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Recall

Right Triangle Parameterization:

Given a triangle T c E3, we perform all our computation over the unit right
triangle T < E?, using the metric pulled back via the parameterization
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Recall

Hat Basis:

We discretize the space of functions on a triangle using the “hat” basis over
the right triangle:

P1(x1,x2) =1 —x1 — x,

Yo (x1,%2) = %4

P3(x1,%2) = x5

Py (x1, x3) Ya(xy, x3) PYs3(xq, x3)



Recall

Forp € T, the differential d®_ |, € R%*? is the matrix whose columns are
the differences:

dod,

= (Vi2 Vi3)
p

The pulled-back inner-product, expressed in matrix form w.r.t. the

cartesian basis {9, |, 9,1,} € T, T is:
8 :( v 1I° <V12;V13))
‘ (Vi3,viz)  lIvasll?
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Recall

(V13,V12) ||V13||2

. ( ||V12||2 (V12:V13>)
8t —

Given functions:

f(x1,%2) =11 - Y1000, x2) + 15 - Ya(xq,x3) + 15 - P3(xq, x3)
h(xy, x3) = hy - P1(xq, x3) + hy - P,(xq, x3) + hg - P3(xg, x7)
the inner-product of f and h, w.r.t the inner-product pulled back from t is:

(f,h))r =f"-m"-h

Here m® € R3*3 is the matrix:

m{; = \/det(g,) - (Y5, ;M1




Recall

. ( ||V12||2 (V12:V13>)
8t —

(V13,V12) ||V13||2
Given a function:

f(x1,x2) = £ (21, x2) +15 - Po(xq, x2) + 53 - P3(xq, x3)
the Dirichlet energy of f, w.r.t the inner-product pulled back from t is:

(df,df)); =f"-s"-h

Here s € R3%3 is the matrix:
Sij =Sij = <\/ det(g,) - g7, d"f>

F

And dY € R?*2 gre the matrices:

dij = j dy; - dy;" - o,
m
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Triangle Meshes

A triangle mesh, M = {V, T}, is represented by:
A vertex set’V
A triangle set consisting of triplets of vertexindicesT c V XV XV

Note:

Re-ordering vertex indices within a triangle does not change the
triangle’s geometry.

For simplicity:

We associate vertex indices with consecutive integers
inthe range {1, ..., |V|}.



Triangle Meshes

A triangle mesh, M = {V, T}, is represented by:

A vertex set’V
A triangle set consisting of triplets of vertexindicesT c V XV XV

Notation:
Fortrianglet € T and 1 < k < 3, we denote the k-th vertex of T as:
t|k] €V
We denote the set of triangles incident on vertex v € V as:
T(w)cT
Fort € T(v), we denote by 1(v) € {1,2,3} the index of

the vertex within in the triangle equal to v:
T[t(v)] = v




Triangle Meshes

Given a triangle mesh, M = {V, T}, we define a function space by
assigning a piecewise-linear function each vertex {¢,: M — R}.

The function ¢,,:
Evaluates to one at vertex v
Evaluates to zero at every other vertex
Is linear within each triangle
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= The function ¢,, is supported (i.e. non-zero) on the triangles
incident on vertex v.

= The functions {¢,,} form a partition of unity.




Triangle Meshes

Given a triangle mesh, M’ = {V, T}, we define a function space by
assigning a piecewise-linear function each vertex {¢,: M — R}.

Property:
Given a vertex v € V, each of the incident triangles can be
parameterized over the unit right triangle.
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Triangle Meshes

Given a triangle mesh, M = {V, T}, we define a function space by
assigning a piecewise-linear function each vertex {¢,: M — R}.

Property:

Given a vertex v € V, each of the incident triangles can be
parameterized over the unit right triangle.
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Restricted to an incident triangle /CPQ
T € T (v), the function ¢,, is a hat %,
basis function on T:

¢v(q)r(p)) — l/)T(v) (p)
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Triangle Meshes

The collection of functions {¢, }, ey defines a |V|-dimensional
vector space V.

We would like to:

* Turn thisinto an inner-product space, defining a symmetric positive-
definite bilinear form M:V — V* such thatforall f,h € V:

[M(f)I(h) = M(f,h) = (f, hIm

* Define a symmetric positive semi-definite bilinear form, giving the
stiffness, S:V = V7, such thatforall f,h € IV :

[S(HOIh) = (df, dh))



Triangle Meshes

The collection of functions {¢, }, ey defines a |V|-dimensional
vector space V.

We would like to:
* Turn thisinto an inner-product space
* Define a symmetric positive semi-definite bilinear stiffness form

For both, we perform the integration one triangle at a time, reducing
the problem to computing integrals, differentials, and inner-
products over the unit right triangle.

We seek an expression of the bilinear forms as RIVXIVI matrices.



Mass Matrix

The mass matrix, M € RIVIXIVl is defined by integrating pairs of
functions over the mesh:

My, = ((Puw, D))
¢u ) ¢v "W
M

= [du- b one

teT "1

D R

T€T (W)NT (v)

J Yrw) " Yrw) - Wr
€T (W)NT (v) T

= Mz ) r(v)
T€T (W)NT (v)




Mass Matrix

The mass matrix, M € RIVIXIVl is defined by integrating pairs of
functions over the mesh:

Gy - Dy - Wi

The coefficient M, will be non-zero only
If u and v lie in the same triangle.

— Z J Gy * Py - Wy

T€T (W)NT (v)

My, = <f¢w dv))

[
= z J Yrw) Vi) - o
€T (W)NT (v) T

= Mz ) r(v)
T€T (W)NT (v)




Mass Matrix

Properties:

Let f,h € Span(cpl, . qu) be two piecewise linear functions on the mesh:
f=8- @1+ +1Hy Py
h=hy ¢+ +hy Py

with f,h € RV,

The inner-product of f and h is the matrix/vector product:
(f,h)a=f"-M-h



Stiffness Matrix

Similarly, the stiffness matrix, S € RVIXIVl is defined by integrating
the inner-product of differentials of pairs of functions over M:

T
St(w),t(v)
Te€T(UW)NT (v)

Suv

Properties:
Let f,h € Span(qbl, . qu) be two piecewise linear functions on the mesh:
f=8 &1+ F 1y Py
with f,h € RV,

The inner-product of the differentials of f and h is:
((df,dh))p=1f"-S-h



Stiffness Matrix

Similarly, the stiffness matrix, S € RVIXIVl is defined by integrating
the inner-product of differentials of pairs of functions over M:

35 on the mesh:

Sy = Sg (w),t(v)
Te€T(UW)NT (v)
Properties:| the coefficient S.,, Will be non-zero only
Let f,h € § if u and v lie in the same triangle.
J — I TP T T I TPV
h=hy ¢+ +hy oy
with f, h € RIVI.

The inner-product of the differentials of f and h is:

((df,dh))y=1"-S-h



Finite Element Assembly

M, = Z

mg(u)ﬂ.(]v) and Suv = z

T€T (W)NT (v) T€T (W)NT (v)

S(w),t()

Naively we would im

nlement this as:

[For all u,v € V|
Forall t € T(w) N T(v)
([Compute m* and s
Muv < Muv + m;(u),r(v)

Suv < Suv + Sg(u),r(v)

X Quadratic in the number of vertices

x Compute the same triangle’s mass and stiffness matrices

multiple times




Finite Element Assembly

M, = Z mg(u),r(jv) and Sy, = z S%[ (w),7(v)
T€T (W)NT (v) T€T (W)NT (v)

In practice, we use finite-element assembly:

Forall Tt € T:
Compute m* and s’

Forall 1 <i,j<3:
M_(i)2(j] < Mefige) + my;

lj
Selilzrj] < Selileri] T+ Sij

v’ Linear in the number of non-zero entries
v’ Compute a triangle’s mass and stiffness matrices once

Supported by Eigen’s SparseMatrix< double >::setFromTriplets member function




Algebraic Interpretation

The hat basis defines a |V|-dimensional space of functions:
V = Span(¢y, ..., dy|)

Mass matrix:

Letting M be the symmetric, positive-definite bilinear map:
M: VXV ->1R
(f, ) = ({f, h))ac

this makes V into an inner-product space {V,M:V - V*}.

= The mass matrix M € RIVIXIVl gives an expression for the bilinear form
M:V - V* w.rt. the bases {qbl, e qu} and {qb{, e qbf‘m}.



Algebraic Interpretation

The hat basis defines a |V|-dimensional space of functions:
V = Span(¢y, ..., dy|)

Stiffness matrix:

Similarly, we have a symmetric, positive semi-definite bilinear map:
S:VXV->1R
(f, h) = (df,dh)) s

= The stiffness matrix S € RIVIXIVI gives an expression for the bilinear form
S:V = V* w.rt. the bases {gbl, ...,gbm} and {qbi, ) qb|*v|}.



Caution

We are now working with two types of inner-product spaces.
{T,T, gp: T, T - T, T}
The space of tangent vectors at the point p € T, with inner-product g,

defined by pulling back the Euclidean inner-product using the
differential of the parametrization ®,.: T — 7.

{(V,M:V - V*};
The space of piecewise-linear functions on the mesh, with inner-
product M defined by integrating functions over the mesh.
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Gradient Descent Revisited

Recall:

Given an inner-product space {V/, B:V — V*} and given a symmetric
positive semi-definite bilinear form S: V — V*, we can define an energy:

Qs() =3-S(w,v) =5 [SW](V)



Qs(v) =3 [SM](V)

Gradient Descent Revisited

Given 6 € I/, the derivative of the energy at v along direction 9 is:
Qs QS(U+€‘5) — Qs(v)
dQs (5) = q = lim
[S(v +e-0)]|w+e- 5) —— - [S(v)](v)

= lim 2

-0

_ 1 i SWIW) +e-1S (D)](8) + & - [S(8)] (W) + €2 - [S(8)](8) — [S()] ()
2
l

(S@IG) + S@IW) g
fs)1(8)

= The differential of Qs atvis S(v) € V*

= This is not the gradient.

= To get the gradient we need to map the dual vector to a primal one:

V50Qs | = B~1(S(v))



Qs() =7 - [SW)](w)
V0s |v = B_l(s(v))

Gradient Descent Revisited

Problem Statement:

Given an initial vector vy € V, we evolve v, to reduce the energy defined by
the symmetric, positive semi-definite bilinear form S.

We do this by solving for the time varying function v: R — V such that:
v

E = —B_l(S(U))

and v(t) = v,.



v

E = —B_l(S(U))

Gradient Descent Revisited

Time-stepping as before, we get:

Explicit: , .
e
= 5(s0B)

2

vite —pt = —¢. B7H(S(v?))
2

vite = pt — ¢ B7YH(S(v?))
2

vi*te = BT1(BwH))vt — - B7H(S(vY))
2

vi*te = B71((B — - S)(v?))



Gradient Descent Revisited

Time-stepping as before, we get:

Implicit:

t+e _ ..t _
= 5 (s6ED)
U
vt+e . Ut — —¢. B—l(S(vt+e))
|

ptte 1 ¢ B—l(s(vt+s)) — pt
U

B(wt*®) + ¢ - S(wtt®) = B(vY)
|
(B +¢-S)(wt*té) = B(vh)
|
vite = (B +¢-S)"Y(B(Y))

%
dt

-B71(S(v))




Gradient Descent Revisited

Time-stepping as before, we get:

Explicit:

Implicit:

Expressing the gradient descent w.r.t. a basis {v4, ..., v, } gives:

Explicit:

Implicit:

vt*te = B71((B —&- S)(v?))

viteE = (B +¢e-5)"H(BWY)

vite = B71((B —¢- S)(vY))

vite = (B +¢-S)"1(B(vY))

%
dt

-B71(S(v))




%
dt

-B71(S(v))

Gradient Descent Revisited

Time-si

Now both the implicit and explicit expressions for the PDE
require solving a sparse symmetric positive-definite system.

Expli

e ptte — B—l((B — & S)(Ut))

Implicit:

Expressing the gradient descent w.r.t. a basis {v4, ..., v, } gives:

viteE = (B +¢e-5)"H(BWY)

Explicit:

vite = B71((B —¢- S)(vY))

Implicit:

vite = (B +¢-S)"1(B(vY))




Gradient Descent Revisited

Now both the implicit and explicit expressions for the PDE

Time-si . . . . .
require solving a sparse symmetric positive-definite system.

=T
In the context of geometry processing:

* ThevectorspaceislV = Span(q51, e qu)

* Theinner-productonV is defined by the mass

* The symmetric positive semi-definite bilinear form is the stiffness

[T

Using mass matrix lumping the matrix M can be approximated by a diagonal matrix,
M which is trivial to solve (so the explicit temporal discretization is still easier to time-step).

Explicit:
viteE =M (M —¢-S)(vh))

Implicit:
vite = (M + - S)"1(M(v?))



Gradient Descent Revisited

vite =M (M —¢-S)(vh))
viteE = (M +¢-S)"1(M(v))
Time-stepping the PDE we progressively smooth signals on the surface.

We can apply this to the x-, y-, and z-coordinates of the embeddmg, to
smooth the geometry. ~

However, when we do this, the mass and
stiffness matrices (M and S) will change.

This results in a non-linear PDE called
mean curvature flow.




Gradient Descent Revisited

Unless you start with a “nice” shape the
flow will form neck-pinch singularities.

Time-stepping the PDE we progressively smooth signals on the surface.

We can apply this to the x-, y-, and z-coordinates of the embedding, to
smooth the geometry. 2

However, when we do this, the mass and
stiffness matrices (M and S) will change.

This results in a non-linear PDE called
mean curvature flow.
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