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Pull-Backs

Given sets A, B, and C, if we have functions ®:A - Band¥: B — C,
we can pull back functions from B to A using ®* and we can pull-
back functions from C to B using W*.

Claim:
The pull-back of the composition is the composition of the pull-backs, in

reversed order:
(Wod)" =P o P*



D Y

A B——C

Pull-Backs

Given sets A, B, and C, if we have functions ®:A - Band¥:B — C,

we can pull back functions from B to 4 using ®* and we can pull-
back functions from C to B using W*.

Proof:
Given a function f on C and given a € A:

[(¥ o @) f1(a) = f((¥ o P)(a))
= f(¥(®(@)

W (H1(P(a))
@ (Y ()] (@
(@* o ¥ (N](a)




Permutations

We denote by §,, the group of permutations on n elements —
Invertible maps:
o:{1,..n} - {1, ..n}

We denote a permutation o € §,, as areordering of the set {1, ... n}:

0O — (il:---'in)
withl <i; <nandi; # i.

This describes the order of the elements after permutation, so that:
o:{1,..,n} > {1, ..,n}
P



Permutations

We denote by §,, the group of permutations on n elements —
Invertible maps:
o:{1,..n} - {1, ..n}

An inversion in g € S, is a pair of indices (j, k), with1 < j < k < n, for
which the associated values of the permutation are out of order:

o(j) > o(k)

The sign of a permutation g € S,,, denoted sign(o), is +1 if the number of
inversions is even and —1 ifitis odd.

The sign of the identity permutation is +1.



Permutations

We denote by §,, the group of permutations on n elements —
Invertible maps:
o:{1,..n} - {1, ..n}

We denote by 7, € 5, (with1 < j # k < n) the transposition that swaps the
j-th and k-th elements.



Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Proof:

We can partition the elements as:
G =N I TP VTS 0 DI pRn My

Note that transposing i{; and i, can only introduce/remove inversions
between pairs of indices if (at least) one of the indices is either i; or .



Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Proof:

We can partition the elements as:

(i, o G By G4t voor Tem1) Bk Lt 1 ooer i)

(i1, i1}

An element in this range is inverted w.r.t. i; (resp. i) before the transposition if and only if it
will be inverted w.r.t. i; (resp. ii) after the transposition.

= Transposing i; and i; won’t change the number of inversions contributed from this range.
= This will not affect the parity.



Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Proof:

We can partition the elements as:

(i) Gty By fjts woos ket Bl bt 1 o0 )
{ik+1J L in}:

An element in this range is inverted w.r.t. i; (resp. i) before the transposition if and only if it
will be inverted w.r.t. i; (resp. ii) after the transposition.

= Transposing i; and i; won’t change the number of inversions contributed from this range.
= This will not affect the parity.



Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Proof:

We can partition the elements as:

(s oo Gm1 Bili 41y voor Ue—) Bk Lt 1s oer i)
{ij+1; ---;ik—1}:

An element in this range is inverted w.r.t. i; (resp. i) before the transposition if and only if it
will be not be inverted w.r.t. i; (resp. i) after the transposition.

= The change in the number of inversions contributed from this range will be even.
= This will not affect the parity.




Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Proof:

We can partition the elements as:

(it oo 51y G 1y oo Tty B Eie1s oo )
{i', ik}:

These elements are inverted before the transposition if and only if they will be not be
inverted after the transposition.

= The transposition changes the number of inversions by one.
= This will change the parity.



Permutations

Claim:
Given any permutation o € 5, and a transposition
sign(rjk 0 a) = —sign(o)
Corollary:

Since the sign of the identity is +1, and since we can decompose any
permutation as the composition of transpositions:
O =Tiyjy " ° Vigjy
= The sign of a permutation is defined by the parity of the count of
constituent transpositions™:

sign(o) = (=1)%

“Though the decomposition into transpositions is not unique, the parity is.



Permutations

Claim:

The sign of a permutation is defined by the parity of the count of
constituent transpositions:
0= Tiyjy 27" ° Vigjy

sign(o) = (—1)¥
Corollary:

For o4, 0, € §,, with decompositions:
01 = Tiyj, © Ty ANd 03 = Ty, © 0 Ty
we have:

01°02 = Tiyjy © % Vi © Tmyny © 777 ° Tmymy

sign(oy © o) = (—1)** = (=1)* - (-1)" = sign(oy) - sign(o,)



Permutations

Claim:

The sign of the composition of transpositions is the product of their signs:
sign(o;y © g;) = sign(oy) - sign(o,)

Corollary:
Since the sign of the identity is +1, for o € §,, we have:
1 =sign(c oo™ 1)
= sign(o) - sign(c™1)
U
gn(e™!) = —
n —
SIBMO sign(o)
= sign(o)




Determinant

Given a square matrix M € R™*", the determinant of the matrix is
the signed sum of permuted products:

n
det(M) = z sign(o) - 1_[ Mi,a(i)
i=1

OESH
Determinant:
det <0
forie[1,n]
det « det + (—=1)'*1 . M,; -Determinant( Sub(M ,0,i))
return det

With Sub( L , i, j ) returning the sub-matrix
obtained by removing the i-th row and j-th column.




Determinant: Example

n
det(M) = z Sign(a) ' 1_[ Mi,a(i)
i=1

OESH

Example:
In the case of a 2 X 2 matrix:

M, M12)
M = (
M,; M,,

the group of permutationsis:
52 = {(1112), (2,1)}

det(M) = My; - My, — My, - My,
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Bases and Endomorphisms =

Claim:

Given vectors spaces IV and W, an invertible linear L € Hom(V, W), and a
basis {vq, ..., v, } forV, the set {L(v,), ..., L(v,,)} € W is a basis for W.

Proof:

If {L(vy), ..., L(v,)} are linearly dependent, there existay, ..., a,, € R with at
least one a; # 0 such that:
a;-L(vy)+--+a, L(vy) =0
Applying L1 to both sides gives:
a; vy +--+a, v, =0
contradicting the linear independence of {v, ..., v, }.



V——— W

Bases and Endomorphisms L
R —— W*

T
Claim:

Given vectors spaces IV and W, an invertible linear L € Hom(V, W), and a
basis {vq, ..., v, } forV, the set {L(v,), ..., L(v,,)} € W is a basis for W.

Claim:
The set {L™*(v{), ..., L™ "(v,;)} € W* is the dual basis for {L(v;), ..., L(v,,) }.

Proof:
Consider how the i-th dual basis vector acts on the j-th primal vector:

L7 @I (L)) = vi (17 (L))

= v (v))
=5
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Volume Forms

Recall:

Given a vector space V,we saythatamap B:V XV — Ris bilinearifitis
linear in each entry:
B(a-u,+p -uy,v)=a-B(uy,v)+ B B(u,v)
Blu,a-vi+p-vy,) =a-Bluvy) +p:-B(u,v,)

The space of bilinear maps is a vector space.

Amap M: V"™ - Ris multi-linear if it is linear in each entry.
The space of multi-linear maps is a vector space denoted @™V *.

M € @"V* is alternating if swapping two arguments negates the output.
The space of alternating multi-linear maps is a vector space denoted A"V*.



Volume Forms I

Recall:

Given vector spaces V and W, a multi-linearmap M € * W™, and a linear
map L € Hom(V, W), we can pull-back M to a map:

L'"(M): V" > R

(Vy) ery V) P M(L(vl), ...,L(vn))



V=W,
Volume Forms L

v L w -
Claim:

The pull-back of a multi-linear map, M € Q* W™ is also multi-linear,
L"(M) e V™.

Proof:
IL"(M)](a-vy+ B -w,v,,...,0,) = M(L(a v+ - w),L(vy), ...,L(vn))

= M(a- L(wy) + B - L(w), L(vy), .., L(v,))
= @ M(L(wy), L(8), - L(v0) + B - M(LW), L(v,), .., L(1)
=a-|L"(M)](vy, vy, ...,vn) + B - [L*(M)](w, vy, ..., v,)

A similar argument shows that this is true for any index.



Volume Forms I

Claim:

The pull-back of an alternating multi-linear map, M € A" W"*, is also an
alternating multi-linear map, L*(M) € A"V"*.

Proof:
[L*(M)] (v, Vo, V3, ..., ) = M(L(v4), L(v), L(V3), ..., L(vy))

= —M(L(v,), L(v1), L(v3), ..., L(v,))
= —[L*(M)](vy, vy, V3, ..., Uy)

A similar argument shows that this is true for any pair of indices.



Volume Forms L
v L w -
Recall:

The pull-back is a linear map between functions spaces.

— As a map from (alternating) multi-linear maps on W to (alternating) multi-
linear maps on V the pull-back is a linear map:
L* € Hom(Q™* W*, Q" V*)
L* € Hom(A" W*A" V™)



Volume Forms

Goal:

Given an n-dimensional vector space V', we would like to consider maps

that takes n vectors in I/ and returns the signed volume of the associated
arallelepiped:

" PP w:V* > R @(v1,v2)

[%7)

We begin by identifying the properties
such a map should satisfy.



Volume Forms

Property 1:
Negating an argument should negate the signed volume:
W(—Vq, Vg, e, Uy) = —W(Vq, Uy, ..., V)




Volume Forms

Property 2.

For any positive integer k € N, we have:
w(k - vy,v,, ..,0) =k w(vy,v,,...,0)




Volume Forms

Property 2.
For any positive integer k € N, we have:
Wk v,V9,..,0,) =k -wWy,vy,..,0,)
= For any positive integer k € N, we have:

V4 1
W (?»Uzi ...,vn) =z W(V1, Vg, oery Up)

= For any rational number g € Q:
W(q vy, V9,0, V) =q- w(Vq, 0y, ..., 0y)
= By continuity, forany a € R:
a-w(q-vy,vy,.,0) =a-wy,Vy,..,Vy)




Volume Forms

Property 3:

For any vector v € V we have:
W(Vq, Uy, ., V) + (0, Vy, ..., V) w(v,v,)




Volume Forms

Property 3:

For any vector v € V we have:
W(Vq, Uy, ., V) + (0, Vy, ..., V)
w(vll UZ) + (l)(v, UZ)




Volume Forms

Property 3:

For any vector v € V we have:
W(Vq, Uy, ., V) + (0, Vy, ..., V)
w(vll UZ) + (l)(v, UZ)




Volume Forms

Property 3:

For any vector v € V we have:
WV, Uy, o, V) + 0V, V5, ..., v,) = wW(V] + VU, V9, ..., Up)

w(v, +v,v,)




Volume Forms

Property 1-3:
Forany a € R and anyvectorv € V, we should have:
WAV, Vg, 0, Uy) =a - w(Vq,V5,...,0y)
Wy + 1,0y, ..,0,) = 0wV, Vy,...,0,) + 0(V,V,, ..., V)

= Since this is true for all arguments, the map w should be multi-linear:
w ERTV*



Volume Forms

Additionally:

If forany 1 < i # j < nthei-th and j-th arguments are the same, we get a
degenerate parallelepiped and the volume should be zero.

Using multi-linearity, this gives:
0 =w(w; +v,,v;+ vy V3 ..,0,)

1, Un,
+(1)(v1,v2,v3, ...,Un)
+(1)(v2,v1,v3, ...,Unl
+ W20 ¥r¥3, Uy )
= w(vq,Vy, V3, ., V) + 0(Vy, V1, V3, ..., Up)

U

W(Vq, Vg, V3, oo, Up) = —w(Vy, V1, V3, woe, Uy)




Volume Forms

Additionally:

If forany 1 < i # j < nthei-th and j-th arguments are the same, we get a
degenerate parallelepiped and the volume should be zero.

= Swapping the first two arguments should negate the volume:
W(Vq, Vg, V3, o, Up) = —w(Vy,Vq, V3, wory Up)

= Since this is true for any pair of indices, the map w should be alternating:
w ENTVT



Volume Forms

Definition:
For an n-dimensional vector space V, we say that an alternating, multi-
linear map on n arguments, w EA™ V*, is a volume form.

Claim:
The vector space of volume forms is one-dimensional.

Equivalently:

If we know the value of the volume form on one n-tuple of (linearly
independent) vectors, we know its value on all n-tuples.



Volume Forms

Claim:

If we know the value of the volume form on one n-tuple of (linearly
iIndependent) vectors, we know its value on all n-tuples.

“Proof”:

If we know the volume of some parallelepiped {v;, ..., v, }, we can define the
value for any other parallelepiped {wy, ..., w, } by scaling and tiling.




Determinants S L,

Recall:

For any endomorphism L € Hom(V, V), the pull-back L* is an
endomorphism, L* € Hom(A"V*, A" V™).

Since the space of volume forms is one-dimensional, for any

endomorphism L € Hom(V, V) there exists 1; € R such that:
L'(w) =1, w

for all volume forms w.

Definition:
For an endomorphism L € Hom(V,V), the determinant of L, denoted

det(L), is the scalar satisfying:
L"(w) = det(L) - w



Determinants s L,

Given a vector space V, a volume form w, and an endomorphism
L € Hom(V,V), we have:
det(l‘) ) w(v1) e vn) — [L*(w)](vl) e Un)
= w(L(vy), ..., L(vy))
2
a)(L(vl), ) L(vn))

W (v, ..., Vp)

det(L) =

= The determinant of an endomorphism L is the change in volume
that a parallelepiped goes through after being transformed by L.



Determinants s L,

Given a vector space V, a volume form w, and an endomorphism
L € Hom(V,V), we have:

The determinant does not define the volume of a parallelepiped.
It only defines the change relative to an existing measure of volume.

a)(LEvl), ey L(Vn))
w(vq, ..., V)

det(L) =

= The determinant of an endomorphism L is the change in volume
that a parallelepiped goes through after being transformed by L.



Determinants: Properties

Linear dependence:

Given vectors {vy, ..., v, } that are linearly dependent, any volume form will
evaluate to zero on {v4, ..., v, }.

Proof:

Without loss of generality, assume:
Upn=4ay UV +-+ap_q Vp

Then for any volume form w: V™ — R we have:
W(V1, ey Vnoq, Vp) = CU(UL Un—-1,a1 ."‘ +an_1 Vp_q)

—a1 a) o Up 1 ) + -+ a,_4 a)(vl,...



Determinants: Properties

Linear independence:

Given vectors {vy, ..., v, } that are linearly independent, if a volume form
evaluates to zero on {vy, ..., U, } then it evaluates to zero on every n-tuple.

Proof:

Assume that w € A" V" evaluates to zero on {vy, ..., v, } but there is some
other set of vectors {wy, ..., w,, } with:

W(Wy, .., Wy) # 0
Let L € Hom(V, V) be an endomorphism taking v; to w;:

0+ wlwy,..,w,)

= a)(L(vl), ...,L(vn))
[L* ((1))] (vl' ) vn)
det(L) : w(vy, ..., V)



Determinants: Properties L

Singular endomorphisms:
If L € Hom(V, V) is notinvertible, the determinant is zero.

Proof:
Let {vy, ..., v,,} be abasisand w € A" V* be some non-zero volume form.

Since L is not invertible, the set {L(v,), ..., L(v,,)} is linearly dependent.
0= a)(L(vl), ...,L(vn))

= [L*(w)](vy, -, vp)
= det(L) - w(vq, ..., vy)

Since {v4, ..., v, } is linearly independent, w(v4, ...,v,) # 0
= det(L) =0



Determinants: Properties

Properties:

The determinant of the identity is one:

det(ldv) —

w(1dy (v1), ..., 1dy (1))




Determinants: Properties A
v —L .,y
Properties:

ForL,M € Hom(V,V), the determinant of the composition is the product of
the determinants:
det(L o M) = det(L) - det(M)

Proof:

Foranyw € A" V™ we have:
det(LoM)-w = (LoM)(w)
=(M"oL")(w)
= M*(L*(w))
= det(M) - L*(w)
= det(M) - det(L) - w



v 2w
Determinants: Properties MteLom| L
Ve——Ww

Properties:

Given vector spaces V and W, an invertible linear map M € Hom(V, W),
and an endomorphism L € Hom(V, V), we can define an endomorphism:
M toLoM:V >V

The determinant of this endomorphism satisfies:
det(M™ 1o L o M) = det(L)

Note:

We cannot simply use the fact the determinant of the composition is the
composition of determinants because M is not an endomorphism.



w
L
/4

M
V ——
Determinants: Properties MteLomM|
V —

Proof:

Let wy, be avolume formon W, let wy = M*(wy, ) be its pull-back to V, and
let {v4, ..., v, } be a basis for V.

Expanding, we get:

det(M™t o Lo M)  wy(vy,...,vp) = [(M~ 1o Lo M) (wy)](vy, ..., V)

M (L (M (@) | @1, - v0)
M* (L (M “(M*(wy)) )] (W1, s )

M*(L* ()| (w1, e, )

L (ww)](M(vq), ..., M(vy,))
det(L) - wy (M (y), ., M(v,))
= det(L) ) [M*(wW)](vlJ e Un)
= det(L) - wy(vq, ..., vy)




Determinants: Properties

Properties:

Given vector spaces V and W, an invertible linear map M € Hom(V, W),
and an endomorphism L € Hom(V, V), we can define an endomorphism:
M toLoM:V >V

The determinant of this endomorphism satisfies:
det(M™ 1o L o M) = det(L)

Corollary:

Given vector spaces V and W, an invertible linear map M € Hom(W, V),
and a linear map L € Hom(V, W):
det(tMoL) =det(M™ 1 oMo Lo M)
= det(L o M)



Determinants: Properties S L
v L.y -
Properties:

If L € Hom(V, V) isinvertible, the determinant of the inverse is the
reciprocal of the determinant:

det(L™1) =

det(L)

Proof:
1 — det(ldv)
= det(L o L71)
= det(L) - det(L™1)
[

det(L™1) =

det(L)



Volume Forms

Claim:

Given a vector space V and vectors {wy, ...,w,;} € V', the map:
wi A Awp: V= R

(01,1 v0) = ) sign(o) ]_[w (Vo)

OESK
isavolume formonV.

Proof:
Cumbersome, but straightforward.



Volume Forms

Note:
n n
D sign(@) | [wiwow = ) sign(™ | [wi o)
OES} =1 OES} n =1
= Z sign(o) l w; (Vg-1(1))
OES}K iﬁf
= Z sign(o) - HW;(i)(Vi)
OESK =1

It doesn’t matter if we apply o to the index of w; or v;.




Volume Forms

Note:

Given a vector space V with basis {v4, ..., v, }, let {v], ..., v, } be the dual
basis, we have:

n
[V A+ AU g, ) = ) sign(@) - | [ v (vo00)
=1

OESH
For any permutation o € §,, that is not the identity, there must be some
index i € {1, ...,n} such that:
o(i) #1i

= The product vanishes for all o that are not the identi;cly.
Wi A - Aw,](vq, ..., vy,) = sign(ld) - Hv{k(vi)
i=1
=1



Volume Forms

Note:

Given a vector space V with basis {vy, ..., v,,} and an endomorphism
L € Hom(V,V), let {v], ..., v} be the dual basis, we have:

det(L) - [wi A Aw,](vq, ..., v) = |[L*(W] A Awp) (v, ..., V)
= [wi A AWRI(L(vY), o, L(2)

— Z sign(o) - r V; (L(va(l)))

OESH

— Z sign(o) - r L; o (1)

OES
= deteL) (Wi A - /\Wn](vl,... Vy,)




Volume Forms

Claim:

If L € Hom(V,V) is an endomorphism, we have:
(Wi A AWSEI(L(WL), e, L)) = [LF WD) A -+ A L (W3] (0, o, V)

Proof:

(Wi A= Awp](L(v1), ..o, L(vy)) = z sign(o) - HWZ‘ (L(vow))

OESK

= 2 sign(o) - 1_[ L*w)1Wem)

OES}

= L (W1) A% /\L (Wn)](v1 Vp)



Volume Forms

Claim:

If L € Hom(V,V) is an endomorphism, we have:
(Wi A AWSEI(L(WL), e, L)) = [LF WD) A -+ A L (W3] (0, o, V)

Corollary:

If L € Hom(V, V) is an endomorphism, we have:
L"(W{ A--Awp) =L"(W{) A AL (W)

Proof:
For any {v4, ..., v,} € V we have:
IL*"(W{ A Awp) (Vg o, 1) = [W{ A A W;;](L(Ul), ...,L(vn))
— [L*(Wf) ARSANA L*(W;;)](vl' XL Un)



Volume Forms

Claim:
Under the association V = V**, for any basis {v4, ..., v, } for V and any (not

necessarily dual) basis {wy, ..., w, } for V™ we have:
Wi A Awp|(vq, ..., v) = [V A Aoy (Wy, ..., W)

Proof:
n
Wi A AW v0) = ) sign(@) - | | wi(vocw)

OESK i=1

= sign(@ - | [vom)

1

~ITH

=~

OESK l

= z sign(o) - vi(W;(i))
OES|L JiL*=J1L §
= [vy A Av, ] (Wg, ..., Wy)




Volume Forms

Properties:

For L € Hom(V,V):
det(L) = det(L")



Volume Forms

Proof:
Let {v,, ..., v, } be a basis for V/, let {wy, ..., w;;} and let be a basis for V",

Under the association V = V** we can define the volume form on V™:
[V A Av,] EAT V™

Pulling back via the dual L* and evaluating on {wy, ..., w, } gives:

det(L*) - [vy A= Avy|(wy, ...,wy) = L (v A Avy) | (wyg, ..., w;)
L7 (01) A AL ()] (g, ..., wp)
L(vy) A AL(wp)](wy, ..., wy)
Wi A AWl L(V), ., L(V)
L*(Wik ARNYA W;’:)](Ul) ey Un)
det(L) - [wi A Aw, (v, ..., V)
= det(L) : [v; A A vy |(wWg, ..., w;;)




Determinants By | | Bu

Recall:
Given inner-product spaces {V,By:V —» V*}and {W, By,: W — W}, a linear
map L € Hom(V, W) is orthogonal if the inner-product on V is the pull-back

of the inner-product on W (as a bilinear form):
BV = L* o BW o L

= Taking V = W, if we have two inner-products B{,B,:V = V*, an
endomorphism L € Hom(V, V) will be orthogonal if:
Bl = L* o Bz o L

Q: What can we say about the determinant of L?



Determinants B | | B,

Claim:

Given a vector space I/ with two inner-product, By, B,: V — V, if an
endomorphism L:{V,B;} — {V, B,}is orthogonal, then:

det(L) = + \/ det(B,; ! o B;)




Determinants B|  |B
k L *
V*e—V
Proof:
Since L is orthogonal, we have:
Bl = L* o BZ o L
This gives:

1 = det(B; o B{1)
= det(L* o B, o Lo B{1)
= det(L*) - det(B, o L o B1)
= det(L) - det(L o B{! o B,)
= det(L) - det(L) - det(B; ! o B,)
[det(L)]?

B det(Bz_l o Bl)
U

det(L) = i\/det(Bz‘1 oB;)



Determinants

Definition:
Given an inner-product space, {V,B:V - V*}, let{v,, ..., v, } be a
B-orthogonal basis. We say that a volume form w € A" V* is a unit volume

form if:
w(vy,...,v,) = 1

Claim:

If w is a unit volume form w.r.t. one B-orthogonal basis, it is a unit volume
form for all B-orthogonal bases.



Determinants

Proof:
Let {wy, ..., w, } be some other B-orthogonal basis.

= There exists an orthogonal transformation L € Hom(V, V) such that:
L(vy) = w;

Applying w to this basis gives:

W(Wq, ..., Wy) = a)(L(vl), ...,L(vn))
= [L*(w)](v1, .., V)
= det(L) : w(vy, ..., vy)
= +./det(B~1 o B)
= +1




Determinants

Claim:

Given a vector space V with two inner-products, By, B,:V = V™", two unit
volume forms w{, w, € A" V* are related by:

Wy, = i\/det(B_{1 oB,) - wq




Determinants

Proof:
Choose L:{V,B,} — {V, B;} to be an orthogonal transformation.
Since w, is a unit-volume form, for any B,-orthogonal basis {vy, ..., v, }:
+1 = w,(vq, ..., 1)
Since {L(v;), ..., L(v,)} is B;-orthogonal:

+1 = w.(L(vy), ..., L(v))
= det(L) - w;(vq, ..., vy)

U
Wy (Vq, .., vy) = £ dUet(L) w1 (Vq, vr, V)
w, = tdet(L) - wq
U

CUZ = i\/det(Bl_l o Bz) . 0)1
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