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Optimal Estimation and Detection in
Homogeneous Spaces

Raman Arora, Member, IEEE, and Harish Parthasarathy

Abstract—This paper presents estimation and detection tech-
niques in homogeneous spaces that are optimal under the squared
error loss function. The data is collected on a manifold which
forms a homogeneous space under the transitive action of a
compact Lie group. Signal estimation problems are addressed by
formulating Wiener-Hopf equations for homogeneous spaces. The
coefficient functions of these equations are the signal correlations
which are assumed to be known. The resulting coupled integral
equations on the manifold are converted to Wiener-Hopf convolu-
tional integral equations on the group. These are solved using the
Peter-Weyl theory of Fourier transform on compact Lie groups.
The computational complexity of this algorithm is reduced using
the bi-invariance of the correlations with respect to a stabilizer
subgroup. The theory of matched filtering for isotropic signal
fields is developed for signal classification where given a set of
template signals on the manifold and a noisy test signal, the ob-
jective is to optimally detect the template buried in the test signal.
This is accomplished by designing a filter on the manifold that
maximizes the signal-to-noise-ratio (SNR) of the filtered output.
An expression for the SNR is obtained as a ratio of quadratic
forms expressed as Haar integrals over the transformation group.
These integrals are expressed in the Fourier domain as infinite
sums over the irreducible representations. Simplification of these
sums is achieved by invariance properties of the signal function
and the noise correlation function. The Wiener filter and matched
filter are developed for an abstract homogeneous space and then
specialized to the case of spherical signals under the action of the
rotation group. Applications of these algorithms to denoising of
3D surface data, visual navigation with omnidirectional camera
and detection of compact embedded objects in the stochastic
background are discussed with experimental results.

Index Terms—Homogeneous spaces, Wiener filter, matched
filter, spherical harmonics, surface smoothing, visual homing,
cosmological microwave background data.

I. INTRODUCTION

ITH the advances in modern acquisition devices, large
W volume of experimental data on high-dimensional
nontrivial manifolds is readily available. In astrophysics and
cosmology, the cosmic microwave background (CMB) radi-
ation is collected in all directions of the sky on the celestial
sphere [1]. In geophysics, remote sensing of the Earth’s sur-
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face and atmosphere generates spherical data maps which
are crucial for understanding climatic changes, geodynamics
or monitoring human-environment interactions. In robotics,
omnidirectional cameras capture the three-dimensional (3D)
scene on a parabolic or hyperbolic mirror which can be mapped
onto a regular spherical grid [2], [3]. The 3D scene may also
be captured on the sphere using a pair of fisheye lenses [4]. A
real-time omnidirectional camera incorporating a catadioptric
module as well as a fisheye module, thereby providing a full
spherical field of view, was presented in [5]. These vision
systems find applications in robotics [6], video surveillance,
medical imaging and automatic face recognition. Various local-
ization and motion-estimation or motion-recovery techniques
in robotics employ omnidirectional imagery [6]-[9]. In many
settings, however, the data is available on arbitrary manifolds.
In biomedical imaging and computer vision, 3D surface data
is acquired with range scanners or stereovision systems. If the
data corresponds to star-shaped objects (objects with surfaces
topologically isomorphic to the sphere), it may be considered to
be a height field on the sphere [10]. Another approach is to use
triangular meshes to model such complex shapes and employ
local parametrization to transform the surface mesh into a
spherical signal [11]. Some researchers have also explored
conformal maps [12] and isometric embedding of 3D surfaces
on the sphere [13].

The analysis and processing of such complex data requires
new and sophisticated signal processing techniques in various
different settings. Often, the development of such methods
benefits from learning inherent structure present in the data
due to the physics of the underlying generative mechanism.
Group theory is the natural choice for capturing the structure
in data by describing the transformations that act on the data.
This is also evident from recent emphasis on algorithms that
better exploit differential geometry and computational topology
[14]-[16]. For a nice introduction to the role of group theory
and differential geometry in signal processing, see [17] and
[18].

Inspired by a multitude of applications of signal processing in
nontrivial signal spaces, the basic algorithms are generalized to
abstract homogeneous spaces. For signal estimation, a Wiener
filter is derived. This finds application in denoising of images as
well as in reconstruction from a sparse set of samples. A spher-
ical Wiener filter is applied for denoising 3D surfaces. A few
researchers have previously employed spherical diffusion tech-
niques [10] or filtering [11] for smoothing and denoising 3D
surface data but the filters used were smooth Gaussian kernels
with low-pass characteristics. The Wiener filter is optimal in the
minimum mean-squared-error (MMSE) sense and, thus, results
in better reconstruction and denoising for omnidirectional im-
ages and 3D surface data that can be represented as functions or
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images on the sphere. However, it relies on prior knowledge of
second-order signal statistics. In the absence of such informa-
tion one may estimate it from the given observations or assume
a model for the associated power spectral density. Our work on
Wiener filtering is closely related to prior work on deconvolu-
tion over groups [19].

For signal classification, a matched filter is derived for
isotropic signal fields. A matched filter for spherical signals
is applied for visual navigation of an autonomous robot and
for detecting compact objects embedded in a stochastic back-
ground. The spherical matched filter is also motivated by recent
biological findings that the human visual system incorporates
rotation and pose invariance in recognition. Furthermore, the
localization and navigation tasks have been suggested to be
based on matched filters implemented by neurons that have
spherical receptive fields [20].

The paper is organized as follows. The Wiener filtering and
matched filtering problems are formulated for homogeneous
spaces in Section II. The theory is developed in complete
generality for functions defined on a manifold M under the
transitive action of a compact Lie group G. Section III provides
mathematical preliminaries in group theory and representation
theory. The stochastic component of the signal field is assumed
to be isotropic which implies that the correlation functions
are (-stationary. The computational complexity of the algo-
rithms can thus be reduced by exploiting the invariance of the
image correlations with respect to a stabilizer subgroup of the
transformation group as discussed in Section IV. Section V
presents a solution to the Wiener-Hopf equations in a homoge-
neous space. These equations comprise a set of coupled linear
integral equations that are expressed as convolutional integral
equations on the transformation group. The integral equations
are expressed in the Fourier domain as discrete sums over the
irreducible representations of the compact Lie group using the
Peter-Weyl theory [21]. The Wiener filter is simplified using
the complexity reduction technique of Section IV.

Section VI presents an expression for the impulse response
of the matched filter described in terms of the Fourier coeffi-
cients of the template normalized by the variance of the noise
projected onto the corresponding representation spaces. The ex-
pression for the signal-to-noise-ratio (SNR) is obtained as a
ratio of quadratic forms in the filter impulse response. Each of
these quadratic forms is expressed as a Haar integral over the
transformation group. These integrals are then expressed in the
Fourier domain as infinite sums over the irreducible represen-
tations of the compact Lie group. The sums involve: (a) the
signal Fourier components; (b) the filter Fourier components;
and (c) the noise spectral density matrix entries. Simplifica-
tion of these sums is achieved by using invariance properties
of the signal function and the noise correlation function with re-
spect to a stabilizer subgroup. For spherical matched filter this
amounts to matrix sums being converted into vector sums. The
matched filter is obtained by application of the Cauchy-Schwarz
inequality to this ratio. The optimum filter is finally expressed
in polar coordinates using spherical harmonics. Various appli-
cations of the algorithms specialized to spherical signals are dis-
cussed in Section VII with experimental results. Some parts of
the paper have appeared in [22] and [23].
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II. PROBLEM FORMULATION

In many signal processing applications, data typically comes
in the form of a point cloud sampled from a surface embedded in
a high dimensional Euclidean space. The topological and geo-
metric properties inherited from the underlying manifold struc-
ture are better exploited by developing data-processing methods
with the manifold assumption rather than application of existing
approaches to the point cloud data in the Euclidean space. Fur-
thermore, the transformations of the data can often be described
by a compact Lie group acting transitively on the manifold,
resulting in a homogeneous space. The focus in this paper is
on such signal spaces. The classic example of a homogeneous
space is the Euclidean space under the action of the translation
group. A non-trivial example is the rotation group acting on the
unit sphere.

Let M denote a manifold and let G be a compact Lie group!
of transformations acting transitively on M. Consider a real-
valued random field {{(x) : © € M} defined on the mani-
fold M. This is typical of most signal processing and computer
vision problems where the manifold corresponds to a curve or
surface and the group corresponds to various transformations
like rotations, projections, etc. The signal field comprises a non-
random signal component s and a noise component r

&(z) =s(x)+r(z), zeM.
The noise is assumed to be isotropic, i.e., the correlation func-
tion K (x1,x2) = E[r(xz1)r(x2)], satisfies the group invariance

K(9'$179'$2) = K(117171172)

for all 1,292 € M and g € G. This implies that the autocorre-
lation function of the random process  does not vary under the
transformations of the manifold. The isotropic assumption in a
homogeneous space is equivalent to the notion of wide sense
stationarity in Euclidean spaces. This is a standard observation
model in most signal processing paradigms.

A filter on the manifold M is an operator, h, that sends the
signal Eon M ton = [, h(z)é(x)dx on M where dz = v(dx)
is the invariant measure on M induced by G. Note that integra-
tion with respect to any measure that is absolutely continuous
with respect to dz can be reduced to integration with respect
to dz by appropriately modifying the filter. Assuming that A is
square integrable with respect to dz (i.e., [}, |h(z)[*dz < o0),

the filter can be regarded as a continuous map h : £ %(M) —

Z%(M) that maps the space of square integrable signals on M
to itself. Boundedness (bounded input, bounded output) follows
from

2
E

| haeads] < [ h)Pds- [ ElePla.
A. Wiener Filtering

In practical applications, the data collected is either noisy or
incomplete and an important preprocessing step is to infer the

1See Section III for definitions.
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missing information or clean up the data based on the given
samples. The Wiener filter generates the optimal linear esti-
mates for the missing information or denoised data based on
the observations and prior knowledge of the signal correlations.
Consider a collection of k& + 1 real-valued random processes

k observations or examples on the manifold and ¢ denotes the
unobserved signal that needs to be reconstructed based on these
observations. For instance, in biomedical imaging, n;’s may rep-
resent images of a 3D object at depths d;’s and may be used as
reference processes to estimate the image £ at an unobserved
depth d. For more details on application to imaging systems,
refer to [22].

The random processes are assumed to be zero mean, i.e.,
E[¢(z)] = 0,E[n;(z)] = 0, and jointly wide sense G-stationary,
i.e., the correlation functions satisfy

El¢(2)é(y)] = R(z,y) = R(g 2,9 y)
E[E(2);(4)] = Ri(w,y) = Rig 2.9 -v)
Elni(2)n;(y)] = Rij(z,y) = Rij(g- 2,9 y) (1
forallg € G,z,y € M andt,j =1,...,k. Note thatfdenotes
the complex conjugate of £. The best linear estimate & (z) of the
process &(z) based on 7;’s is

£(z) = Z /A | Li(, y)ni(y)dy )

where integration is with respect to the unique G-invariant mea-
sure on the compact manifold M and L; are unknown functions
to be determined that minimize the MSE E[¢(z) — &(x)|*. To
ensure that () is a G-stationary process, L;(z,y) should be
G-invariant, i.e., L;(g-x,g-y) = L;(x,y) forg € G, z,y € M.

Wiener filtering is applied in Section VII to 3D surface de-
noising and used as a preprocessing step in the detection of
compact embedded objects in noisy sky maps obtained from the
CMB data.

B. Matched Filtering

In signal processing tasks like face recognition or radar, we
are given class examples or templates and the goal is to perform
me-ary classification on a test sample. A matched filter correlates
the test signal with a given template to test for the presence of
the template in the unknown signal. It is an optimal detector in
additive noise since it maximizes the output SNR. Consider a
finite set of templates E = {&1(z),...,&n(2)|z € M}, and a
test signal £ comprising an unknown template buried in noise

{(z) = s(z) + (=),

where s € Z. To identify the unknown template buried in
isotropic noise r, the test signal is cleaned by passing through
a filter h. The filtered output sampled at a fixed point y € M
is given as

reM

w) = [ Heé) (@)

Suppressing the variable y for notational convenience, the signal
and noise components of the filtered output are denoted as

n= [ bas@sn = [ Waprds G
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The objective is to design the filter 4 that maximizes the SNR
_ |75 |2
E|n.|?

SNR(h) 4)
With multiple templates, a bank of filters matched to the given
templates is designed and the template corresponding to the
maximum output SNR is picked. Matched filtering is employed
in Section VII to detect compact embedded objects in the sky
maps given by the CMB data and also for visual homing of
robots.
III. MATHEMATICAL PRELIMINARIES

Inspired by the group theoretical methods in image pro-
cessing [21], [24], the problems of Wiener filtering and
matched filtering are addressed using the harmonic analysis
based on the irreducible representations of the group G. This
section introduces the reader to the group representations and
the Peter-Weyl theorem that is at the heart of the analysis in
this paper.

A. Group Representations

Groups are mathematical entities that allow us to study sym-
metries. They were originally defined to be transformations of
sets, like symmetries of a geometric object or linear transfor-
mations of vector spaces [25]. Over the last century they have
come to evolve as abstract objects which can be represented as
a group of transformations. This is precisely what group repre-
sentations facilitate. For the sake of simplicity, in this paper we
will restrict ourselves to linear representations of compact Lie
groups.

Formally, a group is a set of elements with a binary opera-
tion that is closed and associative and admits a unique identity
element and an inverse for every element of the set. A fopolog-
ical group is a group with a topology that is compatible with the
group structure, i.e., the binary operation and the inversion map
are continuous functions. For instance, the n-dimensional Eu-
clidean space R™ endowed with the standard topology forms a
topological group under vector addition. A Lie group is a topo-
logical group that is also a finite-dimensional smooth manifold.
An important example of a Lie group is the general linear group
GL(n) of invertible matrices of size n x n. A compact group is
a topological group that is also a compact space. An example of
a compact group is the rotation group SO(n) of n X n orthog-
onal matrices with determinant +1.

A group homomorphism is a map 7 from a group (G, -) into
another group (H, o) such that w(g; - g2) = 7(g1) o 7(g2) for
all g1,92 € G. For instance, consider the group of rotations
in 3D Euclidean space about the origin. These rotations can be
represented by the group of 3 x 3 orthogonal matrices with unit
determinant. And the composition of two rotations is described
simply by matrix multiplication. Thus the matrix group SO(3)
provides a representation for the 3D rotation group.

Group representations are descriptions of elements of ab-
stract groups as invertible matrices. This allows the group-op-
eration to be described as matrix multiplication and the abstract
group as linear transformations of vector spaces. Many group-
theoretic problems can therefore be studied as simple problems
in linear algebra. To get a picture, consider the vector space V'
of homogeneous polynomial of degree 7 on the sphere (in two
variables). The rotation of the sphere takes a given polynomial
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p € V to the rotated version p’ € V. Since V is finite dimen-
sional, the rotation can be described by a linear transformation
matrix of size 7 X j. A representation in this case is defined to be
the map that assigns a linear invertible matrix to every element
of the rotation group. Furthermore, the collection of homoge-
neous polynomials for all degrees 5 > 0 provides a basis for the
function space of analytical functions on the unit sphere. Thus
the study of representations helps describe the group action on
the space of functions on the homogeneous space.

Formally, a representation 7 of a group G on a vector space
V. is ahomomorphism from G to the group of all bijective linear
transformations of the vector space V.. The dimension d; of the
representation 7 is defined to be the dimension of the represen-
tation space V. Given a finite dimensional representation, for
every g € G,7(g) can be thought of as a d, X d, invertible
matrix operating on V.. The entries of the matrix are given by
continuous functions 4 (g), for o, 3 € {1,2,...,d;}. An
example of a one-dimensional representation of the planar rota-
tion group SO(2) is the exponential map that takes rotations
in the plane to the multiplicative group of complex numbers
(C, x). Two elements g1, g2 of SO(2) that correspond to rota-
tions 61, B, are given by phasors e’%, €792 respectively. The ho-
momorphism follows from the identity /% - ¢i% = 7(01+62)

Two representations are said to be equivalent if for all ele-
ments of the group, the matrices under two representations are
similar. Formally, if 71, 7 are two representations of a group
G, then 7 and 7o are equivalent if there exists an invertible
matrix S such that for all ¢ € G,m1(g) S = S m2(g). Since
it is possible to map two equivalent representation spaces by a
simple change-of-basis we can regard two equivalent represen-
tations to be the same. A representation is said to be irreducible
if the representation matrix cannot be block-diagonalized simul-
taneously for all group elements. A reducible representation can
be described as a direct sum of other representations whereas an
irreducible representation has no proper invariant subspaces. Fi-
nally, a representation 7 is said to be unitary if 7r(g) is a unitary
matrix for all g € G.

The classification of the complete set of irreducible inequiv-
alent unitary representations (IURs) of a group is fundamental
to the harmonic analysis on the group. For commutative groups,
all IURs are one-dimensional whereas non-commutative groups
can admit higher dimensional representations. Harmonic anal-
ysis on the group entails describing the decomposition of any
arbitrary unitary representation of the group into inequivalent
irreducible unitary representations. This decomposition extends
naturally to the space of functions defined on the group. How-
ever, analysis requires a notion of invariant measure on the sub-
sets of the group. Fortunately, such a measure exists for all com-
pact topological groups and is called the Haar measure. Subse-
quently, the integrals of functions on groups are well defined.
Peter-Weyl theorem describes the decomposition of the space
of square integrable functions on compact groups into invariant
subspaces associated with IURs.

B. Peter-Weyl Theory

Let G be a compact group and let dg denote the Haar measure
associated with G. Let GG denote the dual space of G, i.e., the
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set of all inequivalent irreducible unitary representations of G.
For compact groups, the dual space G is countable and every
irreducible representation is finite-dimensional. The Peter-Weyl
theorem states that {\/d,m, 5(9)|1 < «,8 < dp,7 € G}
is a complete orthonormal basis for .2 %(G), the space of all
square integrable functions on G. Thus, any f € Z%(G) can
be expanded in this basis as,

fo=> >

re@ 1<a,8<dx

d7r<f7 ﬂ-aﬁ)ﬂ-aﬂ(g) (5)

where
(s} = [ F@)Foplo)o.
In compact notation, the d, X d, matrix
fm) = [ty (o)

is defined to be the Fourier transform of f at representation
(frequency) ™ € G. Note that 7 denotes the complex conjugate
transpose of the matrix «. Similarly, (5) can be expressed in
compact notation as

flg) = d=Tr(f(m)m(g)) 6)
WEG

where Tr(A) represents the trace of the matrix A. Equation
(6) defines the inverse Fourier transform of f. For two square
integrable functions u,v € £ %(G) Parseval’s relation states,

[ wia)ds = ¥ de Te(uvr) @

el

C. Expressing Integrals on Manifold as Integrals on the Group

Often it is convenient in a homogeneous space to make a vari-
able substitution so that a function defined on the manifold can
be expressed as a function on the group acting transitively on the
manifold. This will allow the signals defined on the manifold to
be expanded in Fourier series as in (6). Also, the integrals (or
convolutions) on the manifold can be expressed as integrals on
the group. The following elementary but useful measure theo-
retic result allows for such substitutions.

Let zo be a fixed point on the manifold M and consider a
measurable map 7 from the measure space (G, %, i1) to the
measure space (M, F,v) given by 7(g) = g - mo. Note that
F is the Borel sigma-algebra associated with the standard
topology on the group G and F4; = {E C M|t Y(E) € F}
is the sigma-algebra induced on M. Also, u is the natural Haar
measure associated with the compact group G and v is the
G-invariant measure on M induced by 7 (for E € Z define
v(E) = u(t71(E))). Therefore, if f is a measurable function
on M that is integrable with respect to v then f o 7 is integrable
with respect to x4 and

| fawian) = /G £(g - zo)u(dg).
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Finally, since the action of G on M is transitive, there exists a
measurable cross-section map v : M — G such that y(z)-xg =
x for all x € M. This allows for the reverse substitution: if f is
a square integrable function on M then it can be developed into
a Fourier series over G,

= 3 d Tx(f(m)m(y

(), =eM. ®

IV. COMPLEXITY REDUCTION

This section presents the first main result of the paper that
allows the reduction of complexity of algorithms developed in
later sections. Fix a point g on the manifold M; call it the
‘origin’. Consider the stabilizer of xg, i.e., the set of all trans-
formations in the group G that leave the origin fixed,

H={heG:h-z9=um}.

H is a closed subgroup of G and has its own Haar measure pg.
A function f on G is said to be H-invariant if f(gh) = f(g)
forall g € Gand h € H. A function f on G is said to be
H-bi-invariant if f(highs) = f(g) forall g € G and hy, hy €
H . We have the following result for such functions.

Theorem 1: The Fourier transform of an H -invariant function
f satisfies the relation P, f(r) = f () for every = € G, where

Pro= [ w(hun(an

is the orthogonal projection onto

Wy={xeVz:n(h)z=acVheH}
For an H -bi-invariant function f, P, f(r) Py = f(r).
Proof: See Appendix IX.B. ]

The significance of this result is that for H-invariant and
H-bi-invariant functions, the Fourier transform matrix f () lies
in a smaller dimension subspace. If d® denotes the dimension of
W, then f(mr) has rank d. Furthermore, restricting f () to an
orthonormal basis for W, itis seen that f () lives in a subspace
of dimension d x d, for H-invariant f. For H-bi-invariant
f, the Fourier matrix lies in a d° x d° dimensional subspace.
This will be exploited in later sections to reduce the size of the
problem.

V. WIENER FILTERING ON HOMOGENEOUS SPACES

This section presents the Wiener filter for isotropic signal
fields on homogeneous spaces. The MMSE solution comprises a
set of coupled linear integral equations on the unit sphere which
are solved using the Peter-Weyl theory. The computational com-
plexity of the filter is reduced using the bi-invariance of the
signal correlations as discussed in Section IV.

A. Wiener Hopf Equations

As formulated in Section II-A the best linear estimate £ () of
the process £(z) based on n;’s is

k
= / Li(z, y)ni(y)dy )
= JM
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where L;(z,y) are unknown functions that minimize the
mean-squared error (MSE) E|¢(z) — &(x)|?. The orthog-
onality principle states that the MSE is minimized when
E[(&(x) — &@))s(y)] = 0 forj = 1,....kand 2,y € M.
Using (9) and the G-stationary assumptlons in (1), the orthog-
onality principle gives the following normal equations

Riw) =3 [ Lo o) Rye)is

for1 < j < kand z,y € M. We need to find G-invariant
functions that satisfy these coupled linear integral equations on
the manifold. These equations can be expressed as relations on
the group G as follows. Fix an “origin” xo in M. Then, by the
transitivity of the group action, there exist gi, g2 € G such that
T = g1 - xp and y = g - ¢. Then (10) can be expressed as

(10)

R;(g1 - @0, g2 - o)
k
:Z/ Lilg1 - 50, 2) Rij (2,95 - wo)dz. (1)
i=1/M

Using the fact that the map g — ¢ - z¢ from G into M takes
the normalized Haar measure of G to the unique G-invariant
measure on M, the integral in (11) can be transformed into an
integral on G (see Section III-C)

Rj(!h *To, 92 'xo)

K
:Z/Lz’(gl'$079'x0)Rij(g'$0792'$0)d9 12)
— Ja

for g1,92 € G where dg indicates integration with respect to
the Haar measure on G. It is convenient to use different nota-
tion when viewing the correlation functions as functions on the
group. Define ¢;(g) = R;(z0, g - 0),vij(9) = Rij(z0,9- o)
and l;(g) = Li(zo, g- o). Then using the invariance conditions
it is easily verified that for all ¢ € G, (12) can be written as

$i(9) = &5 (97 92) Z/ §Yis(a " g) o'
These equations can be expressed as a matrix convolution

W@ZLFWMf%mcgeG

13)

(14)

in a compact notation where ¢ = [¢p1,...,¢x]T, 1 =
(l1,..., k)" and ¥ = [1i]lexr. Note that these convolu-
tional integral equations are the Wiener-Hopf equations (10),
expressed in terms of integrals on the group G. Taking the
Fourier transform on both sides of (13) yields the following
result.

Lemma 1: The Fourier transform coefficients of the corre-
lation functions ¢ and ¢ satisfy the following system of linear
equations,

k ~
Z ) L ( (15)
fOI"J =1,..., k and7r € G, where ¢>] = /5 ngJ 7*(g)dyg,
fG dg and 7/)1] fG 7/)11 ( ) dg.
Proof See Appendlx IX.C ]
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The system of linear equations in (15) can be solved for the
unknown [;(7) and the filter response L;(z,y) is obtained as
follows. Given the cross-section v : M — G discussed in
Section III.C, compute

Li(z,y) = Li(v(x) - 20,7(y) - o)
= Li(zo, (v(x)"'y(y)) - 7o)
(use G—invariance)

for1 <4 < kand z,y € M, where [; is the inverse Fourier
transform of I;. The functions {L;(z,y)}*_, comprise the
Wiener filter and can be used in (9) to obtain the estimates E
However, each of the equations in Lemma 1 involves d, X d
matrices and solving them is a computational challenge.

B. Complexity Reduction for the Wiener Filter

Solving the system of equations in Lemma 1 for [;(r) yields
the Wiener filter. However, the computational complexity of
the system is large. There are k equat10ns each of which in-
volves d, X d, matrices ¢>, [ and 7. Furthermore, G is count-
ably infinite and the dimension d, of the matrices ranges over
all positive integers. To efficiently solve for the Wiener filter, the
structure and redundancy in Fourier coefficient matrices is ex-
ploited. As discussed in Section IV for H bi-invariant functions
fs f(m) lies in a smaller subspace Wr. Denote the restriction of
the operator f(7) to the subspace W by f(7) and restriction of
P.7(g) Py to the subspace Wy by #(g). Then, f(7) and 7(g)
can be thought of as d2 x d% matrices in any orthonormal basis
of the subspace W,. Using Theorem 1, any square integrable
H-bi-invariant function f on G can therefore be recovered from
the operators { f(7), 7 € G} as

=Y dTe(f(m)7(g)).

re@

Owing to the H-bi-invariance of functions ¢;,;; and [;, the
matrices ¢}, 1;; and [; are d, X dr, dimensional. Consequently,
the system of linear equations in Lemma 1 reduces to

1<j<kandmeG. (16)

k
™) = Pi(m)li(r),
=1

Typically, dr, is much smaller than d.

C. The Spherical Wiener Filter: Specializing to G = SO(3),
M = 8?2

The Wiener filter is now specialized to the action of the ro-
tation group G = SO(3) on the unit sphere M = S?. The
irreducible representations of the rotation group are discussed
in Appendix IX.A. The set of irreducible inequivalent represen-
tations of SO(3) is indexed by positive integers. Thus 7 € G is
denoted as 1, forn € {0,1,2,...}, with 7,, denoting the 2n+1
dimensional representation. Also, V., W and d . are denoted as
V., W, and d,, henceforth.
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The fixed point ¢ on the unit sphere is chosen to be the
north pole (0,0,1) € R3. The stabilizer subgroup H then cor-
responds to all rotations of the sphere about the Z-axis and the
subspace W, of all vectors fixed by H is one-dimensional space
spanned by a single vector; let e, o denote that vector. This
holds for every m, and thus d?rn = 1 for all n. The singleton
set {en,0} can be extended using Gram-Schmidt procedure to
construct an orthonormal basis {e;,,—n,, - -, €n,0,- -, €nn} fOr
the (2n + 1)-dimensional representation space V;, of represen-
tation 7,,. In this basis, each of ¢;, 1;; and [; is a scalar, as dis-
cussed in Section IV. Consequently, the system of equations in
(16) reduces to a matrix equation which is much easier to solve
than the system of equations in Lemma 1. These quantities are
computed using the spherical harmonics as discussed below.

Let © = [z1 z2 x3])" be a point on the unit sphere and let
g = (z) be the rotation that rotates the north pole to the point
z. Then the irreducible representation, 7,,, corresponding to this
rotation is given as (see [26])

Tn(9) = Tn(v(2))

-2 ()

Define functions p,, on the unit sphere S? as

(n—r)

1—|—£173T (17)

2

1—:173
2

pn () = T (7(2)).

The functions p,, are the spherical harmonics and the spherical
harmonic coefficients for ¢;(g) = Rj(zo,9 - o) at the fre-
quency m = 7, is computed as

bim) = [ Bylaon.g-a) wilo) do
Jso)
= /S2 Rj(zg,z)pn(z)do(x) (18)

where do denotes integration with respect to the normalized
area measure on S2,

do(z) = M, o? a3 423 =1 (19)
||
Similarly
Jim) = [ Bianypa(@do(@). @0)
SZ

Recall that ?; and R;; are the correlation functions and the
normal equations in Lemma 1 are specialized to

k
bi(mn) = Zl/jij(ﬂ'n)ii(ﬂ'

where 7,,, ¢~5j and 1/~Jij are scalars given by (17), (18), and (20),
respectively. The normal equations are solved for [; (7, ) and the

inverse Fourier transform of [;(m,,) gives
Li(w,y) = > (2n+ Dii(r,)ma(v(2) (), @D)
n=0
for 1 < i < k. The coefficient functions {L;(z,y)}%_; com-

prise the spherical Wiener filter and yield the MMSE estlmator
of ¢ based on the 7’s as outlined in (9).
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VI. MATCHED FILTERING ON HOMOGENEOUS SPACES

A matched filter is developed on a homogeneous space using
the Peter-Weyl expansion for square-integrable functions on the
associated compact Lie group G. The convolutional integrals
defined on the manifold are first expressed as integrals on the
group which are then expressed as an infinite sum in Fourier
domain. The expressions for signal power and noise variance
in the Fourier domain can be simplified using the complexity
reduction result of Section IV.

A. Expression for the Signal and the Noise Power in Terms of
Integrals Over the Group G

Given the origin z¢ on M, make the following substitutions
in (3)

Using the change of measure formula, the signal component of
the filtered output can be expressed as an integral over the group

G,
ns:/h d:n—/qﬁ )dg.

Similarly, the noise power is expressed as an integral on G x G,

(22)

Bl )= Korin) hoa) hoa) dos do
M x M

= K(g1- 20,92 - 0)h(g1-z0)h(92 - z0) dg1 dga
JGXG

Z/ K(g5 ' 91 - m0,20) h(g1-70)h(g2- x0) dg1 dgo
GXG

- / Hoylar) d(an) $(g2) don dgs 23)
GxG

where k(g) = K(g-zo, 2o). Note that the G-invariance property
of the noise kernel is used to obtain the expression in (23) for the
noise power. These substitutions are important since the Fourier
transform on the group G allows the signal and the noise powers
to be expressed as discrete sums thereby making the maximiza-
tion easier.

B. Expressions for the Signal and the Noise Power in the
Fourier Domain

Using the Parseval’s relation from (7), the signal component
is expressed in terms of the Fourier transform coefficients as

(24)

where ¢, = (¢, m) and 0,
pressed as

= (f, 7). The noise power is ex-

Elln|*) =" de Te(¢hhnpr) (25)

we@
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where k. = (k, ). The following result states that each of the
terms in the computation of the trace in (25) is non-negative.
This is consistent with the interpretation of each term in the trace
as the variance of projection of noise onto the subspaces of the
representation space Vr.
Lemma 2: For each m € G, k, is positive semidefinite.
Proof: See Appendix IX.D. [ |
Note that the correlation functions ¢ and # are H-invariant
and the noise correlation kernel k is H -bi-invariant. Thus as out-
lined in Section IV the size of the summations in the expressions
for the signal and the noise power can be reduced. This becomes
clearer in the next section when specialized to the sphere.

C. Spherical Matched Filter

The matched filter is now specialized to the action of the
rotation group G = SO(3) on the unit sphere M = S2,
Proceeding as in Section VI.C, fixing the north pole of the unit
sphere results in d?rn = 1 for all n. The subspace W,, of all
vectors fixed by H is one-dimensional space. The unit vector
spanning W,, is extended to construct an orthonormal basis
{€n.—ns---,€n0;---,6nn} forthe representation space V,,. In
this basis, the signal amplitude (24) can be expressed as

=33 b,

n=0j=—n

where ¢, j = (€0, Pnen ;) and 0, ; = (en 0, 0nen ;). OWing
to H-invariance of ¢ and 6, only the row corresponding to e, g is
involved in the expression, as discussed in Section IV. Similarly
the expression for noise power (25) is simplified to

Elln.|*] = Z Z dp A5

n=0j=—n

where A\, = (en 0, knen,0). Again, it is due to the H-bi-invari-
ance of k that the noise power has been expressed in a basis in
which only one matrix element of the noise spectral density ma-
trix k,, is involved.

The matched filter is now given by the function ¢ that maxi-
mizes the ratio,

Assuming A,’s are non zero, the application of Cauchy-
Schwarz inequality gives the upper bound on the SNR,

SNR(¢) =

SNR($) < >~ dn ;|6 I

where the equality holds if and only if an i=AL lénv ;. How-
ever, if some of the A,,’s are zero then consider the set A =
{n : A\, = 0}. There are two possible cases now: If én,j #0
for some n € A and some j € {0,+1,42,...,£n}, then in-
finite SNR is achieved by choosing (ﬁn,j = (jnj Vn € A and
qASm 7 = 0Vn ¢ A. This is equivalent to choosing the filter as
the projection of the signal along the zero noise eigenvalue sub-
space. And if 9,, ; = Oforall n € A then the SNR is maximized
by choosing ¢,,. =, 19, jforalln ¢ A.
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The signal and the noise power can be efficiently computed
using the spherical Fourier transform. This also allows us to
express the impulse response of the matched filter in terms of
the spherical harmonics. Recall that in the spherical harmonic
basis pp,j(2) = (mn((%)))j0 = (mn(V(2))en,0,€n,;). The
matched filter is, therefore, implemented by first calculating the
spherical harmonic coefficients of the template

On.j = (€n,0,0nen;) = / $(x)pp,j(x)dx
M

and then computing

(26)

Finally, the following result provides an interpretation of
)\n = <€n,0,k‘n€n,0>.
Lemma 3: The scalars ),, can be expressed as

j=—n

2

/M 7()pn,;(x)dz

Proof: See Appendix IX.E. ]
Since {p., ;} provide an orthonormal eigenbasis for
SO(3)-invariant correlation functions (see Appendix IX.A),
An is the sum of the variances of the noise component along

each eigenvector of the irreducible subspace of the n'" repre-
sentation of SO(3).

VII. APPLICATIONS AND EXPERIMENTAL RESULTS

This section discusses application of the spherical matched
filter and the spherical Wiener filter to visual homing, denoising
3D surface data and processing cosmic microwave background
data. Note that the solutions to (26) and (21) are approximated
by computing them only up to a specified value of n < B, for
some positive integer 13, which is equivalent to assuming that
the bandwidth of the spherical signals is B (see [21, Ch. 9]).

A. Denoising 3D Surface Data

The denoising performance of the spherical Wiener filter is
studied with the 3D Stanford bunny [27]. The ears of the 3D
bunny model were cut off to get a star-shaped object and the
bunny was resampled on a regular spherical grid centered at
(—0.01, 0.03, 0.005). The point cloud of the bunny is shown in
Fig. 1(a) and the corresponding spherical height map is shown in
Fig. 1(b) for a sphere of radius 0.001. The projection loses some
features around the face of the bunny due to slight deviation
from being star-shaped. The resampled bunny model is used as
the ground-truth and is made available online at [28].

The sequence of spherical mapping and denoising operations
is illustrated in Fig. 2. The mesh plot of the original Stanford
bunny is shown in Fig. 2(a) and the resampled 3D surface data is
shown in Fig. 2(b). The noisy bunny is shown in Fig. 2(c). The
samples are regarded as noisy observations on the unit sphere
as shown in Fig. 2(d) and are Wiener filtered to recover the de-
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(b)

Fig. 1. (a) 3-D bunny image. (b) Height map on a regular spherical grid.

noised bunny in Fig. 2(e). The bandwidth for restoration was
chosen to be 128. The restored bunny is projected back into the
Cartesian coordinates as shown in Fig. 2(f). A representative
restoration is shown in Fig. 3 with an SNR gain of roughly 15
dB from Wiener filtering using a bandwidth of 128.

The denoising performance of the Wiener filtering is evalu-
ated with respect to the diffusion-smoothing presented in [10]
by comparing the resulting SNR in the filtered images for var-
ious initial noisy conditions and bandwidths. It is evident from
Fig. 4 that the Wiener filter outperforms diffusion-smoothing at
higher bandwidths. However, this improvement with bandwidth
is associated with a computational penalty. The fast discrete
spherical Fourier transform is computed in O(B2log? B) op-
erations [29]. For diffusion-smoothing, the Gauss-Weierstrass
kernel with a scale-space factor of 10~% was found to be op-
timal [10].

B. Visual Homing With a Spherical Matched Filter

This section discusses visual homing of a mobile robot using
the omnidirectional images captured by a camera mounted on
the robot. The omnidirectional images are publicly available on-
line at [30] and the mobile robot is discussed in [7]. The “orig-
inal” database consists of 170 omnidirectional images captured
at regular grid-points on the floor-plan shown in Fig. 6. The im-
ages are all captured in the same orientation with the smallest
physical distance between two grid-points being 30 cm.

The objective in visual homing is to trace out a path for a
robot from an unknown location in its surroundings to a ‘home’
location. The navigation is based on the visual information cap-
tured by the imaging device mounted on the robot and a pre-
stored template image of the scene at the home’ location. The
omnidirectional images used in the experiments are central cata-
dioptric images which can be mapped on to a regular spherical
grid since they are equivalent to planar projections of images
defined on a sphere [31]. Fig. 5(a) shows an omnidirectional
image from the ‘original’ database captured by the catadioptric
sensor mounted on the mobile robot at a grid point. Fig. 5(b)
shows the corresponding panoramic scene obtained by unwrap-
ping and cropping the catadioptric image and Fig. 5(c) shows
the cropped image mapped on to a sphere.

A simple iterative method for visual homing is proposed
based on comparing the given template with the spherical
images of the scene observed locally. At each iteration the
template is correlated with the images taken at the current grid
location and immediate eight-neighbours as shown in Fig. 6.
The robot then updates the current location to the location at
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(e) @

Fig. 2. (a) Original 3D Stanford bunny. (b) 3D bunny (with ears chopped) resampled on a regular spherical grid. (c) Noisy bunny image. (d) Projection of noisy
surface data of 3D bunny on the unit sphere. (e) Wiener filtered spherical projection. (f) Restored 3D bunny image.

(b)
Fig. 3. (a) 3D bunny point cloud with additive noise at an SNR of 15.86 dB.
(b) Wiener restored 3D data (BW = 128) at resulting SNR of 31.39 dB.

Resulting SNR versus Bandwidth

Resulting SNR

64 96 128 160 192

224 256

Bandwidth

Fig.4. De-noising performance with respect to the bandwidth for various initial
SNR levels. The solid lines represent the resulting SNR with Wiener filtering
while the dashed lines shows results with diffusion smoothing [10].

which the scene matches the closest to the scene in the template.
The iterations stop when the current location is not updated.
Since the images in the database are captured with the same
angular orientation of the robot to the surroundings, it avoids
accounting for possible rotations of the spherical images and
compensating for the distortion introduced by rotations. We
address the more general case in [32] and [33].

Fig. 6 shows the computed path, in solid line, starting at the
position (8,1) on the grid and seeking the ‘home’ location (0, 15).
The panoramic images of the scene observed by the robot at the
points marked with red dots along the path in Fig. 6 are shown
in Fig. 7. With the starting position and home location reversed,
the computed path is shown in dotted lines in Fig. 6. The video

Fig. 5. (a) Catadioptric image captured by a mobile robot; (b) Unwrapped om-
nidirectional image; (c) Spherical image.
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Fig. 6. Grid field of robot’s environment [7]. The immediate neighbours of the
grid location (4,6) are shown enclosed in the shaded box. The solid red line
shows the computed path from (8,1) to (0,15) and the dotted line shows the
computed path from (0,15) to (8,1). The panoramic images captured at locations
marked with the red dots are shown in Fig. 7.

sequences of the scenes captured by the robot (initialized ran-
domly in the grid field) as it traces out its path to the goal are
available online at [34] along with the companion source code.

An important metric of performance for visual homing
methods is the return ratio, which is defined to be the proba-
bility that the robot finds the home location when initialized
randomly at any point in the grid. The return ratio is associated
with every grid point and the average return ratio over the grid
allows for a comparison of the performance of our method with
other approaches. Table I compares the average return ratios at
various subsampling factors for the group theoretical method
described in this section and the first-order differential homing
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Fig. 7. Omnidirectional scenes captured by mobile robot at grid locations (a)
(8,1), (b) (4,6), (¢) (3,9), (d) (0,12), and (e) (0,15).

TABLE I
COMPARING DIFFERENTIAL VISUAL HOMING [7] AND OUR GROUP
THEORETICAL METHOD IN TERMS OF THE RETURN RATIO AT VARIOUS
SUB-SAMPLING RATES AND PSNR OF 10 DB

Sub-sampling factor 1 2 3 4 5
Differential Visual Homing | 0.861 | 0.780 | 0.671 | 0.592 | 0.544
Group theoretical homing | 0.943 | 0.903 | 0.840 | 0.781 | 0.710

technique put forth in [7]. The simulations were carried out with
additive white Gaussian noise at a noise level corresponding to
peak-signal-to-noise ratio (PSNR) of 10 dB.

C. Detecting Embedded Objects in Stochastic Background

This section demonstrates the application of matched filtering
to the detection of compact objects in a stochastic background of
the cosmic microwave radiation collected in all directions of the
sky [1]. The cosmic microwave background (CMB) radiation is
a form of electromagnetic radiation that fills the entire universe.
It was first reported in 1965 by Penzias and Wilson [35]. It has
a thermal 2.725 Kelvin black body spectrum which peaks in the
microwave range at a frequency of 160.2 GHz corresponding to
a wavelength of 1.9 mm. Most cosmologists consider this radia-
tion collected on the celestial sphere to be the best evidence for
the Big Bang model of the universe and also refer to it as the
relic radiation. In 1970, Sunyaev and Zeldovich [36] reported
small-scale fluctuations of the CMB radiation and attributed it to
localized foreground emission due to point sources or hot inter-
galactic gases. This phenomenon is referred to as Sunyaev-Zel-
dovich (SZ) effect. Analyzing these foreground emissions and
separating the embedded sources that cause these emissions is
important not only for better understanding of the cosmic struc-
ture but also for cleaning up the background CMB radiation.

Several works in the past have employed 2-dimensional
planar image processing techniques to filter the CMB data
and recover the foreground emission sources [37], [38]. The
observations made on small patches of the celestial sphere
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Fig. 8. Detecting compact embedded objects in stochastic background:
(a) Map of cosmological microwave background (CMB) simulated in accor-
dance with the CMB power spectrum from WMAP [1]. (b) Compact embedded
point sources at different orientations. (c) Simulated sky with embedded objects
distorted with motion blur and corrupted with isotropic noise. (d) Gaussian
template for the matched filter to detect embedded sources. (e) Wiener filtered
image. (f) Objects detected using the Gaussian template.

are assumed to be almost flat and are analyzed using planar
matched filters [38] or wavelets [39], [40].

The templates used for simulating the SZ effect are point
sources of fixed sizes. The embedded sources are modelled as
si(x) = A;r;(z), where 7;(x) is dilated and rotated version
of the point-template profile 7(x). The peak value of A; de-
termines the SNR = A;/(0% + Bous) where Boug is root
mean square (rms) value of the background process. The back-
ground process in the simulations can be described by the best
fit CMB power spectrum as obtained from the data collected
by WMAP [1]. Fig. 8(a) shows the simulated map for the back-
ground process. The actual foreground objects on the sphere are
shown in Fig. 8(b) and are embedded in the background process
to yield a simulation of the celestial sky. The simulated skymap
undergoes Gaussian motion blur. The resulting observation with
additive isotropic white noise of variance o> = 0.01 is shown in
Fig. 8(c). The point template for the matched filter is shown in
Fig. 8(d). The noisy spherical image is first Wiener filtered [22],
[23] (see Fig. 8(e)) and then the matched filtering is employed
to detect the embedded point sources. The locations of the de-
tected objects are shown in Fig. 8(f). Note that the detection was
not perfect; the fixed size template was unable to resolve a pair
of sources and a weak source along the edge was missed.

Besides the SNR, other factors that affect the detection perfor-
mance include the size of the point-template and the threshold
for the matched filter. The performance of the matched filter also
depends on the number of spherical harmonics computed. Given
the bandwidth B, the resulting angular resolution is 27 /B ra-
dians for ¢ and 7/ B radians for 6. The matched filter is designed
for increments of 6 and ¢ roughly equal to 6 degrees and 12
degrees, respectively, corresponding to B = 96. Various soft-
ware packages are available online for computing the spherical
Fourier transform. The Healpix? package was used for the tes-
sellation of the sphere [41].

2http://healpix.jpl.nasa.gov
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VIII. CONCLUSION

This paper presented the Wiener filter and matched filter for
isotropic signal fields on homogeneous spaces. The filters were
specialized to the spherical signal spaces under the action of the
rotation group. These techniques were applied to the problem
of autonomous visual homing in robotics, denoising of 3D sur-
face data in computer graphics and to the detection of point
sources embedded in the cosmic microwave background data.
These methods incorporate the geometry of the data in the for-
mulation and provide better performance results.

APPENDIX

A. Irreducible Representations of SO(3)

The rotation group acting on R? with respect to the standard
Euclidean basis for R? corresponds to the special orthogonal
group SO(3), the group of all 3 x 3 orthogonal matrices with
real entries and unit determinant. The representations of SO(3)
are studied as a subset of the representations of the special uni-
tary group SU(2), comprising all 2 x 2 complex unitary ma-
trices with unit determinant.

1) Parameterizing Through SU(2): In this section, we first
discuss how a 2 x 2 special unitary matrix induces the rotation
of a point z = (21,2, z3) on the sphere by an angle § about
a given axis. The group SU(2) is the double cover of SO(3)
(there is a two-to-one surjective homomorphism from SU(2)
to SO(3)) and it acts on S? as follows. For z € R define the
Hermitian matrix

o) = (,, 1

X1 —id?g T
. r = \T1,T2,T3).
T1 + 1To ) ’ ( 3)

—x3

® is a linear isomorphism from R? onto the real linear space of
2 x 2 Hermitian matrices of zero trace and det ®(z) = — (27 +
23 + 3). For any U € SU(2),U®(x)U* is again a unitary
matrix with trace zero and thus of the form ®(z’) for some
7' € R3. Also det(®(z')) = det(U) det .7:2 dethH) =
det(®(x)), which implies 22 + 22 + 22 = z}” + 25° + 24"
Thus, 2’ is another point on the sphere and z has been rotated to
z’. The map z — 2’ is therefore a linear isometry. The connect-
edness of SU(2) implies that this isometry is a proper rotation
R which, in particular, leaves S? invariant, thus R € SO(3).
The unitary matrix U and the corresponding rotation matrix R
are connected by ®(R - z) = U®(z)U*.

2) Measurable Cross-Sectiony : M — G: Choose the north
pole zp = (0,0,1) € S? as the sphere’s origin and define the
map v : S2 — SO(3) to be the rotation that takes the origin zg
to . The expression for the unitary matrix U, (. associated with

the rotation () is obtained by solving ®(z) = U®(xo)UH#
_ ([ ale)  Bx)
o= ( iy o) 0
— iZEQ

1+ .’173) 1/2 _ 1
where oz ( B(r) = ——A—22.
( ) /3( ) [2(1—|—:E3)] /

3) Irreducible Representations of SO(3): The irreducible
representations of SO(3) have been well studied [24] and
are discussed here briefly. The irreducible representations of

SO(3) are denoted as 7, for n € Z>(. The representation
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space of m,, is the vector space V,, of all homogeneous polyno-
mials of degree 2n in two variables (21, z2). A basis for V,, is
B, ={enj:n€lsg,j=-n,...,0,...,n} where

n+JnJ
22

NN o

The action of 7, (R), for R € SO(3), on an element p(z) €
V,, is given as 7, (R)p(z) = p(U~'z), where U € SU(2) is
the 2 X 2 unitary matrix that induces the rotation R on R3, as
discussed above.

4) The Basis for £ *(S?): Let 9 = (0,0,1) denote the
north pole of the unit sphere. Then the subgroup H of rotations
that leave z( fixed is the set of rotations about the z axis; let
R.(0) denote such a rotation by an angle 6.%“hQis rotation cor-

e 0
0 6j0/2 ) The

action of the representation m,, corresponding to R.(6) on the
basis vector e,, ,,, is given as

en,j(zh 2:2) =

responds to the unitary matrix U (0) = (

Tn(R:(0))en,m = en,m (Uz_l(ﬂ) z) = eimaemm. (28)
It follows that the only vectors of V,, that are preserved under
mn(h) for all h € H are the constant multiples of e, o. In other
words, W,, is one-dimensional. The matrices 7, ( - ) can be ex-
plicitly found by solving (28) above (see [21, ch. 9] for some
examples). For x € S2, define

(mn ((2))) 3.0 =

where |j| < n and n € Z>. The functions p are the spherical
harmonics for which we have the following result [26].
Theorem 2: {/2n+1py,j:j=0,%1,...,£n,n € Z5o}
is a complete orthonormal basis for £ %(S?). If K (z1,x2) is
any SO(3) invariant kernel on S? x S then p,, ; are the eigen-
functions of K.
This completes the description of the orthonormal basis for

pn.j(x) = (0 ((%))en,0, €n,5)

Z?(S?%,dS) where the measure dS is the invariant area mea-
sure dS(6, ¢) = sinf df d¢.

B. Proof of Theorem 1

Proof: Taking the Fourier transform on both sides of
f(g) = f(gh) and using the properties of a Haar measure and
the fact that representations are homomorphism (which implies

that 7(gh) = n(g)m(h),7(¢g™") = =1 (g) = 7*(9))s

/fgh

= f(g )™ )dg (substitute g = gh)

“(g'h”

I
~
—
Q

<
S—
3
*
—~
i
—
S—
3
*
—~
Q\
N

U
)

<
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Integrate both sides with respect to h over H to get f (m) =
P, f(w) where

P, = /H (h)dh.

Similarly, for an H-bi-invariant function f,

™) = / F(hgha)7* (9)dg
/ e

substltuteg = hlghg)
1y (1) 7 ) () g
w(ha) f (m)m(hn).

Averaging with respect to h; and ho gives f (r) = Py f () Py
Next, observe that P, is an orthogonal projection since

r=([ w(h)uH(dm)z

7T(}L1}LQ)MH(dhl)/LH(th)

“(hy'g'hyt) dg’

[l
—

HxH

m(h)pm (dhy)pg(dh)

HXxH

w(h) g (dh)

I
R

and

29
I

7 (h)pr (dh)
w(h™ ") (dh)

() pr (dh)

I
ToE I

= Pr.

Note that we have used the fact here that the left and right Haar
measure on a compact group agree. It remains to show that the
Range(P;) = W,. Letz € W,. Then w(h)x = z forall h €
H . Integrate with respect to h to get z = P,z € Range(P;).
This implies that W, C Range(Py). Next, let z € Range(P;).
Then z = P,u for some u € V.. For h € H,

m(h)z =

Thus, z € W, and Range(P,) C W,. This completes the
proof. [ |

C. Proof of Lemma 1
Proof' Take the Fourier transform on both sides of (13) to

/2</

—z/M i

7(h)Pru = /H w(hh)u dh' = Pru = z.

Nbislg ) dg') *(g) dg

*(g9) dg'dg
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—Z/m

= Z /G By
= ;/G'l/lij(h>7r*(h)dh/Gli(g/)’/_r*(gl) 4
- ZIZ}ZJ(W)ZA (m)

which yields the result. ]

"Vbij(h)7*(g'h) dg'dh

9 )i (h)w

“(h)7*(g') dh dg’

D. Proof of Lemma 2

Proof To see that k, is positive semidefinite, expand
krx,z) to get

< X K(g1- 0,92 - x0)7" (95191) dgldgz> :E,:v>
<< GXG[E[T 1° To)r (92'xo)]ﬂ*(gl)’ir(gQ)dglde>x7x>
B /GXG (E[r(g1 - o) (92 - w0)|7(92))7, w(g1)x)dg1dg2

= / E[(r(g2 - o)m(g2)w, (g1 - wo)7(g1)7)]dg1dg2
axa

B R—
—E U(/G T(g~a:0)7r(g)dg) . ]

which is a nonnegative number. |

r(g2 '$0)7r(92)d9233»/ T(91'$0)7f(91)d9133>}

E. Proof of Lemma 3
Proof: Expand \,, = (e, 0, kneno) to get

)‘n:<en,07< w5 (95 1) dgldg2>6n,0>

= K(91'5E0792'CE0) <6n,0, (7T
GXG

K(gl' Zo, 92" $0)
GXG

2 (95"91)) eno) dgrdgs

= K(g1 - w0, 92-20) (7 (95191))0,0 dg1dg>
GxXG

:/GXE[T(Ql x0)r(g2 'Io)]Z(ﬁn(gﬂ)j,O(Wn (92))j.0d91dg2

j=-—n

- Z /MXM (1) (22)] P (#1) . (w2) a1 do

—;n [ @i Jia|

Each term in the summation above is the variance of the noise
projected onto the subspace spanned by p,, ;. |
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