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Overview

 What is a Spline?

« Specific Examples:
o Hermite Splines
o Cardinal Splines
o Uniform Cubic B-Splines

« Comparing Cardinal and Uniform Cubic B-Splines
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What Is a Spline in CG?
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A spline is a piecewise polynomial function whose
derivatives satisfy continuity constraints at curve
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Overview

« Specific Examples:
o Hermite Splines




* Interpolating piecewise cubic polynomial, each
specified by:
o Start/end positions
o Start/end tangents

* lteratively construct the curve between adjacent
end points that interpolate positions and tangents.
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* Interpolating piecewise cubic polynomial, each
specified by:
o Start/end positions
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* lteratively construct the curve between adjacent
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Specific Example: Hermite Splines #"
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o Sl
o

Given the polynomial:
P.(u)=a-u>+b-u*+c-u+d
we can write its derivative as:
P,(u)=3-a-u*+2-b-u+c

Using the matrix representations:

a
P.(w) = w3 u?® u 1)'(3) Pw=@-u? 2-u 1 0)’(
d

Qo T W

)




Po(w) = w3 u? u 1)

Q a T o

The values/derivatives at the end-points are:

d d
P =P(0)=(0 0 0 1)-(2) G =P(0)=(0 0 1 0)-(2)
d d
d
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Combinging into a single matrix expression:.
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Specific Example: Hermite Splines
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Using the fact that:
Po(w) =@ u? u 1) <E>
d

2 -2 1 1 pk\

-3 3

0 O

1 0 0 O th.q
M ermite boundary'info )

We get:

Po(u) = (w3 uw? u 1)

parameters




/ 2 -2 1 1 Pk

-3 3 -2 -1 Pr+1

P.(w) =] @3 u? u 1) 0 0 1 0 £,
\ 1 0 0 0 Ty

Pre-multiplying to get blending functions:
Pr(w) = Hy(uw) - py + Hy(W) - Pry1 + Ho(w) - £ + Hy(w)

with:
o Hy(u) =2u® —3u?+1
o Hi(u) = —2u3 + 3u?
o Hy(u) =u—-2u*+u
o Hy(u) = u’ — u?




Pre-multiplying to get blending functions:
o Hy(w) =2u3 —3u?+1)
o Hy(u) = —2u3 + 3u?
o Hy(u) =ud —2u®+u
o Hay(u) = u3 —u?

1& Y H,(u 11 H,(u) 1y Hj(u)

1 1 1| ——1

> Blending Functions

_ Po(w) = Hy(w) - pr + Hy(w) - Pyq + Ho(w) - & + Ha(w) - teqq D
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Specific Example: Hermite Splines

* Interpolating piecewise cubic polynomial, each
specified by:
o Start/end positions
o Start/end tangents

* lteratively construct the curve between adjacent
end points that interpolate positions and tangents.
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Overview

« Specific Examples:

o Cardinal Splines




* Interpolating piecewise cubic polynomial, each
specified by four control points.

* lteratively construct the curve through middle two
points using adjacent points to define

positions and tangents. .,

7

®
®p, 1 Pe
@p.
p®
.p4

®p, _/




\‘?@ﬂ [/,»{73\
A
3

Specific Example: Cardinal Splines
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specified by four control points.
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Specific Example: Cardinal Splines

* Interpolating piecewise cubic polynomial, each
specified by four control points.

* lteratively construct the curve through middle two
points using adjacent points to define
positions and tangents. °
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Specific Example: Cardinal Splines
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Specific Example: Cardinal Splines

* Interpolating piecewise cubic polynomial, each
specified by four control points.

* lteratively construct the curve through middle two
points using adjacent points to define
positions and tangents. o
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Specific Example: Cardinal Splines

* Interpolating piecewise cubic polynomial, each
specified by four control points.
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* Interpolating piecewise cubic polynomial, each
specified by four control points.

* lteratively construct the curve through middle two
points using adjacent points to define
positions and tangents. °



/MyLib/bin/spline2DViewer.V1.exe

Specific Example: Cardinal Splines
Using Hermite splines, we have:
2 -2 1 1 ppk
-3 3 -2 —1||Prn
Pk(U) - (u3 uz u 1) 0 0 1 0 fk
1 0,0 0/\t.,,
I\/IHermite
-f/
Pr™ ~ /9&1
- - e
ty = S(Pr+1 — Pr-1) /// r2
tir1 = S(Prrz — Pr) ‘l;k—l )
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Specific Example: Cardinal Splines

We can express the boundary constraints as:

Pk Pk 0 1 0 0\ /Pk-1
Pr+1 | Pr+1 [0 o0 1 o)l P
ty |\ SsMPk+1—Pr-1) | \=s 0 s 0]\ Pr+1
iy S(Pk+2 — Pr) 0 —s 0 s/ \Pk+2

So using the approach of Hermite spline, we get:

2 =2 1 1 0 1 0 O Pr-1
-3 3 =2 -1 0 0O 1 O Pk
P =G v w D o o 1 g ll=s 0 s 0]|Pesm
1 0 0 0 0 —-s 0 s Pk+2
I\/IHermite




Pr(w) = (w® w? u 1)

S L = O
\nh © O O

Multiplying, we get the Cardinal matrix representation:

—s 2—S s—2 S Pr-1
2s s—3 3—2s -s Pk
— (4,3 2
Po(w)=@® u? u 1) s 0 . 0 I pros
0 1 0 0 Pk+2
IVICardinaI
,
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Setting:
o Co(u) = —su3 + 2su? — su
o Ciw) =2 —-s5)u>+(s—-3)u*+1
o C,(u) = (s —2)u®+ (3 —2s5)u®+su
o C3(u) = su3 — su?

Fors =1/2:
1__ L

1 1 1 1

> Blending Functions

\ Pr(u) = Co(u) - pr—1 + C1 (W) - px + Co(u) - pr+1 + C3(w) - Pr+2
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* Interpolating piecewise cubic polynomial, each
specified by four control points.

* lteratively construct the curve through middle two
points using adjacent points to define
positions and tangents. °
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Overview

« Specific Examples:

o Uniform Cubic B-Splines




« Approximating piecewise cubic polynomial, each
specified by four control points.

* |teratively construct the curve near middle two
points using adjacent points to define

positions and tangents. .,
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Specific Example: Uniform Cubic B-Splines 8"
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Specific Example: Uniform Cubic B-Splines 8"
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Specific Example: Uniform Cubic B-Splines

Using Hermite splines, we have:
2 -2 1 1 Pk

14
—3 3 -2 -1 Pr+1
P.(u) = (3 2 N
) =@ u? u 1) 0 0 1 0 £,
1 0 0 0 t
{ k+1
Ileermite
(Pk-1 + 4Pk + Pr+1) 2
I t
Pr = 6 pk‘\\ y Pf’l
O~y 25 Ok
, (Pt 4Pk+1 + Pit2) Pk )’\p\kg\t
Pk+1 = 6 // RS
7/ S
= // \\
ty = S(Pr+1 — Pr-1) L7 P @
/7
S /
tes1 = S(Pr+2 — Px) ‘
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Specific Example: Uniform Cubic B-Splines

We can express the boundary constraints as:

I,)k Pr-1 +4Px + Pr+1 1 4 1 0 Pr-1
Pit1 | _ L[ Pet4Prsat P2 | _1[ 0 1 4 1 |[ P&

t, 6| 65(Px+1— Pr-1) 6| —6s 0 65 0 || Pr+1
s 6S(Pr+2 — Pr) 1 —6s 0 6s/ \Pk+2

Using the approach of Hermite spline, we get:
2 -2 1 1 1 4 1 0 Pr-1

-3 3 =2 —=1\1{ o 1 4 1 Pk
— (1,3 1,2 -
P.(w) =3 u? u 1) 0 0 1 0 |6\ —6s 0 6s O Pr+1
1 0 0 0 1 —6s 0 6s/ \Pk+2
Ileermite
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Specific Example: Uniform Cubic B-Splines

2 -2 1 1 1 4 1 O
-3 3 =2 —=1\1] o 1 4 1
Pk(U)=(u3 u? u 1) 0 0 1 0 g —6s 0 6s O
1 0 0 O 1 —-6s 0 6s

Multiplying, we get the uniform cubic B-spline matrix

representation:
2 —6s 6—6s —6+6s —24+6s\ /Pk-1

1[ —=3+12s —-9+6s5s 9—12 3—6 p
P.(w) = (w3 u? u 1)8 T 1as +0s > S f

—6s 0 6s 0 Pr+1
1 4 1 0 Pk+2
IVIBlpline
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Specific Example: Uniform Cubic B-Splines "

Setting the blending functions to:
o Boz(u) = (Y3 —=s)u’ + (=1, + 25)u® —su+ 1/,
o Biz(w) = (1 —=s)u’+ (=3/,+s)u*+2%/;
o Bys(w) = (—1+s)u?+ (/, —2s)u +su+ 1/
o B3z(u) = (—1/5+s)u’ + (Y, — s)u?

Fors =1/2:

11 By s(u) 11 By 3(u) 1y B, s (u) 11 B3 3(u)

S

1 1 1 1

\ Pr(w) =Bo3(w) - Pr-1 + B13(W) - pr + B 3(w) - Prs1 + Baz(W) - Prsz )




« Approximating piecewise cubic polynomial, each
specified by four control points.

* |teratively construct the curve near middle two
points using adjacent points to define
positions and tangents. °
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Overview

« Comparing Cardinal and Uniform Cubic B-Splines
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Blending Functions

Blending functions provide a way for expressing the

functions P, (u) as a weighted sum of the four

control points py_1, Pk, Px+1, and pro:
"

]-__

BFy(w) 1\% T BFy BF;(w)
’1 ’1 | —
Cardinal Blending Functions (s = 1/2)
BF,w) Y B Y BR,w Y B
S~——— : : : /:
1 1 1 1

Uniform Cubic B-Spline Blending Functions (s = 1/2)

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

« Translation Equivariance:
o If we translate all the control points by the same vector q, the position of the new
curve at value u should be the position of the old curve at u, translated by q.
= Given control points {px_1, Pr, Px+1, Px+2} and translation vector q:
Let P, (u) be the curve defined by {px_1, Pr, Pk+1, Pr+2}-
Let Q, (u) be the curve defined by {q + Px-1, 9+ P, 4 + Pr+1,9 + Pr+2}-

We want:
Qx(w) = q+ Pr(w)
= Writing out Q, (u), we have:
Qi (w) = BFy(w)(q + px—1) + BFL(W)(q + pi)*+ BF,(W)(q + Pry1)+ BFz(W)(q + Pry2)
= (BFy(w) + BF,(uw) + BF,(u) + BF;(w))q + Py (u)
= To satisfy translation equivariance, we must have:
BFy(u) + BF;(uw) + BF,(u) + BF;(u) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P




Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

BF,(u)=—,u’+ u®— u BF,(u) =— %u3+1u2—1u+é
BFR.(u)= Su’ guz +1 BR(U)= ,u®- u’+ +2
BF, (u) =— 2u®+2u® + BF,(u) =—J U+ u” +u + ¢
BF,(u)= ;u—u’ BF,(u)= lu°

BF,(w) + BF,(w) + BF,(w) + BF;(w) = 1 | BFy(w) + BF,(w) + BF,(w) + BF;(w) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

« Translation Equivariance:
BFy(u) + BF;(u) + BF,(u) + BF;(u) = 1 forall0 < u < 1.

« Continuity:
o We need the curve P, (u) to begin where P, (u) ended.
= Taking the difference, we get:
0 = Pyy1(0) — P (1)
= Expanding this out, we get:
0= ( —BFo(1))Pr-1
+ (BFy(0) — BFl(l)%pk
+ (BF;(0) — BF2(1) )Pg+1
+ (BF,(0) = BF5(1))P+2

+ (BF3(0) )Pk+3
= For this to b true for all control points {px_1, Pr» Px+1, Pr+2 Pr+3}, W€ must have:

BF;(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF3(1)

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

= For this to b true for all control points {px_1, Pr» Px+1, Pr+2 Pr+3}, W€ must have:
BFy(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF3(1)

‘l P, (u) = BFy(u) - pr—1 + BF1 (u) - pi + BF, (W) - P41 + BF3(W) - Pi+o P




Cardinal Splines (s = 1/2)

BF,(u) = —%u3 + u? —%u
BF,(u) = §u3—§u2 +1
BF,(u) = —%u3 + 2u? +%u

_ 1 3_ 17
BF;(u) = U —su

BF,(1) =0
BF,(0) = 1 i BF(l)(l) =0
BF,(0) =0 Q BF,(1) =1
BF;(0) =(0] BF;(1) =0

_ 13,12 1 1
BF,(u) = ?u tou 2u+g
BF (W) = -u’— u’ +2
BFZ(u)=—%u3+§uz+%u+l

6
BF; (W) = %u3

BF;(0) =2 BF;(1) =

BF,(0) =1~ BFR(1) =

BFo(0) = ¢« BRy(1) @
6
BF,;(0) =[0] BF;(1) = ¢

\ Pp(w) = BFy(w) - pr_y + BF; (w)

P+ BFy(u) - Prys + BF3(w) - Praz |




Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

BFé(u)=—%u2+2u—% BFé(u)z—%u2+ u—%
BF/(u) = guz —5u BF/(u) = %uz —2u
BFz'(u)=—§u2+4u+% BFZ’(u)z—%u2+ u+%
BFj(u) = %uz —u BF;(u) = %uz
BF(0) = -3« BR() = ([ BF(0) = 3+ BRW=[
BFj(0) = 0+ BFi(1)=—; BF{(0) = 0+ BF{(1) = —
BFj(0)= 1 BF,(1)= 0 BF,(0) = %\ BF,(1)= 0
BF;(0) = (0] BF;(1) = 2 BF.(0) = (0 BFy(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Comparison: Cardinal vs. Cubic B

Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

(] (] °
BFy'(u) = —3u + 2 BFy(u)=— u+1
BF'(u)= 9u-—5 BF/'(u) = 3u-—2
BF)'(w) = —9u + 4 BF})'(w) = —3u+1
BF;'(u)= 3u-—1 BF;'(u)= u
BF;(0) = 2 BFy' (1) 4=1 BF;(0) = 1 — BFy' (1) = @
BF{'(0) = -5 Q BF/'(1)= 4 BF{'(0) = -2 — BF/'(1) = 1
BF)(0) = 4 @ BF; (1) = -5 BF;(0)= 1 - BF;) (1) = -2
BF3'(0) (=1 BFj(1) = 2 BF}(0) = (0] BFy(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P




Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

o
o o

BF"(w) = —1

BE"(u) = 3

BF)"(u) = —3

BFE'(w) = 1
BF."(0) = —1 BF'(1) =(=1
BF!"(0) = BF/"(1) = 3
BF."(0) = —3 Q BF}"(1) = —3
BFI"(0) = BFI'(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

« Translation Equivariance:
BFy(u) + BF;(u) + BF,(u) + BF;(u) = 1 forall0 < u < 1.

« Continuity:
0 = BF,(1), BF,(0) = BF,(1), BF,(0) = BF,(1), BF,(0) = BF5(1), BF5(0) = 0

« Convex Hull Containment:

o A point is inside the convex hull of a collection of points if and only if it can
be expressed as the weighted average of the points, where all the weights
are non-negative.

= BF,(u),BF;(u),BF,(u),BF;(u) =0, forall 0 <u < 1.

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

Y BF(u) 1 BF,(u) - BFo (U) 1{@
— } }
. 1 1 1 1
o Br 4 Br) 1"}(U), I er )
, ' —
1 6 1 1 1

Note:

We’ve only shown convex hull containment of uniform
cubic B-splines for a particular choice of s,

\ Pi(w) = BFy(w) - pi_y + BF
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Comparison: Cardinal vs. Cubic B

Cardinal Splines (s = 1/2) Cubic B-Splines (s = 1/2)

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

« Translation Equivariance :
BFy(u) + BF;(u) + BF,(u) + BF;(u) = 1 forall0 < u < 1.

« Continuity:
0 = BF,(1), BF,(0) = BF,(1), BF,(0) = BF,(1), BF,(0) = BF5(1), BF5(0) = 0

« Convex Hull Containment:
BF,(u), BF;(u), BF,(u),BF;(u) = 0, forall 0 < u < 1.

* Interpolation:
o We want the spline segments to satisfy:

P.(0) =pr and Pr(1) =prysq
= At the end-points, the blending functions satisfy:

BFy(0) o BFy(1) o
BF;(0) _1 and BF,(1) _0
BF,(0) 0 BF,(1) 1
BF;(0) O BF;(1) O

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P




Cardinal Splines (s = 1/2)

BF,(u) = —%u3 + u? —%u
BF,(u) = §u3 —guz +1
BF,(u) = —%u3 + 2u? +%u
_ 1 3_ 17
BF;(u) = U —su
BF,(0)=0| BF,(1)41

BF,(u) = —%u?’ +%u2 +%u +%

\ Pp(w) = BFy(w) - pr_y + BF; (w)

P+ BFy(u) - Prys + BF3(w) - Praz |
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Blending Functions

Properties:

« Translation Equivariance :
BFy(u) + BF;(u) + BF,(u) + BF;(u) = 1 forall0 < u < 1.

« Continuity: >Required
0 = BF,(1) Conditions
BFy(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF5(1)
BF;(0) =0

_

e Convex Hull Containment:
BF,(u), BF;(uw), BF,(u),BF;(u) = 0, forall 0 < u < 1.

* Interpolation: Desirable
BF,(0) ¢ BF,(1) Conditions
BF1(O)_1 .
BR0) 0 ™ BR1)~
BF3(0) 0

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P

J
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Summary

A splineis a piecewise polynomial function
whose derivatives satisfy some continuity
constraints across curve junctions.

 Looked at specification for 3 splines:
o Hermite
o Cardinal

. : i Approximating, convex-hull containment,
o Uniform Cubic B—Spllne}cu'ob'oiC C2 )

}Interpolating, cubic, C?!
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