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Math Review

Notation:

Given vector spaces 𝑉 and 𝑊, we define 𝑉⨁𝑊 to 

be the direct sum of the vector spaces:

𝑉⨁𝑊 = 𝑣,𝑤 𝑣 ∈ 𝑉 and 𝑤 ∈ 𝑊

• Given 𝑣 ∈ 𝑉, 𝑤 ∈ 𝑊, and a scalar 𝛼 ∈ ℂ:

𝛼 𝑣,𝑤 ≡ 𝛼𝑣, 𝛼𝑤

• Given 𝑣1, 𝑣2 ∈ 𝑉, and 𝑤1, 𝑤2 ∈ 𝑊:

𝑣1, 𝑤1 + 𝑣2, 𝑤2 ≡ 𝑣1 + 𝑣2, 𝑤1 +𝑤2



Math Review

Notation:

Given vector spaces 𝑉 and 𝑊, we define 𝑉⨁𝑊 to 

be the direct sum of the vector spaces:

𝑉⨁𝑊 = 𝑣,𝑤 𝑣 ∈ 𝑉 and 𝑤 ∈ 𝑊

Given bases 𝐯1, … , 𝐯𝑛 and {𝐰1, … ,𝐰𝑚}, 𝑉 ⊕𝑊
is a (𝑛 + 𝑚)-dimensional space obtained by 

“stacking” coefficients:

𝑎1, … , 𝑎𝑛+𝑚 ↦ ෍

𝑖=1

𝑛

𝑎𝑖 ⋅ 𝐯𝑖 ,෍

𝑖=1

𝑚

𝑎𝑛+𝑖 ⋅ 𝐰𝑖



Math Review

Notation:

Given linear maps ℒ: 𝑉 → 𝑉 and ℳ:𝑊 → 𝑊, we 

define ℒ⨁ℳ to be the map:

ℒ⨁ℳ:𝑉⨁𝑊 → 𝑉⨁𝑊

𝑣, 𝑤 ↦ ℒ 𝑣 ,ℳ 𝑤

Given bases 𝐯1, … , 𝐯𝑛 and {𝐰1, … ,𝐰𝑚}, with 𝐋
and 𝐌 the associated matrices, ℒ⨁ℳ is 

represented by the block-diagonal matrix:
𝐋 0
0 𝐌

∈ ℂ(𝑛+𝑚)× 𝑛+𝑚



Math Review

Definition:

Given a matrix 𝐌 ∈ ℂ𝑛×𝑛, the trace of 𝐌 is the 

sum of the diagonal entries:

Tr 𝑀 =෍

𝑖=1

𝑛

𝐌𝑖𝑖



Math Review

Properties:

1. Tr 𝑎 ⋅ 𝐌 = 𝑎 ⋅ Tr(𝐌)

2. Tr 𝐌 = Tr 𝐌𝑡

3. Tr ഥ𝐌 = Tr(𝐌)

4. If 𝐌 is a unitary matrix, then:

Tr 𝐌−1 = Tr 𝐌𝑡 = Tr(𝐌)

5. Tr 𝐌 = Tr 𝐍−1 ⋅ 𝐌 ⋅ 𝐍 ∀𝐍 ∈ 𝐺𝐿(𝑛)



Math Review

Tr 𝐌 = Tr 𝐍−1 ⋅ 𝐌 ⋅ 𝐍 ∀𝐍 ∈ 𝐺𝐿(𝑛)

Properties:

If ℒ: 𝑉 → 𝑉 is a linear transformation, {𝐯1, ⋯ , 𝐯𝑛} a 

basis for 𝑉, and 𝐌 ∈ ℂ𝑛×𝑛 the representation of ℒ
in the basis, then the trace of 𝐌 is independent of 

the choice of basis.

⇒ The “trace of a linear operator” is well-defined 

without a matrix representation.



Math Review

Properties:

Given vector spaces 𝑉 and 𝑊 and linear maps 

ℒ: 𝑉 → 𝑉 and ℳ:𝑊 → 𝑊 we have:

Tr ℒ⨁ℳ = Tr ℒ + Tr(ℳ)



Math Review

Notation:

Given the space of 𝑛-dimensional vectors, we 

denote by 𝐞𝑖 ∈ ℂ𝑛 the vector with a “1” in the 𝑖-th
entry and “0” everywhere else:

𝐞𝑗
𝑖 = 𝛿𝑖𝑗 = ቊ

1 if 𝑖 = 𝑗
0 otherwise

Given the space of 𝑛 × 𝑛 matrices, we denote by 

𝐄𝑖𝑗 ∈ ℂ𝑛×𝑛 the matrix with “1” in the 𝑖-th row and 

𝑗-th column and “0” everywhere else:

𝐄𝑎𝑏
𝑖𝑗

= 𝛿𝑖𝑎 ⋅ 𝛿𝑗𝑏



Math Review

Notation:

Given a matrix 𝐍 ∈ ℂ𝑛×𝑛, we have:

𝐄𝑖𝑗 ⋅ 𝐍
𝑎𝑏

=෍

𝑐=0

𝑛

𝐄𝑎𝑐
𝑖𝑗
⋅ 𝐍𝑐𝑏

=෍

𝑐=0

𝑛

𝛿𝑖𝑎 ⋅ 𝛿𝑗𝑐 ⋅ 𝐍𝑐𝑏

= 𝛿𝑖𝑎 ⋅ 𝐍𝑗𝑏

This is the matrix whose 𝑖-th row contains the 𝑗-th
row of 𝐍.



Math Review

Notation:

Given matrices 𝐌,𝐍 ∈ ℂ𝑛×𝑛, we have:

𝐌 ⋅ 𝐄𝑖𝑗 ⋅ 𝐍
𝑎𝑏

=෍

𝑐=0

𝑛

𝐌𝑎𝑐 ⋅ 𝐄𝑖𝑗 ⋅ 𝐍
𝑐𝑏

=෍

𝑐=0

𝑛

𝐌𝑎𝑐 ⋅ 𝛿𝑖𝑐 ⋅ 𝐍𝑗𝑏

= 𝐌𝑎𝑖 ⋅ 𝐍𝑗𝑏

This is the matrix whose (𝑎, 𝑏)-th entry is the 

product of the 𝑎, 𝑖 -th entry of 𝐌 and the (𝑗, 𝑏)-th
entry of 𝐍.



Functions on Groups

Note:

Given a representation (𝜌, 𝑉) and given a basis 

{𝐯1, ⋯ , 𝐯𝑛} we can represent each 𝜌𝑔 as a matrix 

𝐌𝜌 𝑔 , with coefficients that are functions:

𝐌𝑖𝑗
𝜌
: 𝐺 → ℂ

Since 𝐌𝜌(𝑔) is unitary, we have:

𝐌𝜌 𝑔−1 = 𝐌𝜌 𝑔
−1

= 𝐌𝜌 𝑔
𝑡



Functions on Groups

Notation:

Given the space of complex-valued functions on 

𝐺, we can define a scalar product by setting:

𝜙,𝜓 =
1

𝐺
෍

𝑔∈𝐺

𝜙 𝑔 ⋅ 𝜓(𝑔)

for any functions 𝜙,𝜓: 𝐺 → ℂ.



Math Review

Definition:

Given representations (𝜌1, 𝑉) and 𝜌2,𝑊 of a 

group 𝐺, a linear map ℒ: 𝑉 → 𝑊 is 𝐺-linear if:

𝜌2 𝑔 ∘ ℒ = ℒ ∘ 𝜌1 𝑔 ∀𝑔 ∈ 𝐺
⇕

ℒ = 𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1 𝑔 ∀𝑔 ∈ 𝐺



Math Review

Definition:

Given representations (𝜌1, 𝑉) and 𝜌2,𝑊 , we say 

the two representations are isomorphic if there 

exists a 𝐺-linear isomorphism:

ℒ: 𝑉 → 𝑊



Math Review

Schur’s Lemma:

Given irreducible representations (𝜌1, 𝑉) and 

𝜌2,𝑊 of a group 𝐺, if ℒ: 𝑉 → 𝑊 is 𝐺-linear then:
1. If ℒ is not an isomorphism, then ℒ = 0

2. If 𝑉 = 𝑊 and 𝜌1 = 𝜌2, then ℒ = 𝜆 ⋅ Id.



Math Review

Maschke’s Theorem:

If 𝑊 is a sub-representation of 𝑉, then the space 

𝑊⊥ will also be a sub-representation of 𝑉.

Corollary:

Given a representation (𝜌, 𝑉) we can decompose 

𝑉 into a direct-sum of irreducible representations:

𝑉 =ໄ

𝑖

𝑉𝑖

Note that an irreducible representation may occur 

with multiplicity (i.e. 𝑉𝑖 may be isomorphic to 𝑉𝑗).



Math Review

Recall:

Convolving with the 𝑙-th zonal harmonic is the 

same as scaling the 𝑙-th spherical frequency:

𝜌𝑅 𝜃,𝜙 𝐘𝑙
0 , 𝐘𝑙′

𝑚, = 𝛿𝑙,𝑙′ ⋅ 𝜆𝑙 ⋅ 𝐘𝑙
𝑚

𝐘2
0(𝜃, 𝜑) Re 𝐘2

1(𝜃, 𝜑) Re 𝐘2
2(𝜃, 𝜑)Im 𝐘2

1(𝜃, 𝜑)Im 𝐘2
2(𝜃, 𝜑)



Math Review

Recall:

Convolving with the 𝑙-th zonal harmonic is the 

same as scaling the 𝑙-th spherical frequency:

𝜌𝑅 𝜃,𝜙 𝐘𝑙
0 , 𝐘𝑙′

𝑚, = 𝛿𝑙,𝑙′ ⋅ 𝜆𝑙 ⋅ 𝐘𝑙
𝑚

We had asserted that:

𝜆𝑙 =
4𝜋

2𝑙 + 1



Math Review

Recall:

Given the spherical harmonics, we defined the 

Wigner-D functions to be:

𝐃𝑙
𝑚,𝑚′

𝑅 = 〈𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

𝑚′
〉

We had asserted that the Wigner-D functions:
1. Form an orthogonal basis

2. For a fixed 𝑙, form a representation of 𝑆𝑂(3).
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𝐺-Linear Maps by Averaging

Given representations (𝜌1, 𝑉) and 𝜌2,𝑊 of a 

group 𝐺, and given a linear map ℒ: 𝑉 → 𝑊, we 

can construct a 𝐺-linear map ℒ0 by averaging:

ℒ0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔)



𝐺-Linear Maps by Averaging

Proof:

For any ℎ ∈ 𝐺 we have:

𝜌2 ℎ−1 ∘ ℒ0 ∘ 𝜌1 ℎ = 𝜌2 ℎ−1 ∘
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1 𝑔 ∘ 𝜌1 ℎ

=
1

𝐺
෍

𝑔∈𝐺

𝜌2 ℎ−1 ⋅ 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔 ⋅ ℎ )

=
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔 ⋅ ℎ −1 ∘ ℒ ∘ 𝜌1(𝑔 ⋅ ℎ )

=
1

𝐺
෍

𝑔∈𝐺ℎ

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔 )

=
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔 )

= ℒ0



𝐺-Linear Maps by Averaging

ℒ0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔)

By Schur’s Lemma:
1. If ℒ0 is not an isomorphism, then ℒ0 = 0.

2. If 𝑉 = 𝑊 and 𝜌1 = 𝜌2, then ℒ0 = 𝜆 ⋅ Id.

Taking the trace:

Tr ℒ0 = Tr
1

𝐺
෍

𝑔∈𝐺

𝜌1 𝑔−1 ∘ ℒ ∘ 𝜌1 𝑔

Tr 𝜆 ⋅ Id. =
1

𝐺
෍

𝑔∈𝐺

Tr 𝜌1
−1 𝑔 ∘ ℒ ∘ 𝜌1 𝑔

𝜆 ⋅ Tr Id. =
1

𝐺
෍

𝑔∈𝐺

Tr ℒ

𝜆 ⋅ dim 𝑉 = Tr ℒ



𝐺-Linear Maps by Averaging

ℒ0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔)

By Schur’s Lemma:
1. If ℒ0 is not an isomorphism, then ℒ0 = 0.

2. If 𝑉 = 𝑊 and 𝜌1 = 𝜌2, then ℒ0 =
Tr ℒ

dim 𝑉
⋅ Id.



Coefficient Orthogonality

ℒ0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔)

Choosing bases and taking ℒ = 𝐄𝑖𝑗 we get:
1. If ℒ0 is not an isomorphism, then ℒ0 = 0.

0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ 𝐄𝑖𝑗 ∘ 𝜌1(𝑔)

⇓

0 𝑎𝑏 =
1

𝐺
෍

𝑔∈𝐺

𝐌𝑎𝑖
𝜌2 𝑔−1 ⋅ 𝐌𝑗𝑏

𝜌1 𝑔

=
1

𝐺
෍

𝑔∈𝐺

𝐌𝑖𝑎
𝜌2 𝑔 ⋅ 𝐌𝑗𝑏

𝜌1 𝑔

⇕

0 = 𝐌𝑗𝑏
𝜌1 , 𝐌𝑖𝑎

𝜌2



Coefficient Orthogonality

ℒ0 =
1

𝐺
෍

𝑔∈𝐺

𝜌2 𝑔−1 ∘ ℒ ∘ 𝜌1(𝑔)

Choosing a basis and taking ℒ = 𝐄𝑖𝑗 we get:

2. If 𝑉 = 𝑊 and 𝜌1 = 𝜌2, then ℒ0 =
Tr 𝐄𝑖𝑗

dim 𝑉
⋅ Id.:

Tr 𝐄𝑖𝑗

dim 𝑉
⋅ Id. =

1

𝐺
෍

𝑔∈𝐺

𝜌 𝑔−1 ∘ 𝐄𝑖𝑗 ∘ 𝜌(𝑔)

⇓
𝛿𝑖𝑗

dim 𝑉
⋅ Id.

𝑎𝑏

=
1

𝐺
෍

𝑔∈𝐺

𝐌𝑖𝑎
𝜌
𝑔 ⋅ 𝐌𝑗𝑏

𝜌
𝑔

⇕
𝛿𝑖𝑗 ⋅ 𝛿𝑎𝑏

dim 𝑉
= 𝐌𝑗𝑏

𝜌
, 𝐌𝑖𝑎

𝜌



Characters

Definition:

Given a representation (𝜌, 𝑉) of a group 𝐺, the 

character of the representation is a map:

𝜒𝜌: 𝐺 → ℂ

𝑔 ↦ Tr(𝜌𝑔)



Characters

Claim:

Given irreducible representations (𝜌1, 𝑉1) and 

𝜌2, 𝑉2 , let 𝜒1, 𝜒2: 𝐺 → ℂ be their characters.

1. If the representations are not isomorphic:

𝜒1, 𝜒2 = 0

2. If the representations are isomorphic:

𝜒1, 𝜒2 = 1



Characters

1. Not isomorphic: 𝜒1, 𝜒2 = 0

Proof:
𝜒1, 𝜒2 = Tr(𝜌1), Tr(𝜌2)

= ෍

𝑖=1

𝑛1

𝐌𝑖𝑖
𝜌1 ,෍

𝑗=1

𝑛2

𝐌𝑗𝑗
𝜌2

=෍

𝑖=1

𝑛1

෍

𝑗=1

𝑛2

〈𝐌𝑖𝑖
𝜌1 , 𝐌𝑗𝑗

𝜌2〉

= 0

0 = 𝐌𝑗𝑏
𝜌1 , 𝐌𝑖𝑎

𝜌2



Characters

2. Isomorphic: 𝜒1, 𝜒2 = 1

Proof:

∃ isomorphism ℒ: 𝑉1 → 𝑉2 s.t. 𝜌1 = ℒ−1 ∘ 𝜌2 ∘ ℒ.

Rewriting the inner-product we get:
𝜒1, 𝜒2 = Tr 𝜌1 , Tr 𝜌2

= Tr ℒ−1 ∘ 𝜌2 ∘ ℒ , Tr 𝜌2
= Tr 𝜌2 , Tr 𝜌2

= ෍

𝑖,𝑗=1

𝑛

𝐌𝑖𝑖
𝜌2 , 𝐌𝑗𝑗

𝜌2 = ෍

𝑖,𝑗=1

𝑛
𝛿𝑖𝑗 ⋅ 𝛿𝑖𝑗

dim 𝑉2

=෍

𝑖=1

𝑛
1

dim 𝑉2
= 1

𝛿𝑖𝑗 ⋅ 𝛿𝑎𝑏
dim 𝑉

= 𝐌𝑗𝑏
𝜌
, 𝐌𝑖𝑎

𝜌



Characters

Implications:

Given a representation 𝜌, 𝑉 of a group 𝐺 and 

given some irreducible representation 𝜌′, 𝑉′ we 

would like to know “how many times” the 

irreducible representation 𝜌′ occurs in 𝜌.



Characters

Implications:

How many times does 𝜌′ occurs in 𝜌?

𝑉 =ໄ

𝑖

𝑉𝑖

⇓

𝜒𝜌 =෍

𝑖

𝜒𝜌𝑖

⇓

𝜒𝜌, 𝜒𝜌′ =෍

𝑖

〈𝜒𝜌𝑖 , 𝜒𝜌′〉

=෍

𝑖

ቊ
1 if (𝜌𝑖 , 𝑉𝑖) ≈ (𝜌′, 𝑉′)
0 otherwise



Characters

Example:

We know that if 𝐺 is the group of 2D rotations, 

𝐺 = 𝑆𝑂(2), and 𝑉 is the space of functions on a 

circle, we have:

𝑉 = ໄ

𝑘=−∞

∞

𝑉𝑘

where 𝑉𝑘 is the 1D space of functions spanned by 

the complex exponentials:

𝑉𝑘 = Span 𝑒𝑖𝑘𝜃

35



Characters

Example:

Using the fact that 𝑒𝑖𝑘𝜃 is a basis for 𝑉𝑘, we can 

express 𝜌𝑘(𝑔) as a (1 × 1) matrix w.r.t. this basis. 

Denoting by 𝑔𝜙 the rotation by 𝜙 degrees, we get:

𝜌𝑘 𝑔𝜙 = 𝑒−𝑖𝑘𝜙

So the character of this representation is:

𝜒𝜌𝑘 𝑔𝜙 = Tr 𝑒−𝑖𝑘𝜙 = 𝑒−𝑖𝑘𝜙

36



Characters

Example:

We know that if 𝐺 is the group of 3D rotations, 

𝐺 = 𝑆𝑂(3), and 𝑉 is the space of functions on a 

circle, we have:

𝑉 =ໄ

𝑙=0

∞

𝑉𝑙

where 𝑉𝑙 is the (2𝑙 + 1)-dimensional space of 

functions spanned by the spherical harmonics:

𝑉𝑙 = Span 𝐘𝑙
−𝑙 , ⋯ , 𝐘𝑙

𝑙

37



Characters

Example:

Using the spherical harmonic basis we get:

𝜌𝑙 𝑅 ෍

𝑚=−𝑙

𝑚

𝑎𝑚 ⋅ 𝐘𝑙
𝑚 = ෍

𝑚=−𝑙

𝑚

𝑎𝑚 ෍

𝑚′=−𝑙

𝑙

〈𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

𝑚′
〉 ⋅ 𝐘𝑙

𝑚′

= ෍

𝑚=−𝑙

𝑚

𝑎𝑚 ෍

𝑚′=−𝑙

𝑙

𝐃𝑙
𝑚,𝑚′

𝑅 ⋅ 𝐘𝑙
𝑚′

So the character of this representation is:

𝜒𝜌𝑙 𝑅 = Tr
𝐃𝑙
−𝑙,−𝑙(𝑅) ⋯ 𝐃𝑙

−𝑙,𝑙 𝑅
⋮ ⋱ ⋮

𝐃𝑙
𝑙,−𝑙(𝑅) ⋯ 𝐃𝑙

𝑙,𝑙(𝑅)

= ෍
𝑚=−𝑙

𝑙

𝐃𝑙
𝑚,𝑚(𝑅)

38



Characters

Application:

𝜌𝑅 𝜃,𝜙 𝐘𝑙
0 , 𝐘𝑙

𝑚 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

What is 𝜆𝑙? 



Characters

𝜌𝑅 𝜃,𝜙 𝐘𝑙
0 , 𝐘𝑙

𝑚 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Since 𝐘𝑙
0 is real-valued, we can re-write this as:

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Recall that:
𝛿𝑖𝑗 ⋅ 𝛿𝑎𝑏
dim 𝑉𝑙

= 𝐌𝑗𝑏
𝜌𝑙 , 𝐌𝑖𝑎

𝜌𝑙

𝐌
𝑚𝑚′
𝜌𝑙 𝑅 = 𝑅 𝐘𝑙

𝑚 , 𝐘𝑙
𝑚′

Setting 𝑖, 𝑗 = 𝑚, 𝑎, 𝑏 = 0, and writing the dot-

product as an integral:
1

2𝑙 + 1
= 𝐌𝑚0

𝜌𝑙 , 𝐌𝑚0
𝜌𝑙

=
1

𝑆𝑂 3
න
𝑅∈𝑆𝑂 3

〈𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

0〉 ⋅ 𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

0 𝑑𝑅



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Since rotations are orthogonal:
1

2𝑙 + 1
=

1

𝑆𝑂 3
න
𝑅∈𝑆𝑂 3

〈𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

0〉 ⋅ 𝑅 𝐘𝑙
𝑚 , 𝐘𝑙

0 𝑑𝑅

=
1

𝑆𝑂 3
න
𝑅∈𝑆𝑂 3

〈𝐘𝑙
𝑚, 𝑅−1(𝐘𝑙

0)〉 ⋅ 〈𝐘𝑙
𝑚, 𝑅−1(𝐘𝑙

0)〉𝑑𝑅

=
1

𝑆𝑂 3
න
𝑅∈𝑆𝑂 3

〈𝐘𝑙
𝑚, 𝑅(𝐘𝑙

0)〉 ⋅ 〈𝐘𝑙
𝑚, 𝑅(𝐘𝑙

0)〉𝑑𝑅



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Factoring the integral we get:
1

2𝑙 + 1
=

1

𝑆𝑂 3
න
𝑅∈𝑆𝑂 3

〈𝐘𝑙
𝑚, 𝑅(𝐘𝑙

0)〉 ⋅ 〈𝐘𝑙
𝑚, 𝑅(𝐘𝑙

0)〉𝑑𝑅

⇓
1

2𝑙 + 1
=

1

8𝜋2
න
0

2𝜋

න
0

𝜋

න
0

2𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙,𝜓 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙,𝜓 𝐘𝑙

0 𝑑𝜓 sin 𝜙 𝑑𝜙 𝑑𝜃



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Using the invariance of the zonal harmonics to 

rotations about the 𝑦-axis:
1

2𝑙 + 1
=

1

8𝜋2
න
0

2𝜋

න
0

𝜋

න
0

2𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙,𝜓 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙,𝜓 𝐘𝑙

0 𝑑𝜓 sin 𝜙 𝑑𝜙 𝑑𝜃

⇓
1

2𝑙 + 1
=

1

8𝜋2
න
0

2𝜋

න
0

𝜋

න
0

2𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 𝑑𝜓 sin 𝜙 𝑑𝜙 𝑑𝜃



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Since the integrand is independent of 𝜓:
1

2𝑙 + 1
=

1

8𝜋2
න
0

2𝜋

න
0

𝜋

න
0

2𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 𝑑𝜓 sin 𝜙 𝑑𝜙 𝑑𝜃

⇓
1

2𝑙 + 1
=

2𝜋

8𝜋2
න
0

2𝜋

න
0

𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 sin 𝜙 𝑑𝜙 𝑑𝜃



Characters

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

Plugging in the equation for zonal convolution:
1

2𝑙 + 1
=

2𝜋

8𝜋2
න
0

2𝜋

න
0

𝜋

〈𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 〉 ⋅ 𝐘𝑙
𝑚, 𝑅𝜃,𝜙 𝐘𝑙

0 sin 𝜙 𝑑𝜙 𝑑𝜃

⇓
1

2𝑙 + 1
=

1

4𝜋
න
0

2𝜋

න
0

𝜋

𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙) ⋅ 𝜆𝑙 ⋅ 𝐘𝑙

𝑚 𝜃, 𝜙 sin 𝜙 𝑑𝜙 𝑑𝜃

⇓
4𝜋

2𝑙 + 1
= 𝜆𝑙

2

⇓

𝜆𝑙 = 𝜁 ⋅
4𝜋

2𝑙 + 1
with 𝜁 ∈ ℂ and 𝜁 = 1



Characters

𝜆𝑙 = 𝜁 ⋅
4𝜋

2𝑙 + 1
with 𝜁 ∈ ℂ and 𝜁 = 1

Taking 𝑚 = 0 and 𝜃, 𝜙 = 0, we get:

𝐘𝑙
𝑚, 𝜌𝑅 𝜃,𝜙 𝐘𝑙

0 = 𝜆𝑙 ⋅ 𝐘𝑙
𝑚(𝜃, 𝜙)

⇓
1 = 𝜆𝑙 ⋅ 𝐘𝑙

0(0,0)

Since the convention is for the zonal harmonics to 

be real and positive at the north pole:

𝜆𝑙 =
4𝜋

2𝑙 + 1



Wigner-D Functions

𝐌𝑚𝑛
𝜌𝑙 𝑅 = 𝑅 𝐘𝑙

𝑚 , 𝐘𝑙
𝑛 = 𝐃𝑙

𝑚𝑛 𝑅

For 𝑙 ≠ 𝑙′:

We know that 𝑉𝑙 = {𝐘𝑙
−𝑙 , ⋯ , 𝐘𝑙

𝑙} and 𝑉𝑙′ = 𝐘𝑙′
−𝑙′ , ⋯ , 𝐘𝑙′

𝑙′ are 

not isomorphic (e.g. they have different dimensions).

⇓

𝐌𝑚𝑛
𝜌𝑙 , 𝐌

𝑚′𝑛′
𝜌
𝑙′ = 0

⇓

𝐃𝑙
𝑚𝑛, 𝐃𝑙′

𝑚′𝑛′ = 0



Wigner-D Functions

𝐌𝑚𝑛
𝜌𝑙 𝑅 = 𝑅 𝐘𝑙

𝑚 , 𝐘𝑙
𝑛 = 𝐃𝑙

𝑚𝑛 𝑅

For 𝑙 ≠ 𝑙′:

𝐃𝑙
𝑚𝑛, 𝐃𝑙′

𝑚′𝑛′ = 0

For 𝑙 = 𝑙′:

𝐌𝑚𝑛
𝜌𝑙 , 𝐌

𝑚′𝑛′
𝜌𝑙 =

𝛿𝑚𝑚′ ⋅ 𝛿𝑛𝑛′

2𝑙 + 1
⇓

𝐃𝑙
𝑚𝑛, 𝐃𝑙

𝑚′𝑛′ =
𝛿𝑚𝑚′ ⋅ 𝛿𝑛𝑛′

2𝑙 + 1



Wigner-D Functions

𝐌𝑚𝑛
𝜌𝑙 𝑅 = 𝑅 𝐘𝑙

𝑚 , 𝐘𝑙
𝑛 = 𝐃𝑙

𝑚𝑛 𝑅

For 𝑙 ≠ 𝑙′:

𝐃𝑙
𝑚𝑛, 𝐃𝑙′

𝑚′𝑛′ = 0

For 𝑙 = 𝑙′:

𝐃𝑙
𝑚𝑛, 𝐃𝑙

𝑚′𝑛′ =
𝛿𝑚𝑚′ ⋅ 𝛿𝑛𝑛′

2𝑙 + 1

Putting this together, we get:

𝐃𝑙
𝑚𝑛, 𝐃𝑙′

𝑚′𝑛′ =
𝛿𝑙𝑙′ ⋅ 𝛿𝑚𝑚′ ⋅ 𝛿𝑛𝑛′

2𝑙 + 1

⇒ The Wigner-D functions form an orthogonal basis.



Wigner-D Functions

Given a frequency 𝑙, and the spherical harmonic basis for 

the 𝑙-th frequency, 𝑉𝑙 = 𝐘𝑙
−𝑙 , … , 𝐘𝑙

𝑙 , we can express the 

representation (𝜌𝑙 , 𝑉𝑙) in matrix form as:

𝜌𝑙 𝑅 = 𝐃𝑙(𝑅)

with 𝐃𝑙 𝑅 ∈ ℂ 2𝑙+1 × 2𝑙+1 the matrix whose entries are 

the Wigner-D functions.



Wigner-D Functions

Given a rotation 𝑅 ∈ 𝑆𝑂(3) and a Wigner-D function 𝐃𝑙
𝑚𝑚′

we have:

𝑅 𝐃𝑙
𝑚𝑚′

𝑆 = 𝐃𝑙
𝑚𝑚′

𝑅−1 ⋅ 𝑆

= 𝐃𝑙 𝑅
−1 ⋅ 𝑆

𝑚𝑚′

= 𝐃𝑙 𝑅
−1 ⋅ 𝐃𝑙 𝑆 𝑚𝑚′

= ෍

𝑘=−𝑙

𝑙

𝐃𝑙
𝑚𝑘 𝑅−1 ⋅ 𝐃𝑙

𝑘𝑚′
(𝑆)

Or in other words:

𝑅(𝐃𝑙
𝑚𝑚′

) = ෍

𝑘=−𝑙

𝑙

𝐃𝑙
𝑚𝑘 𝑅−1 ⋅ 𝐃𝑙

𝑘𝑚′



Wigner-D Functions

𝑅(𝐃𝑙
𝑚𝑚′

) = ෍

𝑘=−𝑙

𝑙

𝐃𝑙
𝑚𝑘 𝑅−1 ⋅ 𝐃𝑙

𝑘𝑚′

⇒ The rotation of a Wigner-D function of frequency 𝑙 is a 

linear combination of Wigner-D functions of frequency 𝑙.

⇒ The Wigner-D functions of frequency 𝑙 form a 

representation of 𝑆𝑂(3).
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