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Outline

Recall
The Hat Basis on a Triangle



Recall

Integration by parts:
Given functions 𝑓, 𝑔: ℝ → ℝ, the derivative of their product is:

𝑓 ⋅ 𝑔 ′ = 𝑓′ ⋅ 𝑔 + 𝑓 ⋅ 𝑔′

Taking the integral of the derivative:
𝑓 ⋅ 𝑔 = ∫ 𝑓 ⋅ 𝑔 ′ = ∫ (𝑓′ ⋅ 𝑔 + 𝑓 ⋅ 𝑔′)

This gives:
∫ 𝑓′ ⋅ 𝑔 = 𝑓 ⋅ 𝑔 − ∫ 𝑓 ⋅ 𝑔′



Recall

Consider the polynomial 𝑃𝑚,𝑛 𝑥 = 1 − 𝑥 𝑚 ⋅ 𝑥𝑛:
Setting 𝑓 𝑥 = 1 − 𝑥 𝑚 and 𝑔 𝑥 = 𝑥𝑛, integration by parts gives:

න
0

1

𝑃𝑚,𝑛(𝑥) ⋅ 𝑑𝑥 = න
0

1

1 − 𝑥 𝑚 ⋅ 𝑥𝑛 ⋅ 𝑑𝑥

=
−1

𝑚 + 1
1 − 𝑥 𝑚+1 ⋅ 𝑥𝑛

𝑥=0

𝑥=1

− න
0

1 −𝑛

𝑚 + 1
1 − 𝑥 𝑚+1 ⋅ 𝑥𝑛−1 ⋅ 𝑑𝑥

=
𝑛

𝑚 + 1
න

0

1

𝑃𝑚+1,𝑛−1(𝑥) ⋅ 𝑑𝑥

=
𝑛 ⋅ (𝑛 − 1)

𝑚 + 1 ⋅ (𝑚 + 2)
න

0

1

𝑃𝑚+2,𝑛−2(𝑥) ⋅ 𝑑𝑥

⋮

=
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 !
න

0

1

𝑃𝑚+𝑛,0(𝑥) ⋅ 𝑑𝑥

∫ 𝑓′ ⋅ 𝑔 = 𝑓 ⋅ 𝑔 − ∫ 𝑓 ⋅ 𝑔′



Recall

Consider the polynomial 𝑃𝑚,𝑛 𝑥 = 1 − 𝑥 𝑚 ⋅ 𝑥𝑛:
Setting 𝑓 𝑥 = 1 − 𝑥 𝑚 and 𝑔 𝑥 = 𝑥𝑛, integration by parts gives:

න
0

1

𝑃𝑚,𝑛(𝑥) ⋅ 𝑑𝑥 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 !
න

0

1

𝑃𝑚+𝑛,0(𝑥) ⋅ 𝑑𝑥 

 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 !
න

0

1

1 − 𝑥 𝑚+𝑛 ⋅ 𝑑𝑥

 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 !
⋅

−1

𝑚 + 𝑛 + 1
1 − 𝑥 𝑚+𝑛+1

𝑥=0

𝑥=1

=
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 + 1 !

∫ 𝑓′ ⋅ 𝑔 = 𝑓 ⋅ 𝑔 − ∫ 𝑓 ⋅ 𝑔′



Recall

Consider the monomial in two variables 𝑃𝑚,𝑛 𝑥1, 𝑥2 = 𝑥1
𝑚 ⋅ 𝑥2

𝑛:
The integral of 𝑃𝑚,𝑛 over the unit right triangle (w.r.t. the Euclidean metric) is:

න
𝕋

𝑥1
𝑚 ⋅ 𝑥2

𝑛 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2 = න
0

1

න
0

1−𝑥2

𝑥1
𝑚 ⋅ 𝑥2

𝑛 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

 = න
0

1

න
0

1−𝑥2

𝑥1
𝑚 ⋅ 𝑑𝑥1 ⋅ 𝑥2

𝑛 ∧ 𝑑𝑥2

 = න
0

1 1

𝑚 + 1
𝑥1

𝑚+1

𝑥1=0

𝑥1=1−𝑥2

⋅ 𝑥2
𝑛 ⋅ 𝑑𝑥2

 =
1

𝑚 + 1 
න

0

1

1 − 𝑥2
𝑚+1 ⋅ 𝑥2

𝑛 ⋅ 𝑑𝑥2

 =
1

𝑚 + 1
⋅

𝑛! ⋅ 𝑚 + 1 !

𝑚 + 𝑛 + 2 !

 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 + 2 !

න
0

1

1 − 𝑥 𝑚 ⋅ 𝑥𝑛 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 + 1 !

1

1

𝑥1

𝑥2

𝕋



Recall

Given a triangle with angles 𝑎, 𝑏, and 𝑐, and opposite sides 𝐴, 𝐵, 
and 𝐶, the ratios of the sines of the angles and the lengths of the 
opposite edges are equal:

sin 𝑎

sin 𝑏
=

𝐴

𝐵
 

sin 𝑏

sin 𝑐
=

𝐵

𝐶
 

sin 𝑐

sin 𝑎
=

𝐶

𝐴

𝐴

𝐵

𝐶

𝑐

𝑏

𝑎



Recall

We denote by 𝕋 ⊂ 𝔼2 the unit right triangle:
𝕋 = 𝑥1, 𝑥2 ∈ 0,1 2 𝑥1 + 𝑥2 ≤ 1}

Given a triangle 𝜏 ⊂ 𝔼3 with vertices 𝐯1, 𝐯2, 𝐯3 ∈ 𝔼3, we parameterize the 
triangle over the unit-right triangle as:

Φ𝜏 𝑥1, 𝑥2 = 𝐯1 + 𝑥1 ⋅ 𝐯2 − 𝐯1 + 𝑥2 ⋅ 𝐯3 − 𝐯𝟏

Denoting by 𝐯𝑖𝑗 = 𝐯𝑗 − 𝐯𝑖  the direction
from vertex 𝐯𝑖  to vertex 𝐯𝑗:

Φ𝜏 𝑥1, 𝑥2 = 𝐯1 + 𝑥1 ⋅ 𝐯12 + 𝑥2 ⋅ 𝐯13 

𝐯1

𝐯2

𝐯3

𝜏

1

1

𝑥1

𝑥2

𝕋
Φ𝜏

𝐯12

𝐯13



Recall

Φ𝜏 𝑥1, 𝑥2 = 𝐯1 + 𝑥1 ⋅ 𝐯12 + 𝑥2 ⋅ 𝐯13

For 𝐩 ∈ 𝕋, the differential 𝐝Φ𝜏ȁ𝐩 ∈ ℝ3×2 is the matrix whose columns are 
the differences:

𝐝Φ𝜏 ቚ
𝐩

= 𝐯12 𝐯13

𝐯1

𝐯2

𝐯3

𝜏

1

1

𝑥1

𝑥2

𝕋
Φ𝜏

𝐯12

𝐯13



Recall

Φ𝜏 𝑥1, 𝑥2 = 𝐯1 + 𝑥1 ⋅ 𝐯12 + 𝑥2 ⋅ 𝐯13

For 𝐩 ∈ 𝕋, the differential 𝐝Φ𝜏ȁ𝐩 ∈ ℝ3×2 is the matrix whose columns are 
the differences:

𝐝Φ𝜏 ቚ
𝐩

= 𝐯12 𝐯13

The pulled-back inner-product, expressed in matrix form w.r.t.
the cartesian basis 𝜕1ȁ𝐩, 𝜕2ȁ𝐩 ⊂ 𝑇𝐩𝕋 is:

𝐠𝜏 = 𝐝Φ𝜏 ቚ
𝐩

⊤
⋅ 𝐝Φ𝜏 ቚ

𝐩
=

⟨𝐯12, 𝐯12⟩ ⟨𝐯12, 𝐯13⟩
⟨𝐯13, 𝐯12⟩ ⟨𝐯13, 𝐯13⟩

 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2

𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13



Recall

Given a triangle 𝜏 ⊂ ℝ𝑛, we define the inner-product on the space of real-
valued functions on 𝜏 is:

⟨𝑓, ℎ⟩ 𝑔𝜏
= det 𝐠𝜏 ⋅ ⟨𝑓, ℎ⟩ 𝐸

And the Dirichlet energy is defined as:
𝐸𝐷 𝑓  = ⟨𝑑𝑓, 𝑑𝑓⟩ 𝑔𝜏

 

= det 𝐠𝜏 ⋅ 𝐠𝜏
−1, න

𝕋

𝐝𝑓 ⋅ 𝐝𝑓⊤ ⋅ 𝜔𝐸

𝐹

 

with 𝜔𝐸 the unit-volume form with respect to the Euclidean inner-product.



Outline

Recall
The Hat Basis on a Triangle



Notation

Often, we define the inner-product on the tangent space by pulling back the 
inner-product from an embedded surfaces.

We will subscript the inner-product on the space of functions and 
differentials with the geometry for brevity:

⟨𝑓, ℎ⟩ 𝑔𝜏
⟨𝑓, ℎ⟩ 𝜏

⟨𝑑𝑓, 𝑑ℎ⟩ 𝑔𝜏
⟨𝑑𝑓, 𝑑ℎ⟩ 𝜏



The Hat Basis

Definition:
We say that a function 𝑓 on 𝕋 is a scalar field if for all 𝐩 ∈ 𝕋:

𝑓 𝐩 ∈ ℝ



The Hat Basis

As we cannot work with all functions on the triangle, we restrict 
ourselves to those we can represent using a finite basis.

A standard basis is the “hat” basis, consisting of:
𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2
𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 

𝑥2 𝑥1 𝑥2 𝑥1𝑥2 𝑥1

𝜓1 𝑥1, 𝑥2 𝜓2 𝑥1, 𝑥2 𝜓3 𝑥1, 𝑥2



The Hat Basis

Properties:
Partition of unity: The functions sum to one:

𝜓1 𝑥1, 𝑥2 + 𝜓2 𝑥1, 𝑥2 + 𝜓3 𝑥1, 𝑥2 = 1

Lagrange property: The functions interpolate the vertex values:
𝜓1 0,0 = 𝜓2 1,0 = 𝜓3 0,1 = 1

𝜓2 0,0 = 𝜓3 0,0 = 𝜓1 1,0 = 𝜓3 1,0 = 𝜓1 0,1 = 𝜓2 0,1 = 0
⇓

Linear reproduction: Any linear polynomial 𝑓: 𝕋 → ℝ is expressed as:
𝑓 = 𝑓 0,0 ⋅ 𝜓0 + 𝑓 1,0 ⋅ 𝜓1 + 𝑓 0,1 ⋅ 𝜓2

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2

𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 



The Hat Basis

Questions:
Given functions:

𝑓(𝑥1, 𝑥2) = 𝐟1 ⋅ 𝜓1(𝑥1, 𝑥2) + 𝐟2 ⋅ 𝜓2(𝑥1, 𝑥2) + 𝐟3 ⋅ 𝜓3(𝑥1, 𝑥2)
ℎ 𝑥1, 𝑥2 = 𝐡1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐡2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐡3 ⋅ 𝜓3 𝑥1, 𝑥2

what is the inner-product of 𝑓 and ℎ?

Given a function:
𝑓(𝑥1, 𝑥2) = 𝐟1 ⋅ 𝜓1(𝑥1, 𝑥2) + 𝐟2 ⋅ 𝜓2(𝑥1, 𝑥2) + 𝐟3 ⋅ 𝜓3(𝑥1, 𝑥2)

what is the Dirichlet energy of 𝑓?

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2

𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 



The Hat Basis: Inner Product

The inner-product is:
⟨𝑓, ℎ⟩ 𝜏 = det 𝐠𝜏 ⋅ ⟨𝑓, ℎ⟩ 𝔼2

Expanding the second term gives:

⟨𝑓, ℎ⟩ 𝔼2 = ෍

𝑖=1

3

𝐟𝑖 ⋅ 𝜓𝑖 , ෍

𝑗=1

3

𝐡𝑗 ⋅ 𝜓𝑗

𝔼2

 = ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐡𝑗 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝔼2

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2  
ℎ 𝑥1, 𝑥2 = 𝐡1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐡2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐡3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Inner Product

The inner-product is:
⟨𝑓, ℎ⟩ 𝜏 = det 𝐠𝜏 ⋅ ⟨𝑓, ℎ⟩ 𝕋

Expanding the second term gives:

⟨𝑓, ℎ⟩ 𝔼2 ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐡𝑗 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋

Setting 𝐦𝜏 ∈ ℝ3×3 to be the triangle’s mass matrix:
𝐦𝑖𝑗

𝜏 = det 𝐠𝝉 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋

⇓
⟨𝑓, ℎ⟩ 𝜏 = 𝐟⊤ ⋅ 𝐦𝜏 ⋅ 𝐡

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2  
ℎ 𝑥1, 𝑥2 = 𝐡1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐡2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐡3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Inner Product

⟨𝑓, ℎ⟩ 𝜏 = 𝐟⊤ ⋅ 𝐦𝜏 ⋅ 𝐡

⇒ If we can integrate the product of the hat functions over the unit right 
triangle, computing the inner-product of functions expressed in the hat 
basis w.r.t. to the pull-back metric 𝑔𝜏 is not hard.

𝐦𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2

𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 

The value of ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋 is independent of the inner-product 𝑔𝜏.



The Hat Basis: Inner Product

⟨𝑓, ℎ⟩ 𝜏 = 𝐟⊤ ⋅ 𝐦𝜏 ⋅ 𝐡

⇒ If we can integrate the product of the hat functions over the unit right 
triangle, computing the inner-product of functions expressed in the hat 
basis w.r.t. to the pull-back metric 𝑔𝜏 is not hard.

The value of ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋 is independent of the inner-product 𝑔𝜏.
⇓

It can be computed once in a pre-processing stop. 

𝐦𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2

𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 



The Hat Basis: Inner Product

Example:
⟨⟨𝜓2, 𝜓3⟩⟩𝕋= න

𝕋

𝑥1 ⋅ 𝑥2 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

=
1

4!
 

 =
1

24
 

You’ll need to work this out for the other pairs.

𝐦𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝕋

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥2

𝜓2 𝑥1, 𝑥2 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 

න
𝕋

𝑥1
𝑚 ⋅ 𝑥2

𝑛 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 + 2 !



The Hat Basis: Dirichlet Energy

The Dirichlet energy is defined as:
𝐸𝐷 𝑓  = ⟨𝑑𝑓, 𝑑𝑓⟩ 𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, න
𝕋

𝐝𝑓 ⋅ 𝐝𝑓⊤ ⋅ 𝜔𝐸

𝐹

Expanding the second term gives:

න
𝕋

𝐝𝑓 ⋅ 𝐝𝑓⊤ ⋅ 𝜔𝐸 = න
𝕋

𝐝 ෍

𝑖=1

3

𝐟𝑖 ⋅ 𝜓𝑖 ⋅ 𝐝 ෍

𝑗=1

3

𝐟𝑗 ⋅ 𝜓𝑗

⊤

⋅ 𝜔𝐸

 = න
𝕋

෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ 𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

 = ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Dirichlet Energy

The Dirichlet energy is defined as:
𝐸𝐷 𝑓  = ⟨𝑑𝑓, 𝑑𝑓⟩ 𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, න
𝕋

𝐝𝑓 ⋅ 𝐝𝑓⊤ ⋅ 𝜔𝐸

𝐹

Expanding the second term gives:

න
𝕋

𝐝𝑓 ⋅ 𝐝𝑓⊤ ⋅ 𝜔𝐸 = ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

Setting 𝐝𝑖𝑗 ∈ ℝ2×2 to be the integrated outer-product of derivatives:
𝐝𝑖𝑗 = න

𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

⇓

𝐸𝐷 𝑓  = det 𝐠𝜏 ⋅ 𝐠𝜏
−1, ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ 𝐝𝑖𝑗

𝐹

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Dirichlet Energy

𝐝𝑖𝑗 = න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

With respect to 𝐝𝑖𝑗 ∈ ℝ2×2, the Dirichlet energy becomes:

𝐸𝐷 𝑓  = det 𝐠𝜏 ⋅ 𝐠𝜏
−1, ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ 𝐝𝑖𝑗

𝐹

 = ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ det 𝐠𝜏 ⋅ 𝐠𝜏
−1, 𝐝𝑖𝑗

𝐹
 

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Dirichlet Energy

𝐝𝑖𝑗 = න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

With respect to 𝐝𝑖𝑗 ∈ ℝ2×2, the Dirichlet energy becomes:

𝐸𝐷 𝑓  = ෍

𝑖,𝑗=1

3

𝐟𝑖 ⋅ 𝐟𝑗 ⋅ det 𝐠𝜏 ⋅ 𝐠𝜏
−1, 𝐝𝑖𝑗

𝐹
 

Setting 𝐬𝜏 ∈ ℝ3×3 to be the stiffness matrix:
𝐬𝑖𝑗

𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏
−1, 𝐝𝑖𝑗

𝐹
⇓

𝐸𝐷 𝑓  = 𝐟⊤ ⋅ 𝐬𝜏 ⋅ 𝐟

𝑓 𝑥1, 𝑥2 = 𝐟1 ⋅ 𝜓1 𝑥1, 𝑥2 + 𝐟2 ⋅ 𝜓2 𝑥1, 𝑥2 + 𝐟3 ⋅ 𝜓3 𝑥1, 𝑥2



The Hat Basis: Dirichlet Product

𝐸𝐷 𝑓  = 𝐟⊤ ⋅ 𝐬𝜏 ⋅ 𝐟

⇒ If we can integrate the product of the partial derivatives of the hat functions 
over the unit right triangle, computing the Dirichlet energy of functions 
expressed in the hat basis w.r.t. to the pull-back metric 𝑔𝜏 is not hard.

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐝𝑖𝑗 = න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

The matrices 𝐝𝑖𝑗  are independent of the inner-product 𝑔𝜏.



The Hat Basis: Dirichlet Product

𝐸𝐷 𝑓  = 𝐟⊤ ⋅ 𝐬𝜏 ⋅ 𝐟

⇒ If we can integrate the product of the partial derivatives of the hat functions 
over the unit right triangle, computing the Dirichlet energy of functions 
expressed in the hat basis w.r.t. to the pull-back metric 𝑔𝜏 is not hard.

The matrices 𝐝𝑖𝑗  are independent of the inner-product 𝑔𝜏.
⇓

Can be computed once in a pre-processing stop. 

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐝𝑖𝑗 = න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸



The Hat Basis: Dirichlet Product

Example:
𝐝23 = න

𝕋

𝐝𝜓2 ⋅ 𝐝𝜓3
⊤ ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

 = න
𝕋

1
0

⋅
0
1

⊤

⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

 = න
𝕋

1
0

⋅ 0 1 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

 = න
𝕋

0 0
0 1

⋅ 𝑑𝑥1 ∧ 𝑑𝑥2

=
0 0
0 1/2

 

You’ll need to work this out for the other pairs.

𝐝𝑖𝑗 = න
𝕋

𝐝𝜓𝑖 ⋅ 𝐝𝜓𝑗
⊤ ⋅ 𝜔𝐸

𝜓1 𝑥1, 𝑥2 = 1 − 𝑥1 − 𝑥1

𝜓2 𝑥1, 𝑥1 = 𝑥1 
𝜓3 𝑥1, 𝑥2 = 𝑥2 

න
𝕋

𝑥1
𝑚 ⋅ 𝑥2

𝑛 ⋅ 𝑑𝑥1 ∧ 𝑑𝑥2 =
𝑛! ⋅ 𝑚!

𝑚 + 𝑛 + 2 !



The Hat Basis

What components of the inner-product affect 
the mass and stiffness matrices?

𝐦𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝐸

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐠𝜏 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2

𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13



𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13

The Hat Basis

For the mass matrix:
det 𝐠𝜏 = 𝐯12

2 ⋅ 𝐯13
2 − 𝐯12, 𝐯13

2 

 = 𝐯12 ⋅ 𝐯13 ⋅ 1 −
𝐯12, 𝐯13

2

𝐯12
2 ⋅ 𝐯13

2

 = 𝐯12 ⋅ 𝐯13 ⋅ 1 −
𝐯12, 𝐯13

𝐯12 ⋅ 𝐯13

2

= 𝐯12 ⋅ 𝐯 ⋅ 1 − cos2 𝛼

= 𝐯12 ⋅ 𝐯13 ⋅ sin2 𝛼  
= 𝐯12 ⋅ 𝐯13 ⋅ sin 𝛼  
= 2 ⋅ 𝜏  

𝛼
𝐦𝑖𝑗

𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝐸

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐠𝜏 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2



𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13

The Hat Basis

For the mass matrix:
det 𝐠𝜏 = 2 ⋅ 𝜏

⇒ The mass matrix only “sees” area, not angles.
⇒ It is invariant under transformations of the triangle that preserve the area.
⇒ It is defined by the authalic structure of the geometry.

𝛼
𝐦𝑖𝑗

𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝐸

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐠𝜏 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2



𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13

The Hat Basis

For the stiffness matrix:
det 𝐠𝜏 ⋅ 𝐠𝜏

−1 = det 𝐠𝜏 ⋅
𝐯12

2 𝐯12, 𝐯13

𝐯12, 𝐯13 𝐯13
2

−1

 = det 𝐠𝜏 ⋅
1

det 𝐠𝜏

𝐯13
22

− 𝐯12, 𝐯13

− 𝐯12, 𝐯13 𝐯12

 =
1

det 𝐠𝜏

𝐯13
2 − 𝐯12, 𝐯13

− 𝐯12, 𝐯13 𝐯12
2

 =
1

𝐯12 ⋅ 𝐯13 ⋅ sin 𝛼

𝐯13
2 − 𝐯12, 𝐯13

− 𝐯12, 𝐯13 𝐯12
2

 =
1

sin 𝛼

𝐯13

𝐯12
−

𝐯12, 𝐯13

𝐯12 ⋅ 𝐯13

−
𝐯12, 𝐯13

𝐯12 ⋅ 𝐯13

𝐯12

𝐯13

 =
1

sin 𝛼

Τ𝐯13 𝐯12 − cos 𝛼

− cos 𝛼 Τ𝐯12 𝐯13

𝛼
𝐦𝑖𝑗

𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝐸

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐠𝜏 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2



𝐯1

𝐯2

𝐯3

𝜏
𝐯12

𝐯13

The Hat Basis

For the stiffness matrix:

det 𝐠𝜏 ⋅ 𝐠𝜏
−1 =

1

sin 𝛼

Τ𝐯13 𝐯12 − cos 𝛼

− cos 𝛼 Τ𝐯12 𝐯13

⇒ The stiffness matrix only “sees” angles, not areas.
⇒ It is invariant under similarity transformations.
⇒ It is defined by the conformal structure of the geometry.

𝛼
𝐦𝑖𝑗

𝜏 = det 𝐠𝜏 ⋅ ⟨⟨𝜓𝑖 , 𝜓𝑗⟩⟩𝐸

𝐬𝑖𝑗
𝜏 = det 𝐠𝜏 ⋅ 𝐠𝜏

−1, 𝐝𝑖𝑗

𝐹

𝐠𝜏 =
𝐯12

2 ⟨𝐯12, 𝐯13⟩

⟨𝐯13, 𝐯12⟩ 𝐯13
2



Algebraic Interpretation

The linear scalar field basis defines a 3-dimensional space of functions:
𝑉 = Span 𝜓1, 𝜓2, 𝜓3

Mass matrix:
Letting 𝑚𝜏 be the symmetric, positive-definite bilinear map:

𝑚𝜏: 𝑉 × 𝑉 → ℝ 
𝑓, ℎ ↦ ⟨𝑓, ℎ⟩ 𝜏

this makes 𝑉 into an inner-product space {𝑉, 𝑚𝜏: 𝑉 → 𝑉∗}.

⇒ The mass matrix 𝐦𝜏 ∈ ℝ3×3 gives the expression for the map 𝑚𝜏: 𝑉 → 𝑉∗ 
w.r.t. the bases 𝜓1, 𝜓2, 𝜓3  and 𝜓1

∗, 𝜓2
∗ , 𝜓3

∗ .



Algebraic Interpretation

The linear scalar field basis defines a 3-dimensional space of functions:
𝑉 = Span 𝜓1, 𝜓2, 𝜓3

Stiffness matrix:
Similarly, we have a symmetric, positive semi-definite bilinear map:

𝑠𝜏: 𝑉 × 𝑉 → ℝ 
𝑓, ℎ ↦ ⟨𝑑𝑓, 𝑑ℎ⟩ 𝜏

⇒ The stiffness matrix 𝐬𝜏 ∈ ℝ3×3 gives the expression for the map 𝑠𝜏: 𝑉 → 𝑉∗ 
w.r.t. the bases 𝜓1, 𝜓2, 𝜓3  and 𝜓1

∗, 𝜓2
∗ , 𝜓3

∗ .



Caution

We are now working with two types of inner-product spaces.
{𝑇𝐩𝕋, 𝑔𝐩: 𝑇𝐩𝕋 → 𝑇𝐩

∗𝕋}:
The space of tangent vectors at the point 𝐩 ∈ 𝕋, with inner-product 𝑔𝐩 
defined by pulling back the Euclidean inner-product using the 
differential of the parametrization Φ𝜏: 𝕋 → 𝜏.

{𝑉, 𝑀: 𝑉 → 𝑉∗}:
The space of piecewise-linear functions on the triangle, with inner-
product 𝑀 defined by integrating functions over the triangle.
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