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Recall

We denote by R the set of real numbers.

We denote by R" the n-dim. column vectors (of real numbers):

We denote by R™*™ the (m X n)-dim. matrices (of real numbers)

Ran — <

>

]:Rn

4

\

([ M,

\ Mml

( ;

a4

dn

|

aiEIR}

Min

an

) .
M, € R;
J

*First index is row, second is column




Recall

Fora € R"™ we denote the i-th coefficient as a;.
For M € R™*" we denote the (i, j)-th coefficient as M;;.

For matrix M € R™*™ we denote by M"T € R™™ ™ the transpose of M:
M;; = M,



Recall

Fora € R"and M € R™*" the productb = M - ais the
m-dimensional column vector with:

n
bi = z Ml] . aj
j=1

For M € R™and N € R™*" the productL = M - N is the
(I X n)-dimensional matrix with:

m
L;j = z M - Ng;
k=1



Recall

Given sets S and D, we denote by S? the set of D-valued functions
onS.
Given sets 5; and S,, let ®:5; —» S, be some function from §; to S,.




Recall

Given sets S and D, we denote by S? the set of D-valued functions
onsS.

Given sets §; and $,, let ®:5; — 5, be some function from §; to 5,.

The pull-back, ®*, is a map taking functions S, — D to functions
S1 — D, defined by composition:
o*: 5P - SP
frofod
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Recall

Given sets S and D, we denote by S? the set of D-valued functions
onsS.

Given sets 5; and S,, let ®:5; —» S, be some function from §; to S,.

The pull-back, ®*, is a map taking functions S, — D to functions
S1 = D, defined by composition:
o*: 5P - SP
frofod




Recall /X K

Given sets S and D, we denote by S? the set of D-valued functions
onsS.
Given sets §; and $,, let ®:5; — 5, be some function from §; to 5,.

The pull-back, ®*, is a map taking functions S, — D to functions
S1 — D, defined by compaosition:
[CID*:SE - S7 J
frofod

This is standard notation for functions.




Recall /X K

Given sets S and D, we denote by S? the set of D-valued functions
onsS.
Given sets §; and $,, let ®:5; — 5, be some function from §; to 5,.

The pull-back, ®*, is a map taking functions S, — D to functions
S1 — D, defined by composition:
X 53 - Sﬁ]
frfod

The first line describes the domain/range of the function.




Recall /X K

Given sets S and D, we denote by S? the set of D-valued functions
onsS.
Given sets §; and $,, let ®:5; — 5, be some function from §; to 5,.

The pull-back, ®*, is a map taking functions S, — D to functions
S1 — D, defined by composition:
o*: P > SP
[?' - f od

The second line describes what the function does to its input.
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Vector Spaces

A (real) vector space I/ is a set with:
An addition operator “+”,
= Adding two vectors gives a vector
A scaling operator “-”
= Scaling a vector by a real number gives a vector



Vector Spaces

A subspace W c IV is a subset of V which is also a vector space.



Vector Spaces (Examples)

Vector Spaces:
The set V = {0}
The real numbers
The space of n-dimensional column vectors
The space of (m X n)-dimensional matrices
The space of bounded-degree polynomials
The space of real-valued functions on a set
(@-f+B-g)x)=a-f(x)+B-g(x)

The space of vector-valued functions on a set



Linear Maps

Given vector spaces V and W
We say thatamap L:V — W is linear if for all vectors v{, v, € V and all
a,f € R:
La-vi+B-v) =a-L(v)) + - L(vy)

We call a linear map from a vector space into itself, L: IV = V, an
endomorphism.



Linear Maps

Given vector spaces V and W
We denote the set of linear maps by Hom(V, W).

If L, M € Hom(V,W) and a, f € R then the map:
a-L+p-M:V->W
vea-Lw)+L-M)
Is also a linear map.
= Hom(V, W) is a vector space.

*Short for homomorphism



Linear Maps

Given vector spaces U, V,and W:

If we have linear maps L € Hom(U,V) and M € Hom(V, W), the
composition M o L is also a linear map.

=> Mo L € Hom(U,W)



Linear Maps (Example 1)

Given vector spaces U, V, and W, and given L € Hom(U, V):
The pull-back:
L*:Hom(V,W) - Hom(U, W)
M- Mol

Is a linear map between vector spaces:
(a - M+ -N)oL=a-(MoL)+f-(NolL)
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Linear Maps (Example 2) N |

Given sets 5; and S,, and a vector space W'
Recall that the set of W-valued functions S}¥ and SJ¥ are vector spaces.

For any function ®: §; — §,, the pull-back:
o*: SV - SV
f - f od

is a linear map.




Linear Maps (Example 3)

If V is the space of bounded-degree polynomials, the operator
taking the k-th derivative is a linear operator.

If P(s) and Q(s) are polynomials:

d (@ P+ ) = dP N dQ
ds ¢ B-Q)=a ds B ds
d? (@-P+ ) = d?p N d?Q
ds? ¢ B-Q)=a ds? B ds?

Note that integration is also a linear map on the space of finite-degree polynomials.

But it raises the degree of the polynomial.
So it’s not a linear map on the space polynomials whose degree is bounded by a constant.




Vector Space Bases

The span of vectors {v4, ..., v, }, denoted Span(vy, ..., v,), is the
subset of vectors in I/ that is the linear combinations of v4, ..., vy:

v € Span(vq,...,v,,) © v=a,-v{+--+a, v,
foralla; € R.

This it itself a subspace.

The vectors are linearly independent if, fora,, ...,a,, € R:
a; vy +--+a,-v,=0
istrueifandonlyifa; = 0foralll <i < n.



Vector Space Basis

We say that the set {v,, ..., v, } is a basis if for any non-zero vy, € V/,

the set {v,, v4, ..., 1, } is not linearly independent:
agvpt+a; vy +--+a, v, =0

witha; # 0 forsome 1l <1i < n.

)

a]_‘vl‘l‘"“l‘an'vn:_ao'vo

Note that a, # 0, otherwise v4, ..., v,, would be linearly dependent.
)
d1 dn
—— Py — e — — D, =V
a, 1 a, n 0

& vy € Span(vy, ..., vy,)



Vector Space Basis

If {vq, ..., v,} C Visabasis, we say that I/ has dimension n.
For a vector space IV, we denote its dimension as dim(V).

For vector spaces IV and W/, the dimension of the space of
homomorphisms from V to W is:

dim(Hom(V, W)) = dim(V) x dim(W)

Throughout the course, we will assume that
all vector spaces are finite-dimensional.




Vector Space Basis

Given a choice of basis {vy, ..., v, } for V, forany v € V, there exist
aq, .., a, € R" suchthat™
vV=a; v+ t+a, v,

We refertoa = (aq,'*,a,)' € R™ as the column vector
representation of v w.r.t. (with respect to) {vy, ..., v,}.

The coefficients are unique™.

A choice of a basis defines an identification of IV with R™,

“Otherwise the set {vy, ..., v, } is not a basis
“Otherwise the vectors v, ..., v, are linearly independent



Vector Space Basis :

Different bases can be used to represent
the same vector space.

Let I, be quadratic polynomials on [0,1]
P, = {a + bs + cs?|a,b,c € R}

0.5



Vector Space Basis :

Different bases can be used to represent
the same vector space.

Let I, be quadratic polynomials on [0,1]:

P, = {a + bs + cs?|a,b,c € R}
We could use the monomial basis.

v1=1
v2=S

— o2
V3 =S

v’ Easy to differentiate

v1(s) =1

x Hard to fit to known values at 0, 0.5, and 1




v,(s) = 4s — 4s?

Vector Space Basis :

Different bases can be used to represent '
the same vector space. "3;
g

Let I, be quadratic polynomials on [0,1]:
P, = {a + bs + cs?|a, b, c € R}
We could use the monomial basis.
Or we could use the Lagrange basis.
v, =1 — 3s + 2s°
v, = 4s — 4s°
V3 = —S + 25°

x Hard to differentiate 0.5
v’ Easy to fit to known values at 0, 0.5, and 1




Matrices

Given a linear map L:V — W and bases {v4, ..., v,,} € V and
{wy, ...,w,} c W:
For every Vj, with1 < j < n, we have L(vj) eW.
= We can express:
L(vj) =Ly -wy+ -+ Ly wy
with L;; € R.
We refer to L € R™*™ as the matrix representation of L w.r.t. {v, ..., v,,} and
{wy, ...,w,, }.



V w

Matrices

L(vj) =Lij-wi+ -+ Ly wy

Given a linear map L:V — W and bases {v4, ..., v,,} € V and
{wyg, ..., w, } Cc W:
Foravectorv € V, leta € R™ be the coefficients of v.

By linearity we have:

Llv)=a; L(vy) +--+a, L(v,)
=al'(L11'W1+"'+Lm1'Wm)+"'+an'(L1n'W1+°°'+Lmn'Wm)
= (al'L11+"'+an'L1n)'W1+"°+(31'Lm1+"°+an'l‘mn)'Wm
=by-wy+-b,-w,

withb =L - a.

= If a € R™ are the coefficients of v € V w.r.t. {vy, ..., v, }, then the
coefficients of L(v) w.rt. {wy, ..., w,}areb=L-a € R™

Similarly, composition of linear operators is consistent with matrix multiplication
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Dual Spaces

Recall that for vector spaces V and W, the space of linear maps
between V and W is denoted Hom(V, W) and has dimension:

dim(Hom(V, W)) = dim(V) x dim(W)

In the case that W = IR we call the space of linear maps the dual

space of V and denote it:
V* = Hom(V, R)

= The space has dimension dim(V*) = dim(V).



Dual Linear Maps

Recall:

If we have vector spaces U and V, and W, and linear maps L € Hom(U, V)
and M € Hom(V, W), then the composition M o L is also a linear map...

... and the pull-back:
L*:Hom(V,W) - Hom(U, W)
M- Mol
Is a linear map.



U

Dual Linear Maps & E

In the case that W = R: R

If we have vector spaces U and V, andW, and linear maps L € Hom(U, V)

and M e_Hewm~5W"), then the composition M o L is also a linear map...
Hom(V,R) = V*

... and the pull-back:
L:V* > U"
v > viol
Is a linear map.



L

Ug—YV

Dual Linear Maps

In the case that W = R: R

If we have vector spaces U and V, andW, and linear maps L € Hom(U, V)

and M e_Hewm~5W"), then the composition M o L is also a linear map...
Hom(V,R) = V*

... and the pull-back:
L:V* > U"
v > viol
Is a linear map.

We call the map L* € Hom(V*, U") the dual of L.



Ug—YV

Dual Linear Maps
U* L* v M* W

Given vector spaces U, V, and W, and linear maps L € Hom(U, V)
and M € Hom(V,W), forallu € U andw™ € W~, we have:

[(L o M) (wH)](w) = w*((L o M)(w))
= w*(L(M(w))
= (L'wW"))(M(w))
= (M (L'W")) @)
: ((M* o LY(W™)) ()

(LoM)* = M*oL*



Dual Basis

Given a vector space V with basis {v4, ..., v, }, we can define the
canonical dual basis {vg, ..., v} for V* with v;: V - R:
i {1 ifi=j



vi(v) =6y = {

1
0

ifi = j
ifi #j

Dual Basis

If we write out v € V in the basis {v4, ..., U, } :
V= ay Vyt- t+a, v,

then:
v;(v) = vf(al*- vy +--+a,- vn2
=a; - v; (vy) + - +a, - v;(v,)

=ai

= v;: V — Rreturns the i-th coefficient of v w.r.t. {v4, ..., v, }.



Dual Dual Basis

For a vector space I/, we can also define the dual of the dual space:
V** = Hom(V*, R)

Given avector v € V, we can think of it as a linear map from V™" to R:
v:V* >R
v - v (V)
= This defines an isomorphism V = V™",
= If {v,, ..., v, }is a basis for V then {v{", ..., v;*} = {vq, ..., 1, }
v (v) = v (vy) = 6

Note that v* € V" is not the dual vector of v € V, that phrasing doesn’t make sense.
It does make sense to say that {vj, ..., v, } is the dual basis of {v, ..., v, }.



. (1 ifi=
”i(”f):5if={o if i # j

Dual Basis

Given a vector space V with basis {v4, ..., v,}, forv € Vand v* € V",

we can write:
vV=a; v+ t+a, v,

v =b;-vi+:--+b, v,

forsomea,b € R".
= Evaluating v™ at v gives:

I
3
o



* (1 ifi=
”i(”f):5if={o if i # j

Dual Basis
Given a vector space V with basis {v4, ..., v,}, forv € Vand v* € V",
we can write:

vV=a; v+ t+a, v,

v =b;-vi+:--+b, v,

forsomea,b € R".
= Evaluating v™ at v gives:
n
j 'Vf)

v =) by (ijl

e 2]

W.r.t. a basis, evaluation is the same as a Euclidean dot-product.

b;,-a;=b"-a=a'-b
1

=



Dual Basis

Recall:

Given vector spaces V and W with bases {vy, ..., v,} and {wy, ..., w,,}, the
matrix expression L € R™*" for L with respect to this basis satisfies:

= The (i, j)-th coefficient of L satisfies:

Lij = w; (L(Vj))



Dual Basis

For the space of quadratic polynomials
on the unit interval, P,:

If we use the monomial basis:

v1=1
Uy, =S
Vg = 52

= The dual basis consists of functions
{vi:P; » R}
returning the i-th coefficient of the
polynomial.

v1(s) =1




v,(s) = 4s — 4s?

Dual Basis 1

For the space of quadratic polynomials '
on the unit interval, P,: "3;

If we use the monomial basis:
vy =1 — 3s + 2s°
v, = 45 — 4s°
V3 = —S + 25°

= The dual basis consists of functions
{vi:P; » R}
returning the value of the polynomial at 0,
0.5, and 1 (respectively).

0.5




L

V—m—mW

Matrix Transpose .

V* P R— W*

Given vector spaces VV and W, bases {vq, ..., v, } and {wq, ..., w,,, },
and a linearmap L € Hom(V, W):

= We can express L as a matrix L € R™*"
= We have dual bases {v;], ..., v, } and {w4, ..., wn,}
= We have dual dual bases {v{7, ..., v, }and {w{", ...,wn'}

To get the (i, j)-th coefficient of the matrix expression for
L* € Hom(W™, V") w.r.t. the bases, we evaluate:

Lij =v; (L*(Wj*))
= (L* (Wj*)) (v:)
= Lj;



V—m—mW

Matrix Transpose *
Pt el
Given vector spaces VV and W, bases {vq, ..., v, } and {wq, ..., w,,, },
and a linear map L € Hom(V, W):
= We can express L as a matrix L € R™*"
= We have dual bases {v;], ..., v, } and {w4, ..., wn,}
= We have dual dual bases {v{7, ..., v, }and {w{", ...,wn'}

To get the (i, j)-th coefficient of the matrix expression for
L* € Hom(W™, V") w.r.t. the bases, we evaluate:

Lij = v (L*(Wj*))
= The matrix expression for the dual is the transpose:
L=L"

7

= L;
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