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Recall

Notation:
Given a vector space V and a symmetric bilinear form B € Hom(V, V™) we

overload notation, representing B as a real-valued function on pairs of

vectors, B:V XV — R, with:
B(u,v) = [B(uw)](v)

For an inner-product space {V,B:V — VV*} we denote the inner-product

()g:V XV - Rand norm ||-||z: V = R=? as:
(u,v)g = B(u,v)

“U“B = \/B(U, U)




Recall

Given an inner-product space {V/,B:V — V*} and given avectoru € V, we
can define a new bilinear form:

[E(U)](W) = (U, W)B T (U, v)B ) (U, W)B
Claim:
This is also symmetric and positive definite.

Symmetry follows from the symmetry of B and commutativity of
multiplication.

Positive definiteness follows from:

B@I®) = ||v]13 + (1, v)p - (w,v)5
= lIvls + (w0}’
>



Recall

Given an inner-product space {V/,B:V — V*} and given avectoru € V, we
can define a new inner-product:
(U, W)E = (U, W)B T (U, v)B ) (U, W)B

Note:
If vis perpendicularto u (i.e. (u, v)g = 0) then:
Il = vl + (u,v)5 - (w,v)p
= |lvliz

— Distances are not changed along the perpendicular.



Recall

Given an inner-product space {V/,B:V — V*} and given avectoru € V, we

can define a new inner-product:
(v,w)s = (V,w)g + (U, V)5 - (U, W)g

Note:
If vis paralleltou (i.e. v = A - u) then:
Iz = w3 + (w,v)p - (w,v)p
v 523 +{(u,A-u)g - {u,A-u)p
vliz + 2% - lullg - llullz
= Distances are increased along u, with the scale factor growing with the

magnitude of u.




Recall

We denote by T c E? the unit right triangle:
T = {(x1,%x3) € [0,1]%|x; + x, < 1}

Given a triangle T c E3 with vertices vy, v, v3 € E3, we parameterize:
D (x1,x3) = vy +x1- (V3 — V) + x5+ (V3 —vq)

W.r.t. the cartesian basis {61 |ps 02 Ip}, this gives the inner-product matrix:
g = ( vz — v4I? (V2 —=Vvy, V3 —Vv1)\
’ (V3 —Vq,V2 — Vq) Vs — vqll?




g = ( v, — V1||2 (Vg —Vq,V3 — V1>>
‘ (V3 — Vq,Vp — Vyq) lvs — V1||2

Recall

Using the inner-product, we integrate the hat basis functions {i;} (and their
differentials) to construct the per-triangle mass and stiffness matrices:

m;; = ./det(g;) - jTlPi Y- wg
Sij = <\/ det(g,) - ggl»Jle/)i cdy; (‘)E>

The mass matrix is authalic:
It only depends on the area of the triangle and not on the angles.

The stiffness matrix is conformal:
It only depends on the angles and not on the area

F

In particular:

Scaling the mesh by 1 scales the mass by 12
and does not change the stiffness.




Recall

Using finite-element assembly, we construct the per-mesh mass and

stiffness matrices M, S € RIVIxIVI by iterating over the triangles and
contributing to the coefficients associated with pairs of vertices:

M,, = Z mi(u),r(v) and Sy, = z Sg(u),r(v)
€T (UW)NT (v) €T (uW)NT (v)
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Math Review

Solving the Quadratic:
Given a quadratic polynomial:
0(x) = ax? + bx +c
the roots/zeros of the polynomial are given by:
—b + Vb2 — 4ac

2a
The discriminant, (b — 4ac), determines the number of roots:

(b? — 4ac) > 0: Two roots
(b? — 4ac) = 0: One root
(b? — 4ac) < 0: No roots

X =

= A quadratic polynomial will have both positive and negative values if and
only if its discriminant is positive.



Math Review

Cauchy-Schwarz Inequality:
Given an inner-product space {V/,B:V - V*}, forallu,v € V we have:
[{w, v)g| < llullp - l[vlp

Proof:
If (u, v)g = 0, the statement is trivially true.
Define the sign of the inner-product as:
. _ 1 if (U, U)B > ()
sign({w, v)p) = {—1 if (u,v)p <0

Consider the quadratic polynomial:

Q(x) = lu + x - sign({u, v)p) - V|3
v||g - x* + 2 - sign({w, v)p) - {u, v)p - x + |[ull3
vz %%+ 2 [(w,v)pl - x + llull3




Math Review

Cauchy-Schwarz Inequality:

Given an inner-product space {V/,B:V - V*}, forallu,v € V we have:

(u, v)gl < |lullg - Ivllg

Proof:
Q@) = llutx-sign((w,v)p) - vllF
= |lvllg - x* + 2w, v)p| - x + [[ullg
Since Q(x) is the square norm of a vector, it cannot be negative

— The discriminant cannot be positive:
0= (2[(u, v)BI)Zﬁ— 4 lullg - lvilg
lullg - llvllz Zﬁ(<u, v)p)°

lullg - llvllp = [{u, v)sl




Ma Note: We have equality if and only if the discriminant is zero.

)
There exists a value of x for which the quadratic evaluates to zero.
Cauchy-Schy 0
Given anin| Thereisavalue « € Rsuchthat||lu+ a-v|| =0 Ve have:
I(u, v () B
Proof: uta-v =0
()

The vectors u and v are linearly dependent.
Since Q(x) is the square norm of a vector, it cannot be negative

— The discriminant cannot be positive:
0= (2[(u, v)BI)Zﬁ— 4 lullg - lvilg
lullg - llvllz Zﬁ(<u, v)p)°

lullg - llvllp = [{u, v)sl




Math Review

Definition:
A metric space is a set S combined with a real-valued distance function,
d:S XS — R, satisfying:
ldentity: d(x,x) = Oforallx € S
Positivity: d(x,y) > Oforallx,y € Swithx = y
Symmetry: d(x,y) = d(y,x) forallx,y € S
Triangle inequality: d(x,z) < d(x,y) + d(y,z) forallx,y,z € S



Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of
distance between two points:
d(u,v) = |lu—vllg
Claim:
The functiond:V XV — R makes V a metric space.



Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of

distance between two points:
d(u,v) = |lu—vllg

Proof (identity):

Forallv € V we have:

d(w,v) = |lv—vllg
= [[0llg

g [B(0)](0)




Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of
distance between two points:
d(u,v) = |lu—vllg
Proof (positivity):
Forallu,v € V we have:
d(u,v) = |lu —vllg

= [Bu - )] - v)

> 0
whenever u — v # 0 (by positive definiteness of B).
Or, equivalently, when u # v.




Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of
distance between two points:

d(w,v) = [[u—vllp
Proof (symmetry):

Forallu,v € V we have:
d(u,v) = |lu —vllg
= [B(u—v)](u—v)
= V(D% - [Bw - w)](v —u)
—\/ IB(v —u)](v —u)
lv —ullg

d(v,u)




Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of
distance between two points:
d(u,v) = [lu—vllp

Proof (triangle inequality):

Need to show that forallu, v,w € V we have:
dlu,w) <d(u,v) +d(v,w)
()

lu—wllg < |lu —ﬁvIIB + [lv —wl|5
lu—wllz < (lu =g+ llv—wl|g)?
()
lu—wllg < |lu- vllgg + [lv — WII% +2-lu—vlg-llv—wls
= |lu—vllg + |Iv—WI|12;+2-(u—v,v—W>B—2(u—v,v—W>B+2-Ilu—v||B v —=wllp
= ||(u — v)2+ w—wlg—-2-(u-—v,v—w)g+2-|lu—vlz-llv—wls
=|lu—-wlg—-2-(u—v,v—w)p +2'|Iﬁt—vllg v —=wllp

(u—v,v—w)p < |lu—vlp-llv-wlg



Math Review

Given an inner-product space {V/,B:V — V*}, we can define a notion of
distance between two points:
d(u,v) = [lu—vllp

Proof (triangle inequality):
Need to show that forallu, v,w € V we have:
dlu,w) <d(u,v) +d(v,w)
0

(u—v,v—wlp <|lu—vls-llv-wlg
This follows from the Cauchy-Schwarz Inequality.



Math Review

Note:
Given a triangle with vertices v, v,, and v., the triangle inequality states:

[d(vl,vz) <d(vy,v3) + d(Ug,Vz_)]
d(v3,v;) < dWwz,vp) +d(vy, vy)

d(v,,v;3) < d(vﬁ, v1) +d(vy,v3)

[d(vbvz) —d(vy,v3) < d(”sivz)]

d(U3,U1) o d(vzﬂh) < d(v3'v2)

d(v,,v3) < d(vﬁ, v1) + d(vq,v3)

[d(vpvz) —d(vy,v3) < d(”2;173)]

d(vs,v1) —d(wy,v;) < d(vy,v3)

d(v,,v3) < d(vﬁ, Vo) + d(vq,v3)
|d(vy,v2) — d(v1,v3)| < d(v,,v3) < [d(vy,v;) + d(vy, v3)]




Math Review

Note:

Given a triangle with vertices v, V5, and v3, the triangle inequality states:
|d(v1,v2) — d(vy,v3)| S|d(vy,v3) < |d(vq, ;) + d(vq,v3)]

Informally:
Consider the extreme configurations with v; on the line between v, and v5.

Case 1:
v, isinside the segment between v, and v;

= The distance between v, and v; is the sum of the distances to v;. o



Math Review

Note:

Given a triangle with vertices v4, V5, and v3, the triangle inequality states:
|d(v1,v;,) — d(vy,v3)| < d(v,,v3)|< |d(vy,v;) + d(vq, v3)]

Informally:
Consider the extreme configurations with v; on the line between v, and v5.

Case 2: s
v, is outside the segment between v, and v3 (w.l.0.g. closer to v3) e
%
= The distance between v, and v; is the difference of the distances to v;. -7 :



Math Review

Claim:

Given a two-dimensional vector space IV and a symmetric bilinear form
B:V — V¥, the bilinear form is positive semi-definite if and only if:

There exists some basis {v{, v,} € V such that:

1. The bilinear form is positive semi-definite on the basis vectors:
B(vy,v1),B(v,,v,) =20

2. The bilinear form satisfies the Cauchy-Schwarz inequality on the basis:

B(vy,v;) < \/B(Vp ZOR \/B(Vz» V)

Proof (=):

Suppose B:V — V* is positive semi-definite, then for any basis {v,,v,} Cc V,
it will satisfy positive semi-definite and Cauchy-Schwarz.



B(vy,v1),B(vy,v,) =0
B(vy,v3) < /By, vy) - VB(vz,v2)

Math Review

Proof (<):
Suppose there exists a basis {v,, v,} € V satisfying positive semi-definite
and Cauchy-Schwarz.
Since {v4,V,} is a basis, any v € V can be expressed as:
vV=aq -V tay- v,
forsome a{,a, € R.

= It suffices to show that for any a4, @, € R we have:
B(a;-vi+a, vy,a1 - v1+a,-v,) =0



B(vy,v1),B(vy,v,) =0
B(vy,v3) < /By, vy) - VB(vz,v2)

Math Review

Proof (<):
It suffices to show that for any a{, @, € R we have:
B(al'Ul‘l‘az'vz,al'vl‘l‘az'vz) >0

Expanding gives:
B(ay -vi+a, vy,ay v +a, vy) =
=a? -B(vy,vy) +as-B(vy,v,) +2-a;-ay - B(vy,v,)
= a12 - B(vy,v1) + “% - B(vp,v,) — 2 |ay]| - |ay]| - |B(vq,v,)|

> af -B(vy,v1) +aj - B(vy,vp) — 2 |a12| Naaa| - By, v1) - B(vy, v,)
ARG A R ARNEICORS)

=0




Math Review

Recall:
On R?, we have the cartesian basis {e; = (1,0)7,e, = (0,1) T}.

= Any symmetric bilinear form B: R? —» (R?)* is determined by its expression
as a matrix B € R?*“ w.r.t. the basis:

B;; = (ei,€;),




Math Review

Note:

Given a symmetric bilinear form B: R? —» (R?)*, we can assign non-
Euclidean (square) lengths to the edges of the triangle T c R?:

321
¢

2
t12

e1||§ = B13

e;|lz = By,

€2 — e1”123

e1llz +llezllz —2 - (eq, e;)p
B, +By; — 2By,




Math Review

Conversely:

Given non-Euclidean (square) edge-lengths, we can define a symmetric

bilinear form:

||e1||§ = 321

le.llz = €30

<61,92>B

e1lls + llexllz — lleqlls —
5 2

ez +1lexllzg — lle; —eq




Math Review

Claim:
A symmetric bilinear form is positive semi-definite if and only the
associated edge lengths satisfy the triangle inequality:
[€01 — €20 | < €12 < |€01 + €20l
Proof (=):
If it’s positive semi-definite, the distance function:
d(w,v) = [[u —vllp

makes I/ a metric-space. e,

= The distances satisfy the triangle inequality.



B :%1
B, =2£%0 , ,
. o1 150 — 112
Math Review Biz = ———

€01 — €20 | < €12 < [€o1 + £20]

Proof (<):
To show that the bilinear form is positive semi-definite, it suffices to show:
Positive semi-definite: B{4,B,, = 0
Cauchy-Schwarz: |B;,| < \/By; - /Bas

Positive semi-definite follows from the definition of B;; and B,
as the squares of the edge lengths.



B :%1
B, =2£%0 , ,
- o1 150 — 112
Math Review Biz = ———

[|£01 — 4y | S 312] [€01 + 420l

Proof (<):
To show Cauchy-Schwarz: |B;,| < ./B;1 : /B>, consider the sign of B;,:
Case 1 (B, > 0):

IB12| = By
B % L+ 50— 1,
02 f% — 2Py ¥ 2Ly £y — £2
_to1 t 120 01" t20 T 01" t20 — 112 o
— > ,
:(301—320)2"‘2‘301'320 %, 1
03, +2-¢ -32 — 2 ?
< 12 01" %20 12 €20 12
=401 " t20
:\/311'\/322 £o1 €1



B :%1
B, =2£%0 , ,
. o1 150 — 112
Math Review Biz = ———

[€01 — 20| 3[512 < |[€01 +£20|]

Proof (<):
To show Cauchy-Schwarz: |B;,| < ./B;1 - /B3, consider the sign of B;,:

Case 2 (B, < 0):
|B12| = —B,
1, — 05 — €5,

2
< (Y1 + £20)% — 251 — 50

2
:%1"‘3%0"‘2'301'320_3(2)1_3%0 1

2
=491 - 20 €20 12

:\/311'\/322
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Inhomogeneous Geometry Processing

Challenge:
Given a noisy mesh, diffuse the vertex positions.
v'This removes the noise
¥ This removes detail




Inhomogeneous Geometry Processing

Challenge:

Given a noisy mesh, diffuse the vertex positions while preserving detail.

Recall:

We can estimate the per-triangle curvatures using the
spectral decomposition of the shape operator:

I ‘;1 o 11 ‘p:Tp']I' - T,T

At every triangle we get principal curvatures k1, Kk, € R
describing how the normal/surface curves over the triangle.

= Can use per-triangle total curvature, k% + k5, as a measure of detail.



Inhomogeneous Geometry Processing

Challenge:

Given a noisy mesh and per-triangle detail-weighting function:
w:T - R>Y

diffuse the vertices of the mesh inhomogeneously, diffusing more in
regions where the weight is low and less where it is high.




Inhomogeneous Geometry Processing

Recall:
Given a signal f° € V, we diffuse by minimizing the gradient-domain energy:

B = | (=002 +e-(df.dfe
= [ =102+ - arap

Setting M, S € RIVI*IVl to be the mass and stiffness matrices and
f, 0 € R!V! to be the expressions of the functions w.r.t. the

hat-basis, this gives the linear system:
M+e-S)-f=M-f°




m;; = ./det(g,) - le/Ji Y- wg
Inhomogeneous Geometry Pra sa=<¢7det<gf>-gz% J. dwi-dwf-w,s>

F

E(f) = j (f = fO)2 + a - (df, df)s
(M+€ S)-f=M-fY

Given a detail-weighting function w: 7 —» R~Y, we can minimize
the weighted gradient-domain energy:

B =) [w@: (F = FO +a(df.dfh

In the context of finite-element assembly, this amounts to weighting
the triangles’ contributions to the mesh’s mass matrix: |

~

M, = 2 w(T) - mg(u),r(v)
TET (W)NT (v)







m;; = ./det(g,) - le/Ji Y- wg
Inhomogeneous Geometry Pra sa=<¢7det<gf>-gz% J. dwi-dwf-w,s>

F

() =), | W@ - = 9% + - (af.ap),
(M +e-S)-f=M-f°

We can solve the weighted gradient-domain problem, by incorporating the
weights within the finite-element assembly:

lvluv — 2 w(T) - mg(u),r(v)
€T (W)NT (v)

<~ We can solve by pre-weighting the trlangles mass matrices:
m*=w(r) m’




m;; = ./det(g,) - lelli Y- wg
Inhomogeneous Geometry Pra sa=<¢7det<gf>-gz% J. dwi-dwf-w,s>

F

B =) [w@- (f = £ + @ (df df).

T

"(M+e-S) f=M-f

We can solve the weighted gradient-domain problem, by pre-weighting the
triangles’ mass matrices:
m*=w(r) m’
Recall:
The mass matrix scales with the inner-product, the stiffness matrixis
authalic (i.e. scale independent).

< This is equivalent so scaling the inner-product:
g'=w(r)- g’



m;; = ./det(g,) - lelli Y- wg
Inhomogeneous Geometry Pra sa=<¢7det<gf>-gz% J. dwi-dwf-w,s>

F

B =) [w@- (f = £ + @ (df df).

T

"(M+e-S) f=M-f

We can perform inhomogeneous geometry processing .
by modifying the inner-products on the triangles. hting the

We can

U
We are no longer working with the pull-back of the Euclidean inner-product on R

Recdartt.
The mass matrix scales with the inner-product, the stiffness matrixis
authalic (i.e. scale independent).

< This is equivalent so scaling the inner-product:
g'=w(r)- g’



Anisotropic Geometry Processing

Recall:

We can estimate the per-triangle curvatures directions using the spectral
decomposition of the shape operator:

~1
q OII‘p:Tp']I'—>Tp']I'

= Up to sign, we can assign a min/max curvature direction to each triangle.”

“Ignoring umbilic points.



Anisotropic Geometry Processing

Recall:

We can estimate the per-triangle curvatures directions using the spectral
decomposition of the shape operator:

~1
q OII‘p:Tp']I'—>Tp']I'

= Uptosign,| How to visualize the curvature directions? h triangle”

b 2

“Ignoring umbilic points.



[Cabral et al., 1993]

Key ldea:

Given a vector field on a surface, can trace flow-lines that follow the field.




[Cabral et al., 1993]

Key ldea:
Given a vector field on a surface, can trace flow-lines that follow the field.

Given an initially random signal, we can generate a new signal whose value
at a pointis obtained by following the flow-line through the point and
averaging the random signal.

= Nearby points on the same flow-line will
be assigned similar values.

= Get a streaked visualization with the
streaks following the flow-lines.




[Deiwald et al., 2000]

Recall:

Given the unit-right triangle T c R? and an inner-product pulled-back from
embedding into a triangle T ¢ R3:
gr| TpT - Tl;"]l‘
p
we use the inner-product g, to measure lengths/angles of tangent vectors.

= Given atangentvectoru € T, T, we can define a new inner-product:
Jz p(v,W) =y p(v,W)+gT p(u,V)-gT p(u,W)

For vectors perpendicular to u, distances are unchanged.
For vectors parallel to u, distances are increased.

= Diffusing w.r.t. the new inner-product smooths less along direction v.



[Deiwald et al., 2000]

Approach:
Modify the inner-product to increase distances along the perpendicular direction
Start with an initially random signal
Diffuse using the modified inner-product (and gradient-domain sharpen)

Since distances aligned with the vector field will be (relatively) short this
has the effect of blurring more along the vector field




[Deiwald et al., 2000]

Approach:
Modify the inner-product to increase distances along the perpendicular direction
Start with an initially random signal
Diffuse using the modified inner-product (and gradient-domain sharpen)

Since distances aligned with the vector field will be (relatively) short this
has the effect of blurring more along the vector field




[Deiwald et al., 2000]

What did we break?

To perform anisotropic diffusion, we independently modify the inner-
product of every mesh triangle.

— An edge may be assigned different lengths by its two incident triangles.

For gradient-domain processing, this is not an issue. D,
But it may be for other types of geometry-processing. %i\




[Deiwald et al., 2000]

What did we break?

An edge may be assigned different lengths by its two incident triangles.

Recall:

Assigning an inner-product is equivalent to prescribing positive edge-
lengths to triangles that satisfy the triangle inequality.

P,

v'Using edge-lengths as degrees of freedom ensures that %i\
the associated inner-product is consistent on edges.’

x Enforcing the triangle inequality can be challenging as

satisfying the triangle inequality on one edge can have
cascading effects on nearby edges.

N
AN

‘gi

“This halves the number of degrees of freedom: 3 dofs/triangle — 1 dof per edge.
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