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I. EM



The EAA Algorithm
✗ : observed data k-means GNINI

cluster

2 : hidden variable < e-9. Z - Berto] 2
assignments responsibility

D-
: model parameters

? 2=0-+11 D- µ µ , -2 .TL

E
step :

fix ⊖ . return 2 or 9cZ )

i.Nl step :
fix 2 , find ⊖ that maximizes likelihood



The EAA Algorithm
Goal :

Max É log pantos i.e. maximize the log likelihood of the observed data
n=\ •

find a 0

Alternatively :
N

max ¥
, log E. Plxninlo ) i.e. maximize the complete data log likelihood



Decomposition of Eomplete data log likelihood
Let's introduce a set of arbitrary distributions qnczn ) over each hidden variable Zn

.

↳9 En pcxninlo )

=

E. 9ncznbg.MY?iL?--E.9nczn)bgP'2;!Y;;YLcq
,
⊖]

- KLC 9 HP )

= -4.9.cz . > [ log ""q?,; - log"}!!;n ]
= E. 9nl2n ) log Pain 10 ) = logpcxn / ⊖)

* KL Divergence : DµC9 HP) = -29109¥



Decomposition of complete data log likelihood
logpcxn.FI = Log E. pcxnin 10-3

=

E. 9ncznsbgmj.TL?---E.9nczn)logP'2;!Y;;YLcg
,
⊖] KLC 9 HP )

LC 9. a) = É9nczn)l◦gP%nz ≤ log÷ qnczn )P"q;Yzn ⇒ logkxn.to)

↓
equal when klcqllp ) = 0 , i.e . qnczn ) = Pcznlxn .

-0)

* Jensen's Inequality : For a concave function J , Tsai f-CX :) ≤ f-⇐ a:X :)



Understand EM with Decomposition
logpcxn>0-1=69 E. pcxninlo )

=

E. 9ncznsbgmj.TL?-+-I.9nczn)logP'2;!Y;;7Lcg
, a)

KLC 9 Hp )

E step : determines

fix ⊖ , then 9nÑ0) , kL=0 ,
I ↑

( Recall : fix ⊖ . return 2 or 9<2 ) )

Nl step :
fix 9nC2n) , find argmo.cn/Lcq.0 ) , KL ↑ , I ↑
( Recall : fix 2 , find ⊖ that maximizes likelihood )



Another way of Decomposition
E. logpcxn >0-1=469 E. pcxninlo )

= -4kg [ E. 9.can] ?%Éi ]

≥ In _zn9nczn)l◦gP%?¥ =qq.9.cznsbgpcxntnk-J-ZE.9.cn/og-%Ebr9EnPlxninto ) ≥ {E-qnbgpcxn.IN/O-)+nIHl9n )
complete data log likelihood expected complete data log likelihood

ELBO

1 evidence lower bound)



Another way of Decomposition

7 ↳9 E. Plxninlo ) ≥ %Eankgpcxn.IN/0-)+nIHl9n )
complete data log likelihood expected complete data log likelihood
-
= { logpcxnbt) - KLC9ncznsllplznlxn.it))

£ step ,
* see Book / 8.7.2.2

for derivation

fix ⊖
. 9nL2n ) = pcznlxn , F) , kL=O

'

the posterior
1111 step :

fix 9nC2n ) , Hlqn ) stays constant
, argnfaxin-L-qnbgpcxn.IN / ⊖ )



Gausian Mixture Models (GHAM )
K

TLK
:

cluster weights , ◦ ≤TLK ≤ 1
, ÷,

-14<=1

TLK K- means TLK GAAN

÷ :-< ⇐ ÷

17171717 1717-17
I 2 3 4 K I 2 3 4 K

Nk , -2k : probability distribution of points in cluster K
GIVINkimeas

Ik = I

µk = ¥ik=lXn_
Nk

↑×n



GNINI
K

TLK
:

cluster weights , ◦ ≤TLK ≤ 1
, ÷,

-14<=1

hlk , I K : Hc✗nlµk . Ik)

In : A selector
,
[ 0 so

,

- - -

,
I , - _ .] , PCINK = 1) = Ik

Pcxn / 2*1 ) = JYCX.nl/U*.Ik) PCXIZ ) = ¥1
,
-1¥
.

,Nc×nlµk,Ik)%k

rnk
.

. responsibility of cluster K for generating example n
determined by Xn , TLK , Hk , -2k

^



GHANI

TLK = PcZnk= 1) Pcxn / 2nk=1 ) = JYCX.nl/I*.Ik)
prior likelihood

rnk = Pcp?←%¥ ! I ✗ n )

= PC2nk=1)PLXnl2nk =

PC2ne=DPC✗nl%k
pcxn) ,¥.pe?;-DPCXnl2n;-- 1)

= TLKHCXnltlk.IN#e.TLjHCXnltlj,
-2;)



EM for a GMM
Goal

:

Max § log pan , 2nd ⊖ )

= max § log# IKNCXNINK.IN ]
E step :

FIX IT
, µ , I

, get rnk = TLKHCXnltlk.IN#e.TLjHCXnltlj,
-2;)

Nl step :

fix rnk
,
maximization [ take derivative ,

set it to 0 )

get updated t.tl . I



Another way of Decomposition

7 ↳9 E. Plxninlo ) ≥ %Eanbgpcxn.IN/0-)+nIHl9n )
complete data log likelihood expected complete data log likelihood

E step :

fix ⊖
. 9nLZn ) = pczn / Xn , Q )

"

the posterior , rnk !
Nl step :

fix 9nC2n ) , Hlqn ) stays constant
, argnfaxin-L-qnbgpcxn.IN / ⊖ )



↑
EM for a GMM EqnC2nk)=EE9nQne)Znk

E step : set 9n( Znk) = PCZnklxn.ro)
= risk

E- step : Eqnlznk) = VNK

FIX IT
, µ , I

, get rnk = TLKHCXnltlk.IN#e.TLjHCXnItlj,
-2;)

write out expected complete data log likelihood :

Eqnlzbgpcxn.tn/O-D--Eqn-LE1ogpcznlT)--n2logpcxnlzn , µ.-4]
= Eqn [ In log 1-11-14?

"

) + % log ( IlNc ✗nIµk , ¥54k ) ]
= In -¥Eqn[Znk ] 109-14<-1 JEE Eqn [Znk] log )Yc✗n /Ha .%)

= In% rnetg-kk-E-frnkbgHCXnltk.TK )



EM for a GMM
E- step :

expected complete data log likelihood :

Eqi-bbgpcxn.IN/O-D--InTErneGgTLktE&rnkbgX/an /Hk . Ik )
Nl step :

set derivative to 0 W - r .-1 . TLK , Nk , -2k

Crn = 1)
TLK = In rank = rk . Weighted #points in cluster k

Nk = %h¥n_ weighted average

Ik = %ʰ¥n✗ _ µ,< HE also weighted



K -means as a special case g- EM

GAMA k-means
parameters TL , µ ,

I µ

( 1-4<=17 - I,<=I )

Id Znk*= 1
,
where K*=ar9%a✗rnk

E- step rnk =

( rm = Iczn#=D )

xx=Énʳk=¥
µ ,< = %É¥ⁿNI - step Hk = Er;;ˢ

Ik = InM¥n✗Ñ- - µ,<µÉ



II. Graphical
Models



Terminology
PGNI : probabilistic -

graphical models
DAG : directed acyclic graph
Bayesian networks ( Bayes nets> , belief networks : PGMs based on DAGS

topological ordering . In DAG , nodes are ordered s
.
-1
. parents come before children

ordered Markov property : assumption that a node is conditionally independent LCI) of all
predecessors given its parents

Markov chain = ④→☒→☒ - - -→☒

pcxi.at) = PCXDIIPCX-ilxn.tn first- order Markov chain

CPT : conditional probability table
,
2d table representing conditional probability distributionCCPD)

✗ 4=0 4=1 PCYIX)
↓ ✗ =D 0.05 0.95

Y ✗ =\ 0.2 0.8



D- separation
✗a 1-a ✗• I Xc It is conditionally independent of B given C in graph G .

A is d- separated from B given C

We " shade " a node to indicate it 's observed
.

✗ it ane not d-separated 2 ✗ Y

✗→ Z- Y
✗
/
,
!

✗ it are d- separated
✗ Y

✗→ z- Y [
✗ y ,

/



D- separation
Can × pass a ball +◦ y ?

Yes :
not d-separated

no : d- separated
(Balls travel along edges and can travel opposite to edge directions .)
✗ .
Y ane not d-separated

✗ Y

✗→ Z- Y
×
. ¥

.

✗ it are d- separated

✗⇒→ 4¥



Can ✗ pass a ball to
Y ?

The ball travels along edges and can travel opposite to edge directions .

I. ✗→ z- Y can not d- separated

I. ✗⇒f- Y can't d- separated



Can ✗ pass a ball to
Y ?

The ball travels along edges and can travel opposite to edge directions .

I
' ×y can not d- separated

can't d- separated±
.



Can ✗ pass a ball to
Y ?

The ball travels along edges and can travel opposite to edge directions .

Y

I. ×¥- can not d- separated

Y
can't d- separatedI.

✗

f



Are X and Y d- separated or not ?



1. d- separated ?

✗ Y

¥



2. d- separated ?

Z

✗

/ \
,



3
.
d- separated ?

✗ Y

/



4. d- separated ?

✗a- Z- Y



5. d- separated ?

X- Z- Y



6. d- separated ?

✗ a--. Z- Y



7. d- separated ?

X B Y

/ \!



8
.
d- separated ?

X B Y

t.tt
A

1
D



9 .
d- separated ?

X B Y

/ \!
↑

Yes !

✗ ④ B Y

1¥¥④



10 . d- separated ?

✗

#↳ ?
"

\
.



11 . d- separated ? The last one !

A B C

×

! " "# \
.

D

F G11
E-
e-

µ ¥
↓
I



Answers

I - 4
:
Yes

5- 8 : No

9 :
Yes

10 : No

11 : Yes



What does it mean ?

✗→ Z- Y ✗→ Z- Y

rain umbrella get wet rain umbrella get wet

2 running z running

/ \
. / \

.✗
.

Knee hurts Y ankle hurts ×
knee hurts Y ankle hurts

✗
rain

y
sprinkler

✗

rain

y
sprinkler

explain
.

/ / awayz wet grass 2 wet grass



Markov Blanket

*

\
,
y

B parents

C D co-parents

\
.
/ \

.

E F children

A node conditioned on its Markov blanket is independent from all other nodes in the graph.




