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Math Review

Notation:

Given vector spaces V and W, we define VW to
be the direct sum of the vector spaces:
VoW ={(v,w)|lveVandw € W}

e Givenv eV, weW, and a scalar ¢ € C:
a(v,w) = (av, aw)

 Givenvy,v, €V,and wy,w, € W:
(v, wy) + (v, wy) = (V1 + vy, Wy + Wy)




-

Math Review

Notation:

Given vector spaces V and W, we define VW to
be the direct sum of the vector spaces:
VoW ={(v,w)|lveVandw € W}

Given bases {vy, ...,v,} and {wq, ..., w,,},, VO W
IS a (n + m)-dimensional space obtained by
“stacking” coefficients:

n m
vt (YooY )
=1 =1
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Notation:

Given linear maps L:V - Vand M:W - W, we
define LM to be the map:
LEM: VAW - VW
(v, w) = (L), M (W)

Given bases {vy, ...,v,} and {wy, ..., w,, }, with L
and M the associated matrices, LM is
represented by the block-diagonal matrix:

(](-)' 181) e c(n+m)x(n+m)
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Definition:

Given a matrix M € C™*", the trace of M is the
sum of the diagonal entries:

n
Tr(M) = z M;;
i=1
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Properties:

1. Tr(a-M) =a - Tr(M)
2. Tr(M) = Tr(M?)
3. Tr(M) = Tr(M)
A

. If M is a unitary matrix, then:
Tr(M~1) = Tr(Mt) = Tr(M)

5. Tr(M) = Tr(N"1-M-N) VN € GL(n)
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Tr(M) = Tr(N"1-M-N) VN € GL(n)

Properties:

fL:V — Vis alinear transformation, {v;,---,v,,} a
pasis for V, and M € C"*" the representation of £
In the basis, then the trace of M is independent of
the choice of basis.

= The “trace of a linear operator” is well-defined
without a matrix representation.
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Properties:

Given vector spaces V and W and linear maps
L:V->Vand M:W - W we have:
Tr(LBM) = Tr(L) + Tr(M)
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Notation:

Given the space of n-dimensional vectors, we
denote by e! € C" the vector with a “1” in the i-th
entry and “0” everywhere else:

- 1 ifi=j
l: — 6- [ R —
© Y {O otherwise

Given the space of n X n matrices, we denote by
EY € C™¥™" the matrix with “1” in the i-th row and

j-th column and “0” everywhere else:
E;]b = Ojq * 5jb
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Notation:

Given a matrix N € C**", we have:

n
(EV-N),, = ) El Ne
c=0
n

— 25ia ' 6]c *N¢p

c=0

0ia - Njp

This is the matrix whose i-th row contains the j-th
row of N.
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Notation:

Given matrices M, N € (C"X" we have:

(18N, = Y M (89 8),

EMac Sic *Njy

— Mal ' ij

This Is the matrix whose (a, b)-th entry is the
product of the (a, i)-th entry of M and the (j, b)-th

_entry of N.
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Functions on Groups

Note:

Given a representation (p, V) and given a basis
{v1, -, vy} we can represent each p, as a matrix

MP”(g), with coefficients that are functions:
M/:G — C

Since M”(g) Is unitary, we have:
M (g™ = (MP(9)) " = (MP(g))
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Functions on Groups

Notation:

Given the space of complex-valued functions on
G, we can define a scalar product by setting:

G0 =2 Y B(g) - D@

1G]
geG
for any functions ¢, y: G — C.
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Definition:

Given representations (p4,V) and (p,, W) of a
group G, alinear map L:V - W is G-linear If:
p2(g)eL=Lop(g) VgEG
g
L=p(gDoLop(g) VgERG
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Definition:

Given representations (p4,V) and (p,, W), we say
the two representations are isomorphic if there

exists a G-linear isomorphism:

LV ->W
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Schur’'s Lemma:

Given irreducible representations (p{,V) and
(p,, W) of agroup G, if L:V - W is G-linear then:
1. If £is not anisomorphism, then £L =0
2. fV=Wandp; =p,,thenL=1-1d.
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Maschke’s Theorem:

If W Is a sub-representation of V, then the space
W+ will also be a sub-representation of V.

Corollary:

Given a representation (p, V) we can decompose
V into a direct-sum of irreducible representations:

-

L

Note that an irreducible representation may occur
with multiplicity (i.e. V; may be isomorphic to V;).
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Recall:

Convolving with the [-th zonal harmonic is the
same as scaling the [-th spherical frequency:

<pR(0,¢) (YzO)JWJ — 51,1’ '/11 'Yzm

Im(Y; (6, ¢))

Im(Y5 (6, 9))

Re(Y3(6,9))

Re(Y3 (6, 9))

J
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Recall:

Convolving with the [-th zonal harmonic is the
same as scaling the [-th spherical frequency:

<pR(9,cl>) (Y{’),ﬁ,) — 51,1’ - Ay 'Ylm

We had asserted that:

41T
\121+1

/11=
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Recall:

Given the spherical harmonics, we defined the
Wigner-D functions to be:

D™™ (R) = (R(Y™), Y™ )

We had asserted that the Wigner-D functions:
1. Form an orthogonal basis
2. For afixed [, form a representation of SO(3).
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G-Linear Maps by Averaging

Given representations (p4,V) and (p,, W) of a
group G, and given a linear map L:V - W, we
can construct a G linear map £° by averaging:

Z p2(g™") e Lopi(9)

]
gEG
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G-Linear Maps by Averaging

Proof:

For any h € G we have:
p2(h™1) 0 LOopi(h) = pp(h™ 1) o <|G|sz(g Do Lopi(g)

geG

|G|2pz(h tegDoLopi(g-h)

gEeG

|G|sz((g h)™1)oLop;(g-h)

gEeG

|G| Z p2(g ) e Lopi(g)

JgeEGh

zpz(g DeLopi(g)

6l
geG
= [0

) p1(h)
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G-Linear Maps by Averaging

LO — —1 ( _1) o/l o
P2\g p1(9)
|G|
gea

By Schur's Lemma:
1. If £° is not an isomorphism, then £°% = 0.
2. fV =W and p; = p,, then £ = 1 -1d.
Taking the trace:
Tr(£%) = Tr (i Z pi(g™1) e Lo pl(g)>
G|

gEeG

Tr(4-1d.) = %z Tr (pfl(g) o Lo pl(g))

geG

1
1-Tr(d.) = mg; Tr(L)
1-dim(V) = Tr(L)
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G-Linear Maps by Averaging

z p2(g™ ) e Lopi(9)

161
gea

By Schur's Lemma:
1. If £° is not an isomorphism, then £°% = 0.

. . 0 _ TI‘(L) .
2. IfV =W and p; = py, then L* = (V) Id.
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Coefficient Orthogonality

z p2(g™ ) e Lopi(9)

161
gEeG

Choosing bases and taking £ = EY we get:
1. If £%is not an isomorphism, then £Y = 0.

z p2(g™1) o EY o py(g)

6l
gEeG

U
Y ME(g™) - ME o)
geG
= MZ(g) - M5 o)

geaG

)
_ (MmP1 mP

(O)ab |G|

1G]
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Coefficient Orthogonality

z p2(g™ ) e Lopi(9)

161
gea

Choosing a basis and taking £ = EY we get:
Tr(EY)
dim(V) 1d.:

|G|Zp(g 1) o EY o p(g)

geG

2. fV =W and p; = p,, then LY =

Tr(EY )
dimv) |

(i Id‘>ab RPAORAD
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Characters

Definition:

Given a representation (p, V) of a group G, the
character of the representation is a map:

Xp:G = C
g~ Tr(py)




-
Characters

Claim:

Given irreducible representations (p,V;) and
(p,,V5), let x4, x,: G — C be their characters.

1. If the representations are not isomorphic:

(X1, X2) =0
2. If the representations are isomorphic:
(X1, X2 =1
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Characters 0 = (M~

P2
jb’ Mia )

1. Not isomorphic: (x{, x») =0

Proof:

(X1, X2) = (Tr(py1), Tr(pz))

|| |
M

M =
- =0
= N
2 ]
TS
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2. Isomorphic: (x1,x;) =1

Proof:

3 isomorphism L:V; >V, s.t. p; =L 1 op, o L.

Rewriting the inner-product we get:

(X1, x2) = (Tr(pq), Tr(py))
(Tr(L™" o py 0 L), Tr(p,))
(EF(PZ); Tr(pz))

n
= 2 <Mf’.2 MP.2> =N 09y
i M, dim(V,)

ij=1 ij=1

n
1
= z _ =1
— dim(V;)
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Implications:

Given a representation (p, V) of a group G and
given some irreducible representation (p’, V") we
would like to know “how many times” the
irreducible representation p’ occurs in p.
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Implications:

How many times does p’ occurs in p?

_ (N
V_\iJVl
|
XP:ZXPi
Ul

(Xp» Xp') = Z(Xpi,xm
— z {1 if (pi, Vi) = (0, V")

0 otherwise

- i J
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Example:

We know that if G Is the group of 2D rotations,

G = S0(2), and V is the space of functions on a

circle, we have:

where V, Is the 1D space of functions spanned by

V=€ Vk

k=—o0

the complex exponentials:

Vi = Span{e'*%}

)
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Example:

Using the fact that {e'*?} is a basis for V., we can
express p,(g) as a (1 x 1) matrix w.r.t. this basis.

Denoting by g4 the rotation by ¢ degrees, we get:
pr(9e) = (e7¢)

So the character of this representation is:
Xpi(gp) = Tr(e™?) = e7?

*)
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Example:

We know that if G Is the group of 3D rotations,

G = S0(3), and V is the space of functions on a

circle, we have:

00

-

[=0

where 1 Is the (21 + 1)-dimensional space of

functions spanned by the spherical harmonics:

V, = Span{Y"l, ,Yll}

>
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Example:

m

Y a

m=-—1

pi1(R)

Xpl(R) — TI‘<

Using the spherical harmonic basis we get:

_ i i i (RO, Y™ - Y™

m
. Yl
m=-—1 mr=-—|
m l
/ !
— mm m
— § Am § Dl (R) 'Yl
m=-—1 mr=-—|

So the character of this representation Is:

DN R) - D{”(R)> zl:
s | = D™ (R)

D/T'(R) - DR/ M=

%
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Application: -
(Preo.)(Y), Y™ = 2, - Y[(6, $)
What is A;?
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(Pro.6) (YD), Y™ = A, - Y™ (6, ¢)

Since Y, is real-valued, we can re-write this as:
(Y™ pria.p)(YP)) = 41 - Y[™(6, )
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Recall that:
0ij * Oap

M;),lel(R) = (R(Ylm)»Ylm,>

— /MPL P
= (M0 ML)

Setting i,j = m, a, b = 0, and writing the dot-
product as an integral:

1
— (MP p
i1 Mo Mimo?
1

1503 Jresoea

(ROY™,YP) - (R(Y™), Y )dR

J
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Since rotations are orthogonal:

L __ L [ ®Ra™YY-(ROM, YY) dR
2l+1 SO Jreso)

— 1 f m p-1,vyv0y\ . m p-—1,y0
_ISO(3)|JR650(3)<YZ ,RTLYD)Y - (Y, RA(YD))dR

I | e S
) |SO(3)|JRESO(3)<YZ ROV - (Y R(Yi))dR
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Factoring the integral we get:

1 1
= Y™ R(Y?)) - (Y™ R(Y?))dR
U

2T T (2TT
5 j j J (Y™, Rg.p (YD) ) - {Y[™, R . (Y)) dip sin(¢p) d¢p d
o Jo Jo

11
2l+1 87
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Using the invariance of the zonal harmonics to
rotations about the y-axis:

1 1 2T ,TC 2T
2+ 1 8n2 jo jo JO (Y™, Rg.p (YD) ) - (Y™, Rg .y (Y0)) dip sin(¢p) d¢p d6
U

2T T 2T
> j j j (Y, Ro s (YD) ) - (Y™, Rg o (Y)) dp sin(¢p) d¢p d6
0 0o Y0

11
2l+1 87
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Since the integrand is independent of :

1 1 2T T (2T
2l+1  8n? jo jo L (Y[, Ro (YD) - (Y[", Re,¢ (Y1) dip sin() dp df
U

2T
j j (Y7 R 5 (X)) - (Y], Ry (Y?)) sin($) dep dB

1
20+1 8n?
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(Y™, preo.o) (YD) = A, - Y[ (6, ¢)

Plugging in the equation for zonal convolution:
2m

21+ 1 87T2
1 1 2w T
= .ym A, Ym 9, : do db
T | @S A Y E.e)sin) b
41
_ 2
=l
A= with{ € C and ||{|]| =1

2l+1
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41T
\JZZ+1

with{ € C and ||{]| =1

Takingm = 0 and 6,¢ = 0, we get:
(Y™, preo,0)(Y0)) = A1 - Y[ (6, §)
U
1=2;-Y(0,0)

Since the convention Is for the zonal harmonics to
be real and positive at the north pole:

41T
2L+ 1

Al=
\_ \
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Wigner-D Functions

M;.,(R) = (R(Y™), Y[") = D[""(R)

Forl#1":
We know that V; = {Y;},---, Y/} and V;y = {YZTI’, ---,Yll,’} are
not isomorphic (e.g. they have different dimensions).
U
) -
U

<D}”‘”, D’f?'"') =0
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Wigner-D Functions

M;.,(R) = (R(Y™), Y") = D[""(R)

Forl + [':
(D7, D) = 0
Forl=1"
S, 18, 1
Pl Pl __mm nn
<an, Mm’n’> 2141
U
<Dmn m’n’> _ Smm' ) Snn’
Lol 20 + 1
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M;.,(R) = (R(Y™), Y[") = D[""(R)

Forl + [:
<D;"", ;’”") =0
Forl =1":
<Dmn m’n’> _ 5mm' ) Snn’
Lol 21 + 1
Putting this together, we get:
I/ 5 I 5 /e 5 /
mn DTI”L n > — [l mm nn
<Dl o 21+ 1

= The Wigner-D functions form an orthogonal basis.
\_
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Wigner-D Functions

Given a frequency [, and the spherical harmonic basis for
the I-th frequency, V; = {Y;}, ..., Y}}, we can express the
representation (p;, V;) in matrix form as:

pi1(R) = Di(R)

with D;(R) € CHL*QI+1) the matrix whose entries are
the Wigner-D functions.
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Given a rotation R € SO(3) and a Wigner-D function D{”m'
we have:

(R (D’l"m')) (§) = DV (R1- §)

=(D,(R™D) - D(S))
[

= > DR DI (5)
k=-1

Or Iin other words:
l

R(D?lm ) — 2 D;nk(R_l) . D;cm
k=-1
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Wigner-D Functions

l
ROP™) = Y DPER™) - DF™
k=—1
= The rotation of a Wigner-D function of frequency [l is a
linear combination of Wigner-D functions of frequency .

= The Wigner-D functions of frequency [ form a
representation of SO (3).
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