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Recall: Adjoints \ [
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Given inner-product spaces {V,By:V - V*}and {W,By,: W - W™}, and a
linear map L € Hom(V, W), the adjoint of L is the map LT € Hom(W, V):
(v, W), = (L), Wg,
)
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Recall: Adjoints

Given inner-product spaces {V,By:V - V*}and {W,By,: W - W™}, and a
linear map L € Hom(V, W), the adjoint of L is the map LT € Hom(W, V):

(v, L1 W), = (L), W)g,

The adjoint of the adjoint is the original linear map:
LTT =L

Given linear maps L € Hom(U,V) and M € Hom(V, W), the adjoint of the
composition is the composition of the adjoints, in the opposite order.
(MoL)T =LToM?T
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Recall: Adjoints \

Given inner-product spaces {V,By:V - V*}and {W,By,: W - W™}, and a
linear map L € Hom(V, W), the adjoint of L is the map LT € Hom(W, V):

(v U(WD = (L(v),w)p,,
LTT—L
(MolL)T =LToMT

Corollary:

The composition of L with its adjoint is self-adjoint.

Proof:
(LtoL) =Lt oLt
=LToL



Recall .

For the unitright triangle T, we have a basis for linear functions:
P1(x1,x2) =1 —x3 — xp, Yo (x1,x3) = x4, P3(xg, x3) = x5

Py (x1, x3) Ya(xy, x3) PYs3(xq, x3)



Recall .

For the unit right triangle T, we have a basis for linear functions:
P1(x1,%2) =1 =% — xp, Yo (X1, x2) = x4, P3(xq,X2) = X,

This defines a vector space V = Span(y4, Y,, 3).

Which we turn into an inner-product space {V,m*:V - V*}:

m*(f,g) = ((f, 9N+

We also have a symmetric, positive semi-definite, bilinear stiffness form:

s*(f,9) = ({df,dg)).



Recall .

We also have a basis for constant cotangent vector fields {dx;, dx,}.

This defines a vector space V = Span(dxy, dx,).

Which we turn into an inner-product space {7, m:V - 7*}:
ﬁr(n» V) = (N, V),

X5 X1 X2 X1
el Yo
dx1 dxz

' ad
-~



Recall

Y1 (xq,x72)

X2

RETRER

dl/)l - —dx1 — dXz

Pi(x1,%) =1 —x1 — x5
Yo (xq, X2) = xq
P3(xq,x3) = x5




X Pi(x1,%) =1 —x1 — x5
1 Yo (xq, X2) = xq

Recau . P3(x1,X2) = X,

dlpl — —dx1 - dxz
dlpz - dx]_
X1 dl/)g — dXZ

We can express the differentials of {{1, Y5, W3} in terms of {dx,, dx,}.

This defines a linearmap d € Hom(V, 7).

Using the differential to pull-back the inner-product gives:
d*om od=s"



X Pi(x1,%) =1 —x1 — x5
1 Yo (xq, X2) = xq
Y3(x1,x2) = x;

Recall T s = —dx, — dx,

dlpz - dx]_
X1 dl/)g — dXz

With respect to the bases {Y1, Y5, Y3} and {dx,, dx,} we have:
 The scalar field mass matrix: m® € R3*3

The scalar field stiffness matrix: s* € R3*3

The cotangent vector field mass matrix: m' € R2*2

The differential matrix: d € R?*3

The factorization of the scalar field stiffness matrix:s* =d” -m" - d



Recall

functions on the mesh.

{(pv}vEV:

Continuous scalar fields on the mesh , indexed by vertices, whose restriction to a
triangle T € T is a linear function (over T) equal to 1 at v and 0 at the other vertices.

{T]%, n%}TET:

Cotangent vector fields on the mesh, indexed by triangles, whose restriction to a
triangle T € T is a constant cotangent vector field (over T)
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We turn these into inner-product spaces {V,M:V — "} and (V,M:V -V}
M(f,9) =g M®v) ={(nv)n

We also have a symmetric, positive semi-definite, bilinear stiffness form:
S(f,9) = (df,dg)a

And a differential d € Hom(V, V).



Recall

These define vector spaces V = Span({¢,},c1) and V = Span({ni, n?},c7).

The symmetric, positive semi-definite, bilinear stiffness form factors as:
S=d"oMod



Recall
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With respect to the bases {¢, },cp and {ni,n?}.cs we have:
The scalar field mass matrix: M € RIVIXVI
The scalar field stiffness matrix: S € RIVIXIVI

R2IT1x2I7]|

The cotangent vector field mass matrix: M €
The differential matrix: D € R2I71XIVI

The factorization of the scalar field stiffness matrix:S = DT -M - D



Recall: Smoothing

Performing gradient-descent on the Dirichlet energy amounts to solving a
PDE for the temporally evolving coefficients a € RIVI.
Explicit:
alt*=M"1. M—-¢-95)-at
Implicit:
att*=M+¢e-9)1-M-at
with at the coefficients at time t.



Recall: Multivariable Calculus (Euclidean)

Given a Euclidean domain Q c R¢:
For a scalarfield f: Q) = R, the gradient, Vf:Q — R4, gives the direction of

steepest change of f:
d 9]
VF = ( f f )
6x1 6xd
For a vector field 7: Q — R%, the divergence, div(¥): Q - R, describes the

extent to which the vector field converges/diverges at a point:
P dvq dvg
diviv) =—+ -+ —
0xq 0x4
where ¥ = (vq, -+, v4)".
For scalar fields f, g: O — R and a vector field : Q — R¢:

div(f - B) = (VF, ) + f - div(D)



Recall: Multivariable Calculus (Euclidean)

Given a Euclidean domain Q c R¢:
The Laplacian of a scalar function f: Q) = R s the divergence of its gradient:

Af = div(Vf)
_0%f 0% f
T ox2 T T oxz OB (r, p)

The Laplacian measures the difference between the value / W
of the function at a point and the average value nearby. / %

Formally: %//V///////
o] =y - )

with dB (7, p) is the set of points at a distance of r from p.

N




Recall: Multivariable Calculus (Euclidean)

Given a Euclidean domain Q c R¢4:

For a vector field ¥: O — R%, the integral of the divergence of ¥ over the

interior of the domain is the surface integral

j Vb= | (3
e . Q 20 |
with n the unit normal on the boundary.

over the boundary:

A

7

v




div(f - B) = (VF, D) + f - div(D)

Recall: Multivariable Calculus (Euclidean)

Given a Euclidean domain Q c R¢:
For scalar fields f, g: 0 = R, we have:

j div(Vf) - g =
Q

In particular, if the boundary integral vanishes, we have:

J

[ div(vf - g) - |

5

—

i (Vf'g,ﬁ)—J

3J9)

Q

[ (Vf,Vg)

(Vf,Vg)

jﬂdiv(Vf) g=- jﬂ<Vf, Vg)

This occurs when:

() does not have a boundary Q) = @, or
g vanishes on the boundary (Dirichlet), or
f is constant across the boundary (Neumann)




div(f - B) = (VF, D) + f - div(D)

Recall: Multivariable Calculus (Euclidean)

Given a Euclidean domain Q c R¢:
For scalar fields f, g: 0 = R, we have:

jﬂdiv(vf) g = f div(Vf - g) - f (Vf,Vg)
- jﬂ (Vf - g, ) — fQ<\7f, vg)
o0Q Q

Inpartic|  That s, under appropriate boundary conditions,
the divergence is the negative adjoint of the gradient.

This occurs when:
() does not have a boundary Q) = @, or
g vanishes on the boundary (Dirichlet), or
f is constant across the boundary (Neumann)
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Adjoint of the Differential

Definition:

Given the inner-product spaces {V,M:V - V*}and {V, M:V - 7*}, and the

differential map d € Hom(V, V) we can define its adjoint:
dt =M 1lod*oM

Property:

If f € Visascalarfieldon M andv € V is a cotangent vector field:

(v, df Nac= ((dTv, )
On the left we are using the inner-product on cotangent vector fields.
On the right we are using the inner-product on scalar fields.
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The Laplacian Vl o

Definition:
Given the inner-product spaces {V,M:V - V*}and {V,M: V- 7*}, we
define the Laplacian, A € Hom(V, V), to be the linear operator defined by:
A=—dTod
—~M lod*oMod
—M7 10§
Given the bases {¢, },cy and {ni, n2},cr, the matrix expression for the
Laplacian becomes:

A=-M1-§
Property:

Since the Laplacian is the (negative) of the composition of a linear map with

its adjoint, it is self-adjoint:
AT = A
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Adjoint of the Differential "

|

Aside:

The adjoint of the differential is almost the negative divergence operator.

Formally:
The divergence operator is the adjoint of the gradient.

Instead of definingv to be a discretization of cotangent vector fields, we
could have used the metric to define a discretization of tangent vector

fields, {&1, £2} <7, with:
= g7 '(n¥)

v We could define the discrete gradient, whose adjoint is the divergence.
x We would not have a metric-dependent/independent factorization.
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Adjoint of the Differential

Aside:

The adjoint of the differential is almost the negative divergence operator.

Formally:

The adjoint of the differential is the co-differential and is denoted O:
§ = dt € Hom(V,V)
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Heat Diffusion

Newton’s law of cooling:

“The rate of change in the temperature of a body is directly proportional to
the temperature difference between the body and the surroundings”
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Heat Diffusion
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Newton’s law of cooling:

“The rate of change in the temperature of a body is directly proportional to

the temperature difference between the body and the surroundings”
2

The PDE describing the temporal evolution of a signal f*: M - R (fort = 0)
undergoing heat diffusion:



Heat Diffusion

Express f! in terms of the basis {¢, },cv:

Fi@) =) ab- ¢, ()
vey
with at € RVl the temporally varying coefficients.

U
%(2az-¢v>=A<zaz-¢v>
VEV

veY
dal .
ot Py, = zg:av'ZMﬁv

VEV VEV

S

g

S| e— <

=<l
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Heat Diffusion e

oal
:E: é”f"ﬁv =::E:515'Zhﬁv

vEV vEV

For every vertex w € V, we would like to relate the w-th coefficient on the
left with to the w-th coefficient on the right.

We can do this by evaluating with the dual basis vector ¢,,, where {¢;},cv
is the canonical dual basis to {¢, },ev.

Recall:
¢ (P,,) is one if v = w and zero otherwise
For endomorphism L € Hom(V, V) the (v, w)-th coefficient in its matrix expression is:

L, = ¢y (L((l)w))



Heat Diffusion

Computing the w-th coefficient:

oay
m( ) - -¢v>=¢s‘v<2a5-A¢v
AS II

VEV

Oay,
== ab-¢,(Agy)

|

S

g

SLe— <
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Heat Diffusion e
oat, - . t
?——(M -S-a"),

Since this is true for all vertices w € V, the PDE for the coefficients is:
oat » .
— =M -S.a
ot

Discretizing using (e.g.) implicit time-stepping:
qtte — gt
_M—l . S . at+8

qtteE _ gt — _c.M~1.§.qt+e
at+8+£-M_1-S-at+8 at
M-al*¢+¢-S-at**=M-at
M+¢e-S)-att*=M-at

VR U I}
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Heat Diffusion e

dal,
_— - M_1 .S - t
ot ( R
Since this is true for all vertices w € V, the PDE for the coefficients is:
dat
Performing gradient descent to reduce the Dirichlet energy
)
Discreé Solving the heat diffusion PDE
ArTE — gt
— _M—l . S . at+8
N a1zr+e‘€_ at = —¢.M~1.S.gtte
N atte + - M~1.S.atte = at
= M-at*¢+¢-S-alt*=M-a’
= M+¢e-S)-att*=M-at
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