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Recall: SVD Factorization

Any matrix M € R™™™ can be expressed:
M=U-D-V'
with:
U,V € R™" orthogonal (i.,e. UT = U tandV' =V
D € R™" diagonal (with non-negative entries)



Recall: Procrustes Method

Given two sets of corresponding points {pl, ...,p™"}and {q}, ..., "} in R%, we
would like the translation minimizing the sum of squared differences:

E(t) = Z|(pi +t) — q"|2
=1

This is the translation taking t#e center of mas of {pt,...,p"}to {q}, ..., q"}:
“\nl1 nZ.P
i—1 i=1

— If each set has its center of mass at the origin, they are optimally alighed.



Recall: Procrustes Method

Given two sets of corresponding points {p?, ...,p"}and {q}, ..., "} in R¢,
whose centers of mass are at the origin, we would like the orthogonal
transformation minimizing the sum of squared differences:

n
E)= ) [0-p' —qif
=1

We can construct the cross-correnltation matrix C € R4*4.
_ kK k
Cij = Z P; - q;
k=1

Taking the SVD factorization, C = U - D - VT, the minimizing rotation is:
O=V-U'



Recall: Procrustes Method

Given two sets of corresponding points {pl, ...,p™"}and {q}, ..., "} in R%, we
would like the translation and orthogonal transformation minimizing the
sum of squared differences:

n
E(t0)= ) [(0-pi+t) - qif
=1

Let p and q be the centers of mass of the two points, and let 0 € R%*4 be
the optimal orthogonal transformation aligning the centered point-sets:

E©0) =Y |(0- (' ~) - (a' )

i1l

= Z|(0 p'+{@-0-p)|) - q|
i=1 t




Recall

Given a triangle mesh M = {V, T}, we denote the space of piecewise linear
functions, spanned by the that basis functions as V and the space of

piecewise constant cotangent vector fields as /.

For a scalar function f € V, expressed in terms of the basis {¢, },ep:

f=% ¢+ +1p Py
the value of the function at vertex v € V is the v-th coefficient, f,,.




Recall

Fort = (u,v,w) € T, the associated function on T is the interpolant:
fr(xly Xz) — fu + (fv — fu) X1+ (fw — fu) " X2

= The differential of f.: T — R, expressed w.r.t. the basis {dx;,dx,} has [
coefficients that are the differences between the values at the vertices{A

_ fv _ fu

u

ﬁ}///% >



Recall

Given a target scalar field h € V and a target cotangent vector field { € v,
the gradient domain problem seeks the scalar function f € IV minimizing:

Ef)=a-z-(f —hf—maut+B -3 -(df —=¢.df =N

Expressed w.r.t. the scalar and cotangent vector field bases {¢,},c1 and
{nl,n2}.cr, the coefficients of the solution are given by:

f=(a-M+£-S) ' (a-M-h+5-DT-M- Q)
with:
M, S € RIVIXIVI the scalar mass and stiffness matrices,

M € R271X2I7| the mass matrix for cotangent vector fields,
D € R271XIVI the differential,

h € RVl the target values, and

{ € R%7l the target differential
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Quadratic Optimization |F

Recall:

Given a vector space V with basis {vy, ..., v, }, a symmetric positive-definite
bilinear form B:V — V™, and a dual vector [ € V* we can define the energy:
E:V->R

v o IBWIW) - 1)

The minimizer is given by:
argmin E(v) = B~1(])
{vev}



E(v) = 3[Bw)](v) — I(v)

Quadratic Optimization Y <, e
E
Question: R

What happens if we add linear constraints?

That is, we are also given dual vectors [y, ..., [;, € V™ and seek the minimizer
of E subject to the constraints that, foralll <i < c:

li(v) =0

Equivalently:

We are given a linear map C € Hom(V, R®) and seek the minimizer of E
subject to the constraints that:
C(v) =0



Quadratic Optimization

Approach:

|dentify the kernel of the linear operator C':
Ker(C)={veV|C(v) =0}cV
This is the subset of vectors in V on which C vanishes.

< This is the subset of vectors in V satisfying the constraint.

Since C is linear, forallv,w € Ker(C) and all a, 8 € R:
Cla-v+pB-w)=a-Clv)+pB:-C(w)
=a-0+(-0
=0

= Thevectora - v + [ - wis also in the kernel.
= The kernelis a subspace of I.

E(W) = BW)]w) - l(v)
Clv) =0

Ker(C)——V C, Re

H£E




E(W) = BW)]w) - l(v)
Clv) =0

C .

RC

Quadratic Optimization Ker(C) -
P \l

Approach:

We would like to optimize the energy over the kernel:
argmin E(v)
{ueKer(C)}

Let: € Hom(Ker(C), V) be the injection operator:
i:Ker(C) » V
u-u

We can define the energy on Ker(C) by restricting the energy from V:
Ec(w) = E(1(w))
= Z[B)](w)) — 1(1(w))

=1l o Bo ) = [ o 1))



E(W) = BW)]w) - l(v)
Clv) =0

CIRC

Quadratic Optimization Ker(C) -

\l

R

Approach:
Ec(u) =3[ e B o) — [1* o [](w)

= The minimizer of the energy is the vector u € Ker(C) satisfying:

argmin Ec(w) = (F o B o) 1(*(D)
{ueKer(C)}

Or, as avectorin V, the minimizeris:

argmin E(v) = L((t o B o) (s (l)))

{vev|C(v)=0}



E(W) = BW)]w) - l(v)
Cv—-7)=0

Quadratic Optimization K(O\Y .
E. |E
R
Question:

What happens if the constraints are affine instead of linear?

That is, we are also given a vector ¥ € V and seek the minimizer of E subject
to the constraints that, foralll < i < c:
li(v — 1/7\) =0
()
Cv—7)=0



E(W) = BW)]w) - l(v)
Cv—-7)=0

Quadratic Optimization Ker(C) e v Lo R

N

R

Observation:

The affine space:
Ker(C) + ¥
consists of vectors that satisfy the constraints.

= Minimizing the energy E over the subset of vectors satisfying C(v — ) = 0
Is equivalent to minimizing the energy:

Ec(u) = E((u) +7)
over u € Ker(C) and then adding ¥ to the minimizer.

argmin  E(v) = t( argmin EC(u)) + D
{vev|C(v—D)=0} {ueKer(C)}



E(W) = BW)]w) - l(v)
Cv—-7)=0

» [R€

Quadratic Optimization Ker(C)ys v €
p %\15

R

Expanding
E-(u) = E((u) + D)
= %[B(t(u) + 0)]((w) + D) — L((u) + D)
= 1([B(:a)] (1) + B@I®) + [B@®]1(:w)) + [B(1w)](®))
—l(t(u)) — (D)
([ = B o ()] () + [B@)](®) + 2[B@®](1(w))) — /(i(w) - 1(9)
(" B 2 )] (@) + [B@](:w) — 1(w) = 1) + 3[BD](?)
(" 0 B o )] + [ » BY®)]@W) ~ [ D) - 1) + HB@](®)
[ 0 B o )@@ — [() = (¢ » BY®)](w) —LB)+ 2B

N[ RN RN RN -

Taking the differential and setting to zero:

argmin E-(u) = ((*foBoy)™ ! (t*(l — B(ﬁ)))
{ueKer(C)}



E(W) = BW)]w) - l(v)
Cv—-7)=0

» [R€

Quadratic Optimization Ker(() e v £

N

R

argmin E(v) = argmin E((v) + 19)) + D
{vev|C(u-v)=0} {ueKer(C)}

=1({((*oBo)™ ! (t*(l — B(ﬁ)))) + D

= If we have a basis {vy, ..., v, } for V and a basis {wy, ..., w,,, } for Ker(C) we
can express our operators/vectors in terms of the basis:
« B> BeRY"
¢« | > LERMM
e [>]1eR"
e Vo> VER"
= With respect to these bases, the solution would be:
v=uL-"B-)tJ-0-B-®)+9¢



E(W) = BW)]w) — l(v)
Cv—-7)=0

» [R€

Quadratic Optimization Ker(() e v £

N

R

argmin E(v) = argmin E((v) + 13)) + D
{vev|C(u-v)=0} {ueKer(C)}

=1({((*oBo)™ ! (t*(l — B(ﬁ)))) + D

= If we have a basis {vy, ..., v, } for V and a basis {wy, ..., w,,, } for Ker(C) we
can express our operators/vectors in terms of the basis:

« B> B€ERY™
In general, it is not easy to compute the kernel/injection!

l
e [
There is a class of problems for which this is easy.

o {;‘_)‘

= With respect to these bases, the solution would be:
v=uL-"B-)tJ-0-B-®)+9¢




Quadratic Optimization 123456789

C

Simple Kernel:
Given a basis {vy, ..., v, }, supposes we want to minimize:

E() = 3[BW]w) - I(v)

locking a subset of the coefficients to prescribed values.

Formally:

For a subset C c {1, ...,n} and for target coefficients {a,}.cc € R, we want
to minimize the energy E subject to the constraints:
vi(v) =a, VceEC
sviw—a,-v)=0 VceC

Setting, U = )..cc @ * V., thisis equivalent to the constraint:
vi(v—17)=0 VceC



Quadratic Optimization 123456789

C

Kernel;

The kernel is the span of the basis vectors not in C —the vectors with
coefficients that are not constrained.



123456k
K

Quadratic Optimization 123456789n

C C

Kernel;

The kernel is the span of the basis vectors not in C —the vectors with
coefficients that are not constrained.

Setting C = {1, ..., n} \ C, the kernelis:
Ker(C) = Span({vg}zeg)
and has dimension k = n — |C].

Let k: {1, ..., k} = C be the map taking a values less than or equal to the
kernel dimension and returning the associated index in C.



123456k
K

Quadratic Optimization 123456789n

C C

Kernel;
We can define a basis for the kernel:
{Wl = V(1)) =Wk = v;c(k)}

With respect to the bases {v4, ..., v,} and {wy, ..., w; } the injection is the
matrix t € R™¥ with:
o {1 i = k(j)

L _
Y 0 otherwise

We also have ¥ = ), .- @, - V., Wwhich w.r.t. the basis {vy, ..., v, } is
represented by the vector v € R":

‘7. . C(i |l E C
y 0 otherwise



Quadratic Optimization

= The minimizer satisfying the interpolation constraints is:

v—t(l Bt)1 T(l V) +,

Rnxk ]kak ]kan E IR" e R € Rn

Y e o Y e

€ Rnxk ]kan e R e R

[ | Y J ‘_'_’

. e R" € [R’f
e R"

Sanity Check (Dimensions):

° BE]Ran
° le]:RnXk
° lTekan
« leR"

e VER"



Quadratic Optimization

= The minimizer satisfying the interpolation constraints is:
v=t-("-B-9)71-({-0-B- \’7))+\7
U_L((LOBOL)lot(l ov))+

-
€ Hom(K, V) € Hom(K K*) € Hom(V K*)e z eV
L o Y ' -
€ Hom(K,V) € Hom(K*,K) € K" eV
| Y ] \ Y J \_'_l
€ Hom (K", V) EK” EV

€V

Sanity Check (Spaces):
* B € Hom(V,V™)
* 1 € Hom(K,V)
* * € Hom(V*, K™)
« leyr

c eV Denoting K = Ker(C)
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As-Rigid-As-Possible Deformation

Goal:

Given a mesh we would like to support select-and-drag deformation.

Would like to describe a pose by
selecting a few vertices and
prescribing their target positions.

Just fixing/moving the prescribed
vertices creates a “distorted” mesh.




As-Rigid-As-Possible Deformation

Goal:

Given a mesh we would like to support select-and-drag deformation.

Would like to describe a pose by
selecting a few vertices and
prescribing their target positions.

Just fixing/moving the prescribed
vertices creates a “distorted” mesh.

Want the rest of the surface to move
with the constrained vertices.




As-Rigid-As-Possible Deformation

Question:
When is the deformed mesh not “distorted”?

Answer:

When the source triangles are
transformed by an isometry.




As-Rigid-As-Possible Deformation

Approach:

1. Setthe constrained vertices to their target positions.

2. [Local] Compute target isometric
deformation per triangle

3. [Global] Fit vertex positions to
the target deformation

4. Since the target won’t be met
exactly, go back to step 2.




As-Rigid-As-Possible Deformation

Notation:
Denote the set of constrained vertices C c V.

Let W: C - R3 be the assignment of |
positions to the constrained vertices. y”®

Let Y!: V — R3 be the assignment
of positions to the mesh vertices

at iteration t.
(Yt(c) = W(c)forallc € C and all t).




As-Rigid-As-Possible Deformation

Notation:
Denote the set of constrained vertices C c V.

Let ¥:C - R be the assignmentof .
positions to the constrained vertices. / ot}

Let Y!: V — R3 be the assignment
of positions to the mesh vertices

at iteration t.
(Yt(c) = W(c) forallc € C and all t).

Note that Y!: V — R3, so we’re looking for three coefficients per-vertex, 4
one for the x-, one for the y-, and one for the z-coordinate. e

& ocked N T



As-Rigid-As-Possible Deformation

Local:

At time-step t, we would like to compute the cotangent vector field
describing the target differential of the deformation Y+ at time-step t + 1.

(t+1

We do this greedily by considering each triangle in 7" independently.



As-Rigid-As-Possible Deformation

Recall:

For a scalar function f € V and a triangle T = (u, v,w) € T, the differential
of f;, expressed w.r.t. the basis {dx;, dx,} has coefficients that are the
differences between the values of f at the vertices:

_ fv _ fu
df = (fw—fu)

= Prescribing the differential is the same as prescribing the change

in the function’s values from u to v and from u to w.
u w




As-Rigid-As-Possible Deformation

Local:

Given atrianglet = (u,v,w) € T, it has assigned positions from the initial
embedding, Y°: V — R3 and from the current embedding Y:: V —» R3.

u’ =Y%w), v =Y(v), w® =Y%w)
ul =Yt(w), vt = Y (v), wt = Y¢(w)
u® = Y2(0,0) wo =100, %
1
//

vl =Y2(1,0)

We denote the vertex positions: wt
Vt




As-Rigid-As-Possible Deformation

Local:

Given atrianglet = (u,v,w) € T, it has assigned positions from the initial
embedding, Y°: V — R3 and from the current embedding Y:: V —» R3.

We can compute the optimal translation and orthogonal transformation, wt
t € R3 and O € R3*3 taking the initial triangle to the triangle at step t.

0(0,0) -vo01) %

B

=Y2(1,0) vt



As-Rigid-As-Possible Deformation

Local:

Given atrianglet = (u,v,w) € T, it has assigned positions from the initial
embedding, Y°: V — R3 and from the current embedding Y:: V —» R3.

We can compute the optimal translation and orthogonal transformation, wt
t € R3 and O € R3*3 taking the initial triangle to the triangle at step t.

From u to v, the change in the deformation should be: u
O vV'+t)—(0-u’+t)=0-v?2-0-u’

From u to w, the change in the deformation should be:
O-w+t)—(0-u’+t)=0-w’-0-u’ 0 4t



As-Rigid-As-Possible Deformation

Local:

Given atrianglet = (u,v,w) € T, it has assigned positions from the initial
embedding, Y°: V — R3 and from the current embedding Y:: V —» R3.

We can compute the optimal translation and orthogonal transformation, wt
t € R3 and O € R3*3 taking the initial triangle to the triangle at step t.

= The target differential for the deformation should be: u
é%%o =O°V0—O°u0
2t41 = 0wy — 0 -uy



As-Rigid-As-Possible Deformation

Global:

Given the target differential {¢*1 € V, we would like to solve the gradient
domain problem for the deformation Y¢*! € V minimizing the energy:

E(Yt+1) — % . ((dYt+1 _ (t+1,dYt+1 _ (t+1>>M
. [(d* o M o d)(dYHl)](dYHl) _ (d* o M)(CHl) + [M(€t+1)](€t+1)

. [S(dYt"'l)](dYt"'l) _ (d* o M)(Ct-l_l) 4.

1
2
1
2

... Subject to the constraints that, forall c € C:
Y (c) = Y(c)



As-Rigid-As-Possible Deformation

Global:
E(Yttl) = % [S(dYtTD)](dYEtL) — (d* o M)(Ctﬂ) T ...
Y't+1(c) — qJ(C)

This is a quadratic energy with affine constraints for which the computation
of the kernel is simple.

With respect to the scalar field basis {¢, },,c» and the cotangent vector field
basis {nl,n2},cr, the solution is:

vl = (TS )T (DT M- =S 9) + ¥
where Lis the injection matrix and Vv are the positions of the locked vertices.



As-Rigid-As-Possible Deformation

Bigger Perspective:
The processing alternates local and global computation.

Local computation is non-linear, greedily assigning target differentials to
individual triangles.

A AVAVAVAVAY S
= AVAY
N R ORORR <

NG

N K
%

\WAVAV.
S

A
< 4{
%

J
TS
S

>

W

D/
»VA
\/

Global computation makes the
solution consistent by solving
a linear system for the vertex
positions best-fitting the target
differentials.
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