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Recall

Given an inner-product space {V/, B:V — V*} and given a bilinear form
L:V — V¥, the bilinear form is symmetric:

B* =B
if and only if the endomorphism:
B loL:V >V

Is self-adjoint.

If L:V — V™ is a symmetric bilinear form, there exists an orthonormal
(generalized) eigen-basis {{vy, 1:}, ..., {vn, 1,3} for V:
(B~to L)(Ei) = A v
L(v;) = 2;- B(v;)



Recall

Note:

Given a vector space I and an endomorphism L:V - V, if v;, Vj € I/ are
eigenvectors with the same eigenvalue, A = A; = /1]-, then:
L(a; - v; + a; - vj) =a; - L(v;) + a; -L(vj)
=a;-A-vi+ai-1-v;
=A- (oci-vi+aj-vj)

= The linear combination of eigenvectors with the same eigenvalue is itself an
eigenvector (with the same eigenvalue).

Similarly, given an inner-product space {V,B:V — V*} and a symmetric
bilinear form L: V — V*, if v;, v; € V are generalized eigenvectors with the
same generalized eigenvalue, 4 = A; = A;, any linear combination will be a
generalized eigenvector (with the same generalized eigenvalue).



Recall

Given a (smooth) function ®: R - R", we can express ® = (¥, ..., D,,)",
with @;: R — R, as a collection of coordinate functions:

q)l.(p)

d(p) = :
D, (p)

The differentialof ® atp € R is tlbeq)column vector:
1

0x Ip
dCD‘ | : |ern
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Recall

Given a (smooth) function ®: R™ — R", we can express ® = (P4, ..., P,)T,
with @;: R™ — R, as a collection of coordinate functions:

q)l.(p)

d(p) = :
D, (p)

The differential of ® at p §¢Rm is the né%’grix:
1 1

0xq 'p 0xpm Ip
do| = & » i |eRrwm
p GCDn‘ 6CI>n‘
\axl p axm P/



Recall

Given a (smooth) function ®: R™ — R", a point p € R™ and a column

vector v € R™, the change at p along direction v is:

0P —dCI)‘
ovlp pv

More generally, given a (smooth) function ®: IV — W between vector
spaces, and vectors v,w € V the change at v along direction w is:

=dd| (w)

v

ow




Recall

Given (smooth) functions @, ¥: R™ - R", writing ® = (&4, ..., ®,,) " and
® = (¥Y,..,¥,)", wehave the (Euclidenan) inner-product f: R™ — R:
fmws@ﬂ&ww»=§}mmyWﬂn
Taking the derivative at p € ]Rm C |rect|on v e R™:
\ _% ) ZCD-(p) -‘Pi(p)>

z vl ®;(p) - ¥;(p))
0

(a_ ,WP(p))+

p

oV
D(p), > \p>



Recall

Given a (smooth) function ®: R™ — R", the partial derivatives commute:
0°d 0°d

oudv ‘p ~ 9vou |p' vu,v € R™

More generally, given a (smooth) function ®:V — W between vector

spaces, the partial derivatives commute:
0°P ‘ B 0°P ‘
dvow lu — owav lu’

Yu,veVv



Recall

We denote by T c E? the unit right triangle:
T = {(x1,%x3) € [0,1]%|x; + x, < 1}

Given a triangle T c E3 with vertices vy, v,, v3 € E3, we parameterize the
triangle over the unit-right triangle as:
D (x1, %) = vy +x1 - (V3 — V) + x5+ (V3 —vq)

. . . X2

Denoting by v;; = v; — v; the direction 1
from vertex v; to vertex v;: o
D (x1,Xx2) = Vi + X1+ Vi + X3 - Vy3 T -




Recall

D (x1,%2) = V4 + X1 - Vo + Xy - Vq3

Forp € T, the differential d®|, € R**%, w.r.t. the cartesian basis
{al|p, az|p} c T, T, is the matrix:

do.| = (Viz Vi3)
p




Recall

D (x1,%2) = V4 + X1 - Vo + Xy - Vq3

Forp € T, the differential d®|, € R**%, w.r.t. the cartesian basis
{al|p, az|p} c T, T, is the matrix:

do,.| = (Viz Vi3)
p
and the pulled-back inner-product is:
g :( Ivy2I% <V12»V13)>
‘ (i3, Vi2)  Ivisll? 1

Taking the cross-product of the edge directions (and normalizing)

we get the embedded triangle’s norma:
Viz X Vi3

p lvi2 X vis]|

ng




Recall

D (x1,%2) = V4 + X1 - Vo + Xy - Vq3

For p €| Because the differential d®.|, is constant forallp € 7,

{allp’ 04 so is the inner-product gT|p and the normal nrlp.
UP | = (Viz vi3)
p

and the pulled-back inner-product is:

. Ivizll® (vig, vi3)
8t = \'2] V13

(Vi3,Vi2)  [lvasll?
Taking the cross-product of the edge directions (and normalizing)
we get the embedded triangle’s norma:
Viz X Vi3

p vz X vis] v,

ng



Outline

Recall
Differential Geometry Review
Approximating Curvature



Differential Geometry

We will consider non-flat surface parameterizations:
®: T -» R3
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Differential Geometry

We will consider non-flat surface parameterizations:

®: T -» R3
Using the differential, we have a mapping from the cartesian directions
{01lp, 0215} in T, T to R?, forevery p € T.
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Differential Geometry

We will consider non-flat surface parameterizations:

®: T -» R3
Using the differential, we have a mapping from the cartesian directions
{01lp, 0215} in T, T to R?, forevery p € T.

Normalizing the cross-product, gives
the normal/Gauss map N:T — R3.
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Differential Geometry

Since the differential d® is not constant,
the inner-product g,.: T - R?*% and Gauss map N: T — R3 won’t be either.
®: T -» R3
Using the differential, we have a mapping from the cartesian directions
{01lp, 0215} in T, T to R?, forevery p € T.

Normalizing the cross-product, gives

the normal/Gauss map N: T — R3. [
L L
L L L
L L L




Differential Geometry

Since the differential d® is not constant,
the inner-product g.: T = R?*? and Gauss map N: T = R3 won’t be either.
We can get a different mapping from T to the
Usinetha dif surface by changing the parameterization. At
{&.L:] The inner-product and Gauss map, as maps on T, will change.

Up to sign, the normal over a point on the surface will stay the same.

rr rr
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Differential Geometry

Definition:
The first fundamental form at p, denoted I|,, € Hom(T, T, T, T), is the
bilinear map:

[1 | (u)] @) =({do| @),do| ) , wvET,T
p p p ;
R
This is the pulled-back inner-product
Jrlp: Ty T — T, T and is symmetric =
and positive definite. AR
L L L
L L L




[1| (u)] (v) =
p

dd | (W), dd | )
p p

]R3

Differential Geometry

Definition:
Letting N: T — S? be the associated Gauss map, the second fundamental
form at p, denoted II|p € Hom(7,T, T;']I‘), Is the bilinear map:

u\ W | ) = dCD‘ (u),dN‘ W) ., wveTT
p p p P

]RS

Claim: L
The second fundamental form AR
IS symmetric.
i~k
Lo L




[11 |p (u)] () =

dd | (W), dN | )
p p

RS

Differential Geometry

Proof:

We can express the second fundamental form in terms of partial
derivatives:

0d | OJON

du p'(')v p

[11 \p (u)] (v) =

]RB

rr rr
F
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OCI>| dN

[u i (u)] W) = {5

p Ovip[ .

Differential Geometry

Proof:
Forw € T, T, consider the function f,,: T - R:

_ [o®
fo® = (5| N®)

]RS

Note:

Atp € T, the differential d®|, maps

vectors in T, T to directions tangent [

to the surface at ®(p).

The normal N(p) is perpendicular to B

the surface at ®(p). L L b
= The function f,,: T —» Ris L L L

constantly zero forallw € T, T.



OCI>| dN

[u i (u)] W) = {5

p,av |p

R3

Differential Geometry

_|_

0 0P oV
7| (@), %) = <E | v+ {em).5, |p>

Proof:
Forw € T, T, consider the function f,,: T - R:

0P
0= fw(®) = <ﬁ\p,1v<p>

]R3
= Foru,v € V, consider the partial derivative of f,, along direction v:
af, d 0D -
=—2| = {——| N
dvlp odv\dulp [
B E)ZCD‘ N + ac1>| aN‘
~ \ovoulp’ P oulp’ dv lp L L
[ L ~bb
dd, ON 0%P
dulp dvlp dvou lp




dN
u |p ov |

[n| (u)] () =

Differential Geometry

Proof:
0°P
ovou lp ‘ N(p)

al derivatives:

dd, ON

oulp’ ov lp

Using the commutati |ty ofg)art
[u\ (u)] () = (—

av Pl
62
=— N
ovou lp’ (p) [
AL N (o)
B dudv lp’ P L L
ISP AN S
=[u| )| @
P L L L

= II|, is symmetric. T




Differential Geometry

Summarizing:

For a parameterization ®: T — R3, we can define the first and second
fundamental forms atp —1|,, 11|, € Hom(T, T, T, T):

dd| AD
[1 ‘p (u)] W)= <5u |p’ v |p
dd| ON
lzz\p(u)] @ =51 51 )

The first is the symmetric positive definite inner-product.
The second is a symmetric bilinear form.

= The composition S, = Ilg1 o 1|, is a self-adjoint map on T, T.
This is called the shape operator or Weingarten map.



Differential Geometry

Summarizing:

For a parameterization ®: T — R3, we can define the first and second
fundamental forms atp —1|,, 11|, € Hom(T, T, T, T):

dd| AD
[1 ‘p (u)] (v) = <5u |p’ dv |p
dd| ON
lzz\p(u)] @ =51 51 )

The first is the symmetric positive definite inner-product.
The second is a symmetric bilinear form.

= Ateveryp € T there are orthonormal vectors v, v, € Tp'JI‘, with associated
eigenvalues A4;,1, € R such that:

I () =4;-1{ (vy)
p p



Differential Geometry

Definition:
Letting {(v{, k1), (v, Kk, )} be the eigenvectors and eigenvalues of the
generalized eigen-problem at the pointp € T:
Iy (v) =x;-1 ; (vi)

p
the eigenvalues at p are the principal curvatures , and the eigenvectors are

the principal curvature directions.

The vectors give the directions along
which the surface curves most.




Differential Geometry

Definition:
Letting {(v{, k1), (v, Kk, )} be the eigenvectors and eigenvalues of the
generalized eigen-problem at the pointp € T:
Iy (v) =x;-1 ; (vi)

p
the eigenvalues at p are the principal curvatures , and the eigenvectors are

the principal curvature directions.

The vectors give the directions along
which the surface curves most.

The reciprocal of the values is the
radius of the best-fit tangential circle.

The sign describes if the surface
curves towards/away from the normal.




Differential Geometry

Note:

Curvature directions (in R3) and values do not depend on the surface
parameterization.”

Curvature values can have different signs.

ettt

Up to sign



Differential Geometry

Note:

Curvature directions (in R3) and values do not depend on the surface
parameterization.”

Curvature values can have different signs.
Curvature values can be zero.

ST AV AT R 2 A 4
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T “Up to sign



Differential Geometry

Note:

Curvature directions (in R3) and values do not depend on the surface
parameterization.”

Curvature values can have different signs.
Curvature values can be zero.
Curvature values can be the same.

= The eigenspace is two-dimensional
and any tangent vector is an
eigenvector.

Such a pointis called umbilic.

“Up to sign



Differential Geometry

Terminology:
The sum of the eigenvalues, k; + k,, is the mean curvature.
This is the trace of the shape operator:

1‘: o 11 |p:Tp1r - T,T

The product of the eigenvalues, k4 - k5, is the Gaussian curvature.
This is determinant of the shape operator.

Both give a parameterization-independent” characterization of how the
surface curves.

The Gaussian curvature is isometry-invariant. \ .
Up to sign for mean curvature



Differential Geometry

Terminology:

The sum of the squares of the eigenvalues, Kf + K%, Is the total curvature.
This is the square-norm of the shape operator:

1‘: o I1 ‘p:Tp'I[' - T,T

It gives a parameterization-independent” characterization of how the
surface curves with larger values corresponding to more curved regions and
smaller values corresponding to flatter regions.

“Up to sign for mean curvature
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[11| (u)] () = dN| (u),dCI>| )
p p p

R3

Approximating the 2"4 Fundamentat Form

Given smooth geometry, we can get the normals and curvature.




[11| (u)] () = dN| (u),dCD| )
p p p

R3

Approximating the 2"¢ FundamentatForm

Given smooth geometry, we can get the normals and curvature.
Q: What if we use a discrete mesh to sample the geometry?

@(T)




[11| (u)] () = dN| (u),dCD| )
p p p

R3

Approximating the 2"¢ FundamentatForm

Naive:

We can assign normals using the embedding of the triangle.
= Normals will be constant
= Normal differential will be zero

= 2"d fundamental form will be zero

= No useful curvature information!




[11| (u)] () = dN| (u),dCD| )
p p p

R3

Approximating the 2"¢ FundamentatForm

Naive:

We can assign normals using the embedding of the triangle.
= Normals will be constant
= Normal differential will be zero

= 2"d fundamental form will be zero

= No useful curvature information!

The normal will also be discontinuous across edges,
so the differential will be unbounded there.

Pty




Pq m40a= wﬂ m)mﬂ )
p p p

R3

Approximating the 2"4 Fundamentat Form

Phong:

We can define/sample normals at the corners and interpolate

= Normals will vary over the triangle




Pq m40a= wﬂ m)mﬂ )
p p p

R3

Approximating the 2"4 Fundamentat Form

Phong:

We can define/sample normals at the corners and interpolate
= Normals will vary over the triangle

— Can differentiate the embedding and the normals to get curvature

XXX KK

R T S S S
T




Approximating the 2"4 Fundamentat Form

Note:

[11 |p (u)] () =

AN |p (W), dd |p (v)>
RS

x If we rescale interpolated normals, the interpolant won’t be linear.
But if we don’t, the normals won’t be unit-length.

XXX KK
R T S S S

T



[11| (u)] () = dN| (u),dCD| )
p p p

R3

Approximating the 2"¢ FundamentatForm

Note:

x If we rescale interpolated normals, the interpolant won’t be linear.
But if we don’t, the normals won’t be unit-length.

x Either way, the geometry doesn’t match the normals
= The image of d®|, will not be perpendicular to N(p)
= The second fundamental form won’t be symmetric

= Need explicit symmetrization to
ensure orthonormal eigenvectors.




[11| (u)] () = dN| (u),dCD| )
p p p

]R3

Approximating the 2"¢ FundamentatForm

Note:

x If we rescale interpolated normals, the interpolant won’t be linear.
But if we don’t, the normals won’t be unit-length.

x Either way, the geometry doesn’t match the normals
= The image of d®|, will not be perpendicular to N(p)
= The second fundamental form won’t be symmetric

= Need explicit symmetrization to %
ensure orthonormal eigenvectors. |y
The curvature estimates are approximate
and don’t preserve discrete invariants.

R T R S
R e T B SN S

T




Approximating the 2"9 Fundamental Form

Negative curvature
concave

Zero curvature

Positive curvature

(could be) convex Gaussian

mean



Approximating the 2"4 Fundamental Form

mean Gaussian
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