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I. ERM



Empirical Risk Minimization

Population Risk / Expected Risk

Rcf ] = Ex, [ loss CY , 1-CX ) ) ]

Bayes Optimal Rule
1-* = argngin Rt

)

Empirical Risk
Rt . D) = TtÉi loss Lyn#✗d)

Empirical Risk Minimization
f- ERM = argnfin Rcf .

D)



Why does this approximation work ?

Law of large numbers : sample average converges to the expected
value as sample size approaches 0 .

In → µ as N → is .

In ¥=
,

loss Lyn , fans) Its E×y[ loss LY , ]
numbers

= flossCY.j-cxxplx.yldx.ly



c

Excess Error Decompositionexpected risk/
H : our hypothesis space Rt) : population risk Rt . D) : empirical risk

f-
** =

ArgminRt) : the junction that achieves the minimal possible population risk .
J

f-* = Argmin Rt) :
the junction that achieves the minimal possible population risk

g-EH
in our hypothesis space .

= Argmin It , D) : the junction that achieves the minimal empirical risk
JE.tl

in our hypothesis space .

excess error :

☒ [ RYE, ) - Rt**] = E[Rt*_R4**5+E[Rt:) -1249]
approximation error estimation error /

generation error



Excess Error Decomposition
E[ RYE, ) - REM] = E[Rt*_R4**5+E[Rt:) -1249]

approximation error estimation error /

generation error

approximation error: ( determined by the capacity of 71)
measures how closely our hypothesis space 71 can model

the true optimal function g-** .

generation error:Ldetermined by N & the capacity of 713

measures the difference in estimated risk due to having
a finite training set.



I.Bias - Variance

Decomposition



Expected Squared Loss Decomposition
Within a hypothesis space H , e.g .

the space of regression functions,
ja) : prediction function
y : provided label cnoisy)

hcx) : true prediction function , true label has = E.[ylx ] =/ypcy Indy

expected squared loss
:

EIL ] = ☒ [ jcx) - y5]

error from model data

= E- Eta) - hast] + E [Chan -yi]

depends on the choice forfcx). arises from the intrinsic
we want to find a fcx) noise on the data

to minimize this term .



Expected Squared Loss Decomposition
(Derivation)

E-[L ] = ☒ [ cfcx) - y5]

= E- Ifan - hcx ) +hcxs -yi]
= E- Eta] - has)2] + E [ chcx)-yi]

+ 2E[ jcx) - has ] Chao -YS ]@

④ = Exy [ ja)
- E-[ylx ] ) (EEYIX] - y )]

= Ex [*×) - E- [91×3)EY1x[ E-[y / ×] - y ]② ]
② = E-yµ[y / ×] - Ey ,✗ Ey ]=o

A Hr

Jypcylxsdy ¥ Jypcylxsdy



Bias - Variance Decompositionexpected squared loss
:

TELL] = ☒ [ jcx) - y5]
error from model data

= E- Eta) - hast] + E [Chan -yi]

depends on the choice forfix]. arises from the intrinsic
we want to find a fcx) noise on the data

to minimize this term .

first item depends on dataset D:
Ep [etx;D) -hast] = ( E-☐

[fcx ;D)] - hcx) )
-

+ E-
☐
[ CJCX;D) - Ep [JLX ;D]] i]

model risk ( bias>
2 variance

expected squared loss = (bias )
-
+ variance + noise

model risk



Bias
'

- Variance Decomposition
model risk 1 Derivation)

Ep [EJCX;D ) - had )2] substrate and add ⇐☐
[fix;D>]

= E-☐ [ 4-CX;D ) - EDITH;D)] -1 EPIJCX;D ]] - hcx) )2]
variance

= ☒
☐
[ 4-Hi D) - FL, [fcx;D )) )) + F↳[E☐[fc✗;D)]

- hcx) )
≥]

1- 2€
,
[ { fix;D)- Ep E) [× :D)]} / E☐[fc×;D] - has] ]

①

= 0
① = ( E-☐

[f- ex;D)] - hcx ) )
2

(bias)2



Bias - Variance Tradeoff
Ep [etx;D) -hast] = ( E-☐

[fcx ;D)] - hcx) )
-

+ E-
☐
[ CJCX;D) - Ep [JLX ;D]] i]

model risk ( bias)2 variance

bias : represents the extent to which the average prediction over all datasets

differs from the best prediction function .

Variance : measures the extent to which the solutions for individual data sets

vary around the average .

I.e. measures the extent to which the function JCX;D) is sensitive to the

particular choice of dataset .



Bias - Variance Tradeoff
The world

is green.

The world is

black and white
The world

is blue
.

Skate

high bias underfittings high variance overfitting)

* Skate is the only animal that has been confirmed to see only in black and white .
* That turtle is purely made up .



Bias - Variance Tradeoff
low variance high variance
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II. Linear Regression



Linear Regression
✗€ ☒

☐

pcylx, ⊖ ) = NCY I wtx , 62] YE *
"

WE ☒
☐

likelihood i
,
Hey , Iwtx, ,

69

log likelihood ÷¥
, log [ 1¥ )± expc-j.ly ,

- w-ix.is]

= -⇒ ¥!
,
Cy , - wtx , 5

- Élogc2T6↳

maximize log likelihood ⇔ minimize -1%2.ly ; -WHY



Least Squares Estimation

residual sum of squares CESS] = ✗ c- ☒
"✗☐

RSSCW ) = £ ?Ély ; - WTX:)-
Recall 2-norm (Euclidean norm]

= £11 Xw -y 112 11×112 = t.EE note that 11×113 -_ ✗'×

= £ [✗w -y '5c✗w -y)

optimize :
pw ✗sscw ) = XTXW - ✗Ty = 0

*✗ w = ✗Ty
least squares solution

:
W = (☒✗ 7-

'

✗Ty



Least Squares Estimation [ Derivation]

RSSCW ) = zlcxw - g) Tcxw - y )

= £ WTXTXW - £ YTXW - £ WTXTY + £ y*y

TWRSSCW) = £ ◦w¥w① - £ °Y¥ww_② -£◦%%
= £ ( XTX + ✗TX) W - £ ✗Ty - £ ✗Ty
= ✗TXW - ✗Ty

vector derivatives : ① °%=(A + AT)X ② ʳi = a ③ °¥- =a



Geometric interpretation of least squares

^y lies in the linear subspace spanned by ✗ ÷y^=Xw
✗"

•

I
,

•
×:3 We want to find

"

'

'
'
-

-

y y^☒ = argmin ×. ,d :
dth column

&Espana:b. . _ ×:D's)
" Y
-⑦ "2

of ✗

0

To minimize My -9^112 , we want cyiys
to be orthogonal to every column of ✗ :

* [ g- Xw) = o ⇒ W=#
"
✗Ty



VI. NILE & MAP



NILE

maximum likelihood estimation CHILE)
:

Pick the parameters that assign the highest probability to data .

Ernie ± argn.fi/pcDlo-)

likelihood PCD 10 ) = ¥1, pcyilxi , F) Iid assumption

log likelihood LLCO-t-bgplDIO-I-E.4.bg/ocyi1xi.o-)

negative log likelihood NLL cos ± -109pct 10) = - ¥4 logpcyilx ; ,



MAP

maximum a posterior estimation CHAP) .

G-
map

= argmaxtogpcol D)
⊖

= argmax [ log PCDI F) +109pA) - coast]⊖
-

prior .

* Will learn more about MAP when we learn Regularization .



Questions ?


