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Outline

Recall
The Hat Basis on a Triangle



Recall

Integration by parts:
Given functions f, g: R — R, the derivative of their product is:

f-9'=f-9+f-9
Taking the integral of the derivative:

frg=1-9' =/ g+f 9"

This gives:

Jf'g=f-9-JFf-g



Jf'9=f-9-f-g

Recall

Consider the polynomial B, ,(x) = (1 —x)™ - x™
Settlng fx) =010 - x)m and g(x) = x", integration by parts gives:

fo Prn(x) - dx—j (1—x)™-x™

(1 _ x)m+1 . xn—l - dx

(1 x)m+1 . xn]

[m+1 ), m+1

1
| Prsina ) - dx
0

. on-(n-1) 1
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Pm+2,n—2 (X) - dx

n!-m! fl
= Prino(x) - dx
(m+n)' . m+n,0



Recall

Jf'-9=f-9-Jf49

Consider the polynomial P, ,(x) = (1 —x)™ - x™:
Setting f(x) = (1 —x)™and g(x) = x",lintegration by parts gives:

1 n!'-m! [
P - dx = P - d
fo m,n(x) X (m+n)!J0 m+n,0(x) X
— nt-m! rl(l )m+n d
__(n14-n)!J0 x * -
n!-m! — B
_ , _ +n+1
 (m+n)! 1n+41+1(1 )T
x=0
n!-m!

:On+n+D!



Recall

n!-m!
C(m+n+1)

fl(l —x)™M . x"

Consider the monomial in two variables B, , (x4, x) = x7* - 3"
The integral of B, ,, over the unit right triangle (w.r.t. the Euclidean metric) is:

1
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Recall

Given a triangle with angles a, b, and ¢, and opposite sides A, B,
and C, the ratios of the sines of the angles and the lengths of the

opposite edges are equal.:
sin(a) A sin(b) B sin(c) C

sin(b) B sin(¢c) C sin(a) A




Recall

We denote by T c E? the unit right triangle:
T = {(x1,%x3) € [0,1]%|x; + x, < 1}

Given a triangle T c E3 with vertices vy, v,, v3 € E3, we parameterize the
triangle over the unit-right triangle as:
D (x1, %) = vy +x1 - (V3 — V) + x5+ (V3 —vq)

. . . X2

Denoting by v;; = v; — v; the direction 1
from vertex v; to vertex v;: o
D (x1,Xx2) = Vi + X1+ Vi + X3 - Vy3 T -




Recall

D (x1,%2) = V4 + X1 - Vo + Xy - Vq3

For p € T, the differential d®. |, € R3** is the matrix whose columns are
the differences:

do.| = (Viz Vi3)
p




Recall

D (x1,%2) = V4 + X1 - Vo + Xy - Vq3

For p € T, the differential d®. |, € R3** is the matrix whose columns are
the differences:

do,.| = (Viz Vi3)

Y

The pulled-back inner-product, expressed in matrix form w.r.t.
the cartesian basis {al|p, d, |p} c T,Tis:
g = do T do. | = ((V12:V12) (V12:V13))
‘ ‘ ‘ (Vi3,V12)  (Vi3,V13)

P )
_ ( |via | (V12»V13)>

(V13,V12) ||V13||2

Y




Recall

Given a triangle T € R", we define the inner-product on the space of real-
valued functions on T is:

({f, h)) g, =/ det(g,) - ({f, h))g

And the Dirichlet energy is defined as:

Ep(f) = {df,df ).
= <\/ det(g,) - g7, f df -df ' - wE>
T F

with wg the unit-volume form with respect to the Euclidean inner-product.




Outline

Recall
The Hat Basis on a Triangle



Notation

Often, we define the inner-product on the tangent space by pulling back the
inner-product from an embedded surfaces.

We will subscript the inner-product on the space of functions and
differentials with the geometry for brevity:

(f, g, < (f ).
(df,dh))g, < (df,dh));



The Hat Basis

Definition:

We say that a function f on T is a scalar field if forallp € T:
fp) eR



The Hat Basis

As we cannot work with all functions on the triangle, we restrict
ourselves to those we can represent using a finite basis.

A standard basis is the “hat” basis, consisting of:
P1(x1,%) =1 —x3 — X,
Yo (X1, %3) = x4
P3(xg, x2) = X3

Xy S \. X1 X2

Py (x1, x3) Ya(xy, x3) PYs3(xq, x3)




Pi(x,x3) =1 —x1 — x5
Yo (x1,X2) = x¢

The Hat Basis 3061, %2) = %,

Properties:

Partition of unity: The functions sum to one:
l/)].(xlt xZ) + lPZ('xl) xZ) + lpg(xl, xz) =1

Lagrange property: The functions interpolate the vertex values:
Y,(0,0) =¢,(1,0) =y3(0,1) =1
¥2(0.0) =¥3(0,0) =¥1(10) = ¥5(10) =, (0.1) =% (0.1) =0

Linear reproduction: Any linear polynomial f: T — R is expressed as:

f=£Q0,0) o+ f(10) - 1hy +£(0.1) -9,



The Hat Basis

Questions:
Given functions:

Pi(x,x3) =1 —x1 — x5
Yo (x1,X2) = x¢
P3(xq,x3) = x5

f(x,x0) =11 -1 (xq,x) + 15 - Pa(xq, x5) + 15 - P3(xq, x3)
h(xq,x7) =hy -0, x3) + hy - P(xg,x2) + hg - P3(xg, x3)

what is the inner-product of f and h?

Given a function:

fxg,x) =11 -1 (xq, %) + 15 - Pa(xq, x2) + 5 - P3(xq, x3)

what is the Dirichlet energy of f?




flx1,x3) = £ Py (xg, x0) + 85 - P, (g, x5) + £3 - P3(xq, x3)
h(xy,x3) = hy - P1(xq, %) + hy - Py(xg, %) + hg - P3(xqg, x3)

The Hat Basis: Inner Product

The inner-product is:

(f, h))e = +/det(g) -(({f, A))g3

Expanding the second term gives:

(f )z = < ifi i, ih wj>>
=1 j=1
E2

Y

ij=1

hy - (W, ) g2




flx1,x3) = £ Py (xg, x0) + 85 - P, (g, x5) + £3 - P3(xq, x3)
h(xy,x3) = hy - P1(xq, %) + hy - Py(xg, %) + hg - P3(xqg, x3)

The Hat Basis: Inner Product

The inner-product is:

(f, b)) = /det(gy) {({f, h)))

Expanding the second term gigves:

(F ez ) ey (3o

ij=1

Setting m® € R3*3 to be the triangle’s mass matrix:

mj; = Jdetﬁga (W, YT
((f,h)); =fT-m" - h




mf; = y/det(g,) {(¥u, ;)1

. 1(x, %) =1—=%x1 — x;
The Hat Basis: Inner Product I/’ﬁzm,xz) _

Y3(xg,x2) = x;

(f,h)); =f"-m®-h

= |f we can integrate the product of the hat functions over the unit right
triangle, computing the inner-product of functions expressed in the hat
basis w.r.t. to the pull-back metric g, is not hard.

The value of ((¢;, Y;))T is independent of the inner-product g,.




mf; = y/det(g,) {(¥u, ;)1

. 1(x, %) =1—=%x1 — x;
The Hat Basis: Inner Product I/’ﬁzm,xz) _

Y3(xg,x2) = x;

(f,h)); =f"-m®-h

= |f we can integrate the product of the hat functions over the unit right
triangle, computing the inner-product of functions expressed in the hat
basis w.r.t. to the pull-back metric g, is not hard.

The value of ((¢;, Y;))T is independent of the inner-product g,.
U
It can be computed once in a pre-processing stop.




mf; = y/det(g,) {(¥u, ;)1

Pi(x,x) =1 —x1 — X3

The Hat Basis: Inner Product o) = %1
P3(x1,x2) = x5
Lx{”-x? cdxy ANdx, = (mr_ll_' ;ln_ll_lz)!

Example:

(Y2, Y3))T= ij1 $ Xy - dxg Adxy
1

K

T 24

You’ll need to work this out for the other pairs.




flxy,x0) = £ Py (g, x0) + 85 - P, (g, x5) + £3 - P3(xqg, x3)

The Hat Basis: Dirichlet Energy

The Dirichlet energy is defined as:
Ep(f) = {(df,df)): = det(gf)-g;l,UTdf -dfT-wE]>

F

Expanding the second term gives:

ZJ Zfi'fj'dl/)i’dl/JjT'wE
T

3L,]=1

= Zfi'fj'fdl/)i'dlpjT‘wE
T

ij=1



flxy,x0) = £ Py (g, x0) + 85 - P, (g, x5) + £3 - P3(xqg, x3)

The Hat Basis: Dirichlet Energy

The Dirichlet energy is defined as:
Ep(f) = {(df,df)): = det(gf)-g;l,UTdf -dfT-wE]>

Expanding the second term givegs:

def‘dfT'wEZ zfi'fj'rjﬂ‘dlpi'dlpjT'wE]

ij=1 \

F

Setting d € R?*? to be the integrated outer-product of derivatives:

4t = [ dw;- ;"
T
U

3
Ep(f) =< det(g,) - g7 %, z fi'fj'd”>
F

ij=1



flxy,x0) = £ Py (g, x0) + 85 - P, (g, x5) + £3 - P3(xqg, x3)

The Hat Basis: Dirichlet Energy

4t = | dwi-ap;" - wp
T

With respect to d € R?*2, the Dirichlet energy becomes:

3
Ep(f) = < det(g,) - 871, z f,-f - diJ
ij=1
3 F
= > £ £+ (Vdet(gn) - g7, dY)

- F
i,j=1



flxy,x0) = £ Py (g, x0) + 85 - P, (g, x5) + £3 - P3(xqg, x3)

The Hat Basis: Dirichlet Energy

4t = | dwi-ap;" - wp
T

With respect to d¥ € ]RZXSZ, the Dirichlet energy becomes:

Eo(f) = ) i (Jdet(gD - g, V)

(=1 F

Setting s* € R3*3 to be the stiffness matrix:
Sij = <\/ det(g,) - g7 1, dY >

U
Ey(f) =fT-s7-f

F



Sij = <\/@'851F
The Hat Basis: Dirichlet Product [d” =dewi-dw,-T-wE]

Ep(f) =fT-s7-f

= If we can integrate the product of the partial derivatives of the hat functions
over the unit right triangle, computing the Dirichlet energy of functions
expressed in the hat basis w.r.t. to the pull-back metric g, is not hard.

The matrices d¥ are independent of the inner-product g;.




Sij = <\/@'851F
The Hat Basis: Dirichlet Product [d” =dewi-dw,-T-wE]

Ep(f) =fT-s7-f

= If we can integrate the product of the partial derivatives of the hat functions
over the unit right triangle, computing the Dirichlet energy of functions
expressed in the hat basis w.r.t. to the pull-back metric g, is not hard.

The matrices d¥ are independent of the inner-product g;.
U
Can be computed once in a pre-processing stop.




4t = | dw;- ;" -
T

The Hat Basis: Dirichlet Product | /it = =

PY3(xg,x2) = X,

n!-m!
Example: : Lx?'x?°dx1Adxz RCET T

d?3 = dy, - d; ' - dxy Adx,

B Py oy

_JF(O)(l) 'dxl/\de

— (1)(0 1)'dx1/\de

JFT 0

_[(0 0

_J (0 1)°dx1/\dx2

_(B 0)

—\0 1/2

You’ll need to work this out for the other pairs.




\/de'c(gr (Y, ¢]>>E
<\/det(gr ‘87 d”)

( V1211 (V1z2, V13>>
(V13, V12) ||V13||2

’l'
l
T
l

The Hat Basis

What components of the inner-product affect
the mass and stiffness matrices?



m}; =(\/det(g,) | (Y1, ;)i
The Hat Basis | = (Vi) &4"),

g = ( ||V12||2 (V12;V13>>
) ‘ (V13,V12) ||V13||2
For the mass matrix:

Jdet(g,) = VIIvizll? - [[visl]2 = (vip, vi3)?

(V12,V13)*
= [lviall - llvasll - |1 =
\ ||V12||2 ' ||V13||2
2
— |lv vill- 11 ( (V12,V13)
= NV12ll " IV13ll - —
vl - llvysll

vio |l - IVl - /1 = cos?(a)

Vil - vzl -\/sinz(a)
- ||viz]] - sin(a)

1
C S
A\



m}; =(\/det(g,) | (Y1, ;)i
The Hat Basis | = (Vi) &4"),

g = ( Ivy2]1% (V12»V13>>
i (Vi3,Vi2)  lvsll?
Jdet(g,) = 2- 1|

= The mass matrix only “sees” area, not angles.

For the mass matrix:

= Itis invariant under transformations of the triangle that preserve the area.

= Itis defined by the authalic structure of the geometry.



LT Vdet(gr ((Ebz ¢]>>E
The Hat Basis | =/ gf]d”L

Iviall? (viz, v
gT:< 12 (V12,V13)

(V13,V12) ||V13||2

For the stiffness matrix.

-1
1/det(g,[) . g;1 — \/Fgr) . ( ||V12”2 <V12,V13))

(V12;V13> ||V13J|2
=y det(g;) Freres 1 < vi3ll? —(V12;V13)>
et(gr)z —(V12, V13) vl
. 1 < I\ZEYl Vi12,V13 >
— . 2
Jdet(g,) \—{Vi2,V13) Va2l
_ 1 ( ||V13||2 —(Vy2, V13>>
Vil - [Jvisll - sin(a) (Vi2,V ||V1 |2
visll <1V12 Vi3) i
_ 1 vyl ||V12|| vyl
sin(a) _ (V12,Vi3) llvy2]
ol vl vl
1 ||V13||/||V12|| — cos(a)

- sin(a) — cos(a) vz ll/ w3l



The Hat Basis

For the stiffness matrix.

Jdet(g,) - g7?

’l'
l
T
l

= 4/ det(gr ((‘/Ju ¢]>>E

< det(g:) - 87 d”>F

< |V12|| (V12;V13>>
(V13,V12) ||V13||2

B sm(a)

1 (||V13||/||V12|| — cos(a)

—cos(a) vz ll/ vyl

= The stiffness matrix only “sees” angles, not areas.

= Itis invariant under similarity transformations.

= It is defined by the conformal structure of the geometry.




Algebraic Interpretation

The linear scalar field basis defines a 3-dimensional space of functions:

V= Span(lpl' l/)2' lp3)

Mass matrix:

Letting m® be the symmetric, positive-definite bilinear map:
mu:V XV ->NR
(f, h) = ((f, ))-

this makes V into an inner-product space {V,m":V - I'*}.

= The mass matrix m® € R3*3 gives the expression for the map m*:V - V*

w.r.t. the bases {1, Y5, Y3} and {7, Y3, Y3}



Algebraic Interpretation

The linear scalar field basis defines a 3-dimensional space of functions:

V= Span(lpl' l/)2' lp3)

Stiffness matrix:

Similarly, we have a symmetric, positive semi-definite bilinear map:
sV XV ->R

= The stiffness matrix s € R3*3 gives the expression for the map s*:V — V*

w.r.t. the bases {1, Y, Y3} and {7, Y5, Y3}



Caution

We are now working with two types of inner-product spaces.
{T,T, gp: T, T - T, T}
The space of tangent vectors at the point p € T, with inner-product g,

defined by pulling back the Euclidean inner-product using the
differential of the parametrization ®,.: T — 7.

{(V,M:V - V*};
The space of piecewise-linear functions on the triangle, with inner-
product M defined by integrating functions over the triangle.
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