)
""

, for p ≥ /

2- norm [ Euclidean norm)

11×112 = fÉÉ note that 11×113 -_ ✗Tx

1- norm

11×11 , = Is
,
/ ✗it

Max - norm

11×11 is = Max:/✗it



Matrix Multiplication
can only occur when A c-

"✗^^
Be *

'"✗ ☐

A ✗ B = C c- ☒
"xD

Cig = ¥1
,

Aim ✗ bmj

Gig = AII , :3 • BE :S) ]



Matrix Derivatives and Gradients

consider a function f- :# → ☒ consider a function f. Pkm
""
→ *

at

⇒ =/
¥
"

-

i
-¥
. )gradient of g- : of = 1T¥ )¥

. Em -
i
- 3¥

.

consider a function T : F-
"

→ Him consider a function g- :*
"
→*

Jacobbian man that is twice differentiable
Hessian nxn

¥ =¥. -47¥
- - . :*
÷ :H::÷i. I 1-↳ = :-# = pay = (

3¥ - - - :✗n

):÷ . _ . :-. :

ʰ¥×
.

- - - 2¥



Matrix Derivatives Idioms

% = a cat✗ b) = abt

°%" = Atb CATXTb) = bat

oc¥ = [ A+AT)✗

There are more !

Refer to << The Matrix Cookbook →
,
Petersen et al

. , Chapter 2 .



Questions ?


