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Recall

Given a triangle mesh M = {V, T}, we discretize the space of scalar
functions, V = Span({¢, },cy), using the hat basis.

On the space of scalar functions, we have two bilinear forms:
M € Hom(V,V™): The inner-product on scalar functions:

(M1 ={f, 9)m

S € Hom(V,V™): The pull-back of the inner-product on cotangent vector-fields:

[S(H1(g) = {df,dg)n

Combining we get the self-adjoint Laplace operator:
—M~ 10§ € End(V)



Recall

The (negative) Laplacian is self-adjoint, so there is an orthonormal eigen-
basis {4, ..., Yy}, with associated eigenvalues {A, ..., Ay} satisfying:

(M~to 5)(1/51') = A - P;
SW;) =1-M;)

The (non-negative) eigenvalues are (twice) the Dirichlet energy of the
associated eigen-functions.

The first eigen-function 1, is the constant function, with eigenvalue 4; = 0.

If the mesh is connected, there are no other eigen-functions with
eigenvalue 0.



Recall

Given scalar functions f, g € V, we can express them in terms of their

spectral/Fourier declzolmposition: ”
v V

F@) =) fwi@), 9@ =) & i)
i=1 i=1

Because the basis is orthonormal: -
%

(f, 9 = Zfi - 8i
i=1

U
VI

£ = ) (£)°
=1



Recall

Using the Laplacian, we have the heat diffusion PDE:

oft _
o - M 1(S(fH)

with ft € V the signal after diffusing for time t.

We can solve this PDE using implicit time-stepping:

(M +e-S)(f*%) = M(f)

Using the spectral/Fourier decomposition:
fr=1A7 -+ -+ Y
implicit time-stepping acts per-frequency:
fre = i




Recall

Using the Laplacian, we have the wave equation PDE:
ath
ot2 = _M_l(S(ft))

with ft € V the signal after propagating for time t.

We can solve this PDE using implicit time-stepping:
(M +e?-S)(f8) =2-M(f*) — M(f*7%)

Using the spectral/Fourier decomposition:
fo=1of s+ -+ Y
implicit time-stepping acts per-frequency :
2. ft _ ft-¢
f{t+s _ l l

g B 1+€2'/1i
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Simple ODEs

Recall:
Given the homogenous, linear, first-order ODE:

fr=2-f

For every A € R, the solutions are functions of the form:

f®) =a-e*t



Simple ODEs

Recall:
Given the homogenous, linear, second-order ODE :

fr=a-f

For A > 0, the solutions are functions of the form:
ft) =a-eVtt 4 p.e VAt

For A < 0, the solutions are functions of the form:

f(t) = a-cos(\/TA- t) +b-sin(\/—7/1-t)

For A = 0, the solutions are functions of the form:
f(t)=a+b-t



Separation of Variables

Goal:
Solve the homogenous, linear, PDE for f: R=? x [R%d — R:
of Zf
GG T2 "= b f+zb“'axl+zb“f axaxj+"'

[,j=1
satisfying initial conditions.

Superposition:
Because the system is linear and homogenous, if f (¢, x4, ..., X4) and
g(t, xq,...,x4) are solutions, so is any linear combinationsa - f + f - g.



Separation of Variables

Goal:
Solve the homogenous, linear, PDE for f: R=? x [R%d — R:
of Zf
Mg g T T b f+zbu'axl+zbw ax—axﬁ“'

[,j=1
satisfying initial conditions.

Denote by D the spatial derlvatlves on the right- hand S|de

D(f) = bo f+zb11 axﬁzbm axax]+---

,j=1

This is an endomorphism on the/a space of functions.



i,j=1

0*f

D(f) = ho f"‘zbu'a +Zbu, ——

ax]

Separation of Variables

Goal:
Solve the homogenous, linear, PDEforf R*% x R* - R:
of 9
ot az- o5+ =D(f)

satisfying initial conditions.

Suppose f is the product of temporal and spatial functions:

f(t,xq, ..., xq) = g(t) - h(xq, ..., xq)
Then the PDE becomes:
0(g-h) , 0%(g-h)
ot “2 Etz

ag 0%g
(1 —+a, at2+...).h=g.D(h)

al. +.-:D(g.h)




0*f

D(f) = by - f"‘zbu'a +Zbu, oot
. ° ,j=1
Separation of Variables Fx1 %) = 9O htss e x)
Goal:
Solve the homogenous, linear, PZDE for g: R*® - Rand h: R% - R:
d d
(a_iua_tg ...).h=g.D(h)

satisfying initial conditions.

If h; (x4, ..., X4) is an eigenvector of D with eigenvalue A, the PDE becomes:

dg azg
1 at_l_ 2 at ...).h}l:g.ﬂ.h}{
dg 0%g
Grge Tl gzt =49

= Solving the PDE reduces to solving an ODE.




2
D() = ho f"‘zbu'a +Zbu, ax—;x]+

Separation of Variables it mrxa) = 90 M%)
f vay- Tz
U T2 G = D)
Approach:

« Compute the eigenvectors/eigenvalues {h,, 1} of D.

* For each eigenvalue A, solve the ODE for g;:

09 0% g,
Gy Yl G T =402

* Set f; to be the associated solution(s):
f/l(t' X1 ""xd) — g/l(t) ) h/l(xl' ---;xd)
* Find the linear combination of the f; satisfying the initial conditions.



2
D() = ho f"‘zbu'a +Zbu, ax—;x]+

i,j=1

Separation of Variables Fx1 %) = 9O htss e x)

of 0 . _
a; - at ﬁ-l_ - = D(f)

Approach:

« Compute the eigenvectors/eigenvalues {h,, 1} of D.

If the endomorphism D is self-adjoint, we can find an eigen-basis.
2

There are many eigenvectors/eigenvalues to work with.
¢ clj) WU DL UIE dosUlIdLlecU sUWULIVUTIS).

f/l(t' X1 ""xd) — g/l(t) ) h/l(xl' ---;xd)
* Find the linear combination of the f; satisfying the initial conditions.
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The Heat and Wave Equation Revisited

Recall:
The (generalized) stiffness eigen-problem:

(M~ 05)%@ =AY
SW)=1-M®)

has an orthonormal eigen-basis {4, ..., Y|y} with associated non-negative
eigenvalues {1;, ..., 4jy|}.



Heat: f— —M~Y(S(f))

Goal:

Given an initial distribution of heat, fo: M — R, solve for the function
f:R*Y x M - R saysfying the heat diffusion PDE:

of _ -
57 = ~M7H(S()

£(0,p) = f°(p)

with initial condition:



0 2
aj - 6]:+a2 at];‘l"“ = D(f)

f Approach:
H eat —_— M Il 1 S ( ) » Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:

09 0% g,
W Y2 G T =40

« Setthe f3(t,xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

— The spatial derivative is:
D=-M"1o8

= The generalized eigen-basis of the stiffness operator {4, ..., Yy} are
eigenvectors of D with non-positive eigenvalues {—A4, ..., =4y }:

D(;) = —4; - ¢y



af 2f
a - 3¢ +a, - 32 + - = D(f)
Approach:

H eat f — _M —1 (S (f)) . Compute the eigenvectors/values {hy, A} of D

* Solve the ODE:

09, 0% g,
gt G T =40

« Setthe f3(t,xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

— The spatial derivative is:
D=-M"1o8

= The generalized eigen-basis of the stiffness operator {4, ..., Yy} are
eigenvectors of D with non-positive eigenvalues {—A4, ..., =4y }:

D(W;) = =24; - Y,
= For each 4;, this gives the ODE:
0g; _ _7.
ot i " Yi
U



0 2
aj - 6]; +a;- at]; = D(f)
f _ 1 Approach:
H eat — M (S (f) ) » Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:
6 6
» Setthe f,l(t X1, s Xg) = ga(t) - hy(xq, ..., Xgq)
» Satisfy the initial conditions

= For every eigenvector y;: M' = R and associated eigenvalue A; € R of the
stiffness eigenproblem, we get a one-dimensional space of solutions to the

heat diffusion PDE:
fit,p) = a; - et i (p)

= Any function of the form: V)
v

f(t,p) = Z e~ Mt (p)

is a solution to the heat dlffusmn PDE



daf 0°f
a - at‘l'az atz + - =D(f)
Approach:

H eat f — _M —1 (S (f)) . Compute the eigenvectors/values {hy, A} of D

* Solve the ODE:
oJep) 029,

W Y2 G T =40
|V| * Setthe f)L(t X1, ...,Xd) = gﬂ(t) ) hﬂ('xll ---)xd)
_ —A:-t * Satisfy the initial conditions
f(t,p) = E a; -e """ - h;(p)

i=1
Initial Condition:
We want the coefficients a; to satisfy:

o p) = Jl‘vﬁom)
a; - e, " P;(p)

a - l/)i(p)

)

=1



0 2
aj - 6]:+a2 at];‘l"“ = D(f)

f 1 Approach:
H eat —_— M Il S ( ) » Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:

oJep) 029,

W Y2 G T =40

|V| * Setthe f)L(t X1, ...,Xd) = gﬂ(t) ) hﬂ('xll ---)xd)

—7.. * Satisfy the initial conditions
FEp) =) ai-e Mt ()
i=1
Initial Condition:

We want the coefficients a; to sa]clslfy
V

Fw) =) ai- i)
i=1
= The q; are the Fourier coefficients of the initial heat distribution f°:

a; =) = (%9



Heat: f— —M~Y(S(f))

Solving the PDE:

Given an initial distribution of heat:

of 0°f
+ +=D
1 5o+t a2 57 (f)
Approach:
» Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:

oJep) 029,

W Y2 G T =40

« Setthe f3(t,xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

o) =1 - i) + - + 1 - Y (P)

the solution to the heat PDE i?{?I

Fltp) = ) £ Mt )
=1

= Solving the heat PDE amounts to having the Fourier coefficients decay as a
function of time, with the decay rate increasing with frequency:

fi(c+ ) = £0 - e ()
_fO —Aj-t e

— fl(t) e i€

_/'llg




Heat: f— —M~Y(S(f))

Continuous (A = 0) ¢

The Fourier coefficients evolve as:
Continuous time-stepping:
f(t+¢)=f;(t) el
Explicit time-stepping:
f(t+e)=f(t)-(1—¢-1)
Implicit time-stepping: Explicit (1 = 0)

f,(t +¢) =1,(t)

&

1+€'/1i

Implicit (A = 0)  ©



Heat: f— —M~Y(S(f))

The Fourier coefficients evolve as:
Continuous time-stepping:
f(t+¢)=f;(t) el
Explicit time-stepping:
f(t+e)=f(t)-(1—¢-1)
Implicit time-stepping:

f,(t +¢) =1,(t)

1+€'/1i

Continuous (A =

1)

EXplicit (1 =

S

1)

Implicit (A =

1)

&

&



Heat: f— —M~Y(S(f))

The Fourier coefficients evolve as:
Continuous time-stepping:
f(t+¢)=f;(t) el
Explicit time-stepping:
f(t+e)=f(t)-(1—¢-1)
Implicit time-stepping:

f,(t +¢) =1,(t)

1+€'/1i

:

Continuous (A =

—

2)

Explicit (A =

-

2)

Implicit (A =

2)

&

&

&



Heat: f— —M~Y(S(f))

The Fourier coefficients evolve as:
Continuous time-stepping:
f(t+¢)=f;(t) el
Explicit time-stepping:
f(t+e)=f(t)-(1—¢-1)
Implicit time-stepping:

f,(t +¢) =1,(t)

1+€'/1i

Continuous (A = 4)

Explicit (1 = 4)

l

\_

Implicit (A = 4)

&

&

&



Wave: gzjzc = -M~1(5(f))

Goal:

Given initial displacement values, f°: M - R, and velocities v°: M - R,
solve for the function f: R*? x M — R satisfying the wave equation PDE:

FY:
a—t]; = -M~(5(N)
with initial conditions:
a;Z(O,p) = f°(p)
= oy = V@)



62f

Wave: ——

= —M~'(S(f))

= The spatial derivative is:

D=-M1o§

= The generalized eigen-basis of the stiffness operator {4, ...
eigenvectors of D with non-positive eigenvalues {—14, ...

—Ai -

D(y;) =

of N 0°f
N T4 g2
Approach:

+ - = D(f)

» Compute the eigenvectors/values {h;, 1} of D

* Solve the ODE:

09 0% g,
W Y2 G T =40

» Setthe f;(t, x4, ...
» Satisfy the initial conditions

v Xa) = ga(0) - hy(xy, ..

;xd)

, Y|} are
) —A|V|}Z




62f

Wave: ——

= -M~'(S(f))

= The spatial derivative is:

D=-M1o§

= The generalized eigen-basis of the stiffness operator {4, ...
eigenvectors of D with non-positive eigenvalues {—14, ...

= For each 4;, this gives the ODE:

D(y;) = —A; - ¢y
04g;
atzl =~ gi
U

9i(t) =a; +b; - t,

gi(t) = a;- COS(\/TL- . t) +

of 2f
R T T
Approach:
» Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:

09, 0% g,
gt G T =40

« Setthe f3(t,xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

- = D(f)

b; - sin(\/z- - t) ,

, Y|} are
) —A|V|}Z

ﬂ.iz
A; >0




Wave:

62f
a 2

= -M~'(S(f))

of 0°f
+ +=D
1 5o+t a2 57 (f)
Approach:
» Compute the eigenvectors/values {h;, 1} of D

* Solve the ODE:

oJep) 029,

Wt G T =40

» Setthe f3(t, xq,...,xq) = ga(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

= For every eigenvector Y;: M' = R and associated eigenvalue A; € R of the
stiffness eigenproblem, we get a two-dimensional space of solutions to the
heat diffusion PDE:
filt,p) = (a; + b; - t) - P;(p),

fi(t,p) = (ai : cos(\/z- : t) + b; - sm(\/_ )) Y;(p), A; >0

= Any function of the form:

4

Ai=0

f(t,p) = (ar +by - 1) ¢1<p)+2 a; - cos(y; - t) + by - sin(y7; - ) - i (p)

Is a solution to the wave equatlon PDE.

"Assuming the mesh is connected.




62f

Wave: ——

F(Ep) = (ar+b1 - 0) - 1, () +2

= —-M~1(S(N)

VI

Initial Conditions (values att = 0):
f°(p) =f(0,p)

= (a; + by - 0) - Y (p) + Z (al cos(\//i_ 0) + b; - sm(\/_ )) Y;(p)

VI

v =2

=@ @)+ ) @ i)

VI

(=2

= Z a; - Yi(p)

i=1

of 0°f
N T T2
Approach:

» Compute the eigenvectors/values {h;, 1} of D
* Solve the ODE:

09, 0° 2

al a + 2 a 2 = A ’ g)l

« Setthe f3(t, xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
« Satisfy the initial conditions

+ - = D(f)

cos \/7 )+bl sm(\/_ )) Y (p)




daf 0°f
2 GGt % Gt =)
a f Approach:
Wave — M - 1 S » Compute the eigenvectors/values {h;, 1} of D
a 2 - * Solve the ODE:
09, 0° 2
al a + 2 a 2 = A ’ g)l
« Setthe f3(t, xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
4 . Satisfytheinitialconditions

f(t,p) = (ay +by - 0) ¢1<p>+2 cos(yA; - t) + by -sin(yZ - ) - i (@)

Initial Conditions (values att = O|)|
14

F®) =) a- i)
=1
= The a; are the Fourier coefficients of f%(p) :

a; =) = (%9



0 2
aj - 6]:+a2 at];‘l"“ = D(f)

a 2]2‘ Approach:
_ M -1 S « Compute the eigenvectors/values {hy, A} of D
- « Solve the ODE:

a 9] ik
992 9,1
Ay - +a, - gz T = A ga

* Setthe f3(£,xq, ..., xq) = ga(t) - ha(xq, ..., xg)
W4 . Satisfytheinitialconditions

Wave:

FE) = (ar+by 0 - a (@) + ) (@ cos(yA ) + by - sin(\; - t)) - ()
=2

Initial Conditions (velocities att = 0):

f
O( _ 7
p) = \
dt o) "

= b @)+ ) (~ar- - sin(V7; - 0) + by - 7 - cos(y 7 - 0)) - i ()
s

:bl-llil(P)‘szi'\//Ti'l/)i(P)
=2



daf 0°f
2 GGt % Gt =)
a f Approach:
Wave — M - 1 S » Compute the eigenvectors/values {h;, 1} of D
a 2 - * Solve the ODE:
09, 0° 2
al a + 2 a 2 = A ’ g)l
« Setthe f3(t, xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
W4 . Satisfytheinitialconditions

f(t,p) = (ay +by 1) ¢1<p>+2 cos(yA; - t) +b; -sin(yZ - ) - (@)

Initial Conditions (velocities at t = (l))lz
1%

vO@) = by Pu @)+ ) b T i)
=2

= The b; are the modulated Fourier coefficients of v%(p) :
by =9 = (W ¥, i=1
b — ‘A’zo WOJ/&')M
l

1 # 1



0 2
aj - 6]:+a2 at];‘l"“ = D(f)

Approach:

0°f _
—— M -1 (S (f) ) « Compute the eigenvectors/values {hj, 1} of D
a 2 * Solve the ODE:
092 0% g

W Y2 G T =40

« Setthe f3(t,xq, ...,xq) = g1(t) - hy(xq, ..., Xq)
» Satisfy the initial conditions

Wave:

Solving the PDE:
Given an initial displacement values and velocities:
o) =1 - i) + - + 1 - Y ()
v0(p) =90 - Y1(p) + -+ 0 - Y (P)

the solution to the heat PDE is:
V|

ft,p) = (£ +90 - t) -y (p) + Z (f{) ccos(Z; - t) + 97 (/A t)> - 1i(p)

= VA

= Solving the wave PDE amounts to trigonometrically recombining the Fourier
coefficients of the initial values and velocity.



62f

At aNe2 _M_l(S(f))

VI

flt.p) = +9 1) Y1) + 2 (f{) ~cos(yA; ) + 90 in
=2

Wave:

Potential Energy (stiffness of the values at time t):
PE(D) = [SUOI)

= (f*, (I11\7/II_1 N
= (ftz A - <fi0 - CoS(\/Ti ' t) + 9 - Sm(\/z. . t)> ' 1/’i(P)>
i=2

N
M
4 (\/Tt)z
sin( 4/ 4;
=2)L-- f-o-cos\/f-t + 97
2o\ freolVA) ot —

ey cos(\//l_i. t) : sin(\/fi : t))
o V7



62f

NV Al!
Wave: — = M (S(f))
14 sin(+/A; - t
Fltp) = (8 +99-) -y @)+ ) (£ cos(y - ¢) + 97 L/7:) :(p)
Vi
Kinetic Energy (mass of the velocities at time t):
KE(t) = [M(af*/at)](af*/at)
= (0f*/0¢,0f"/0t) :
14 cos(+/1
||V1 ¢1(P)+Z\/_ <_f0 Sm(\/T t)""A’O (\/_ t)> Yi(p)

ﬁ

VI cos( A - t
A02+Z)L f? sm /'1 t

Wl cos?(+/A; A coSs i+t)-sin i
= ()2 + ZA (fo) - sin (\//1_ t) + (VO) /11 —2-f-9 - (\//1_ t\)/Ti (\/T t)>

ﬁ




62f

—=-—M7(5(f))

Wave:

VI , Sin (\/Z : t) 0. cos(\/Z- . t) . sin(\/Z- . t)

P = ) | () cos” (R ) + ()" — 7w 200t o
4 - .
KE(t) _ ((\,0)2 + ;Ai . (f‘lo)z . sinz(\/ﬂ_i ) t) n (‘7?)2 . COSZ(/\{:TL t) . fLO .‘71.0 . COS(\/Z t\)/TSiln(\/T t)
Total Energy:

VI sin?(/A; - t) + cos?(/4; - t
PE(t) + KE(t) = (¥0)% + Z/'l <(f0) (COS (\/7 t) + sin (\/7 t)) + (VO) (\/Z ) ; (\/T )>

°>2+ZA (£)" + (90

= The total energy is constant in time.
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