FFTs in Graphics and Vision

Correlation and Convolution
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Correlation:
o One-Dimensional (Continuous)
o One-Dimensional (Discrete)
o Higher-Dimensional
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Convolution

Applications in 1D
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Representations

A representation of a group G on a vector space
V, denoted (p, V), is a map p that sends every
element in G to an invertible linear transformation
on V, preserving the group action:

p(g-h)=p(g)- -plh) Vg hea.
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Sub-Representation

Given a representation (p, V) of a group G, If

there exists a subspace W c V such that the

representation maps W to itself (i.e. fixes W):
pgwW)EW  VgeG weW

then we say that W Is a sub-representation of V.
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Irreducible Representations

Given a representation (p, V) of a group G, the
representation is said to be irreducible if the only
sub-representations of V are:

W=V and W = {0}
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Schur’s Lemma (Corollary)

If (p,V) Is an irreducible, (unitary), representation
of a commutative group G, then V must be one-
dimensional.
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Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Iinitial data.

E.g. Smoothing:
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Correlation

What we are really doing is computing a moving

iInner product:
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What we are really doing is computing a moving
iInner product:

(9(8),f(6 — ag))
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Correlation

We can write out the operation of smoothing a
signal g by a filter f as:
(g * f)(a) = (g, pa(f))

where p, Is the linear transformation that
translates a periodic function by a.

f(6) % (9(8),f(6 — ag))

—T T —T T a3
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Correlation

We can think of this as a representation:

o V =L*(R/2nZ) is the space of periodic functions on
the line

o G = R/2nZ is the group R modulo addition by integer
multiples of 2n

o p, IS the representation translating a function by «.

This Is a representation of a commutative group...

Warning:

The domain of functions in ¥V and the space G are both
parametrized by points in the range [0,2m).

* Though the parameters domains are the same, we should think

of them as distinct. (The former is the circle S, the latter is the
rotation group SO(2).)
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= There exist orthogonal one-dimensional
(complex) subspaces Vy, -, V,, € V that are the
irreducible representations of I/.”

Setting {’ € Vi to be a unit-vector, we know that
the group acts on ¢’ by scalar multiplication.

That is, there exist y/: G — C s.t.:
pa(§’) =X () - ¢
Since the ¢’ are unit vectors:

X (@) = (pa(¢/), L)

\_In reality, there are infinitely many such subspaces. W,
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Correlation
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= There exist orthogonal one-dimensional

(complex) subspaces Vy, -, V,, € V that are the

irreducible representations of V.

Setting {’ € Vi to be a unit-vector, we know that
the group acts on ¢’ by scalar multiplication.

That is, there exist y/: G —» C s.t.:

Note:

Since

Since the V; are orthogonal, the function
basis {¢?, -+, ™} is orthonormal.

A7) = \Pa\S$" )67}

\_In reality, there are infinitely many such subspaces.
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Setting {’ € V: to be a unit-vector, we know that
the group acts on ¢’ by scalar multiplication:
pa(§7) =2/ (@) - ¢
We can write out vectors f, g € V In the basis
{¢1, ..., "} as:
f=h-C 4t fu Q0
) g=01-¢ 4+ Gn- "
with f,g € C".
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Then the correlation can be written as:

(g * (@) =(9,pa(f))

Expanding in the function basis {3, ..., {"}:

(g *f)la) = Eﬁfﬂ,pa ka-("
j k
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(g*fa) = Z§j'(j;Pa ka'(k
7 X

Using the linearity of p,, the (conjugate)-symmetry of the
inner-product, and the orthonormality of {¢%,---, "} :

= > 3 fuldpa())
j.k

=Y G fu 2 @(&,5¥)
J,k

=z§j°fj')?j(a)
J
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(g*N@ =) §;-f; ¥ (@
J

This implies that we can compute the correlation
by multiplying the coefficients of g by the
(conjugate of the) coefficients of f.

Correlation in the spatial domain Is
multiplication in the frequency domain!
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What is y/ (a)?

Since the representation is unitary, |y’ (a)| = 1:
A7/:6 > R s.t. yl(a) = e X (@

Since It’s a representation:
Ak, ER s.t. j/(a) =k -«

And it takes a = 2r to the identity:
1=e %" & ki€
\_ _/




-

Correlation Yev.xiGoC
What is y/(a)?
9+ N@ =) §;-f; ¥ (@
J

Thus, the correlation of the signals f, g: S* - C
can be expressed as:

(g *f)a) = Zgj f]  plkja
)j

where Kj € 7.
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Correlation eV, y:6 - (W
What is {J?

By definition of y/, we have: |
po(T) =Y (a) - =e i@ . g

for some k]- e 7Z.

On the other hand, we have:

3(6) - e ™ = |pa (¢)](0) = T (6 — )
U

{7 (6) = ¢ - eti°
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Correlation:
o One-Dimensional (Continuous)
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Correlation (Periodic Functions)

Let’s revisit periodic functions in more detalil:

o V = L?*(R/2rZ) is the space of periodic functions on
the line

o G = R/2nZ is the group R modulo addition by
Integer multiples of 2n

o p, IS the representation translating a function by «:

(P (f))(6) = f(6 — a)
The irreducible representations are:”
V; = Span(zj(e) = eikfe).

The corresponding scaling functions are:
X (@) = e7He,

“Note that while ¢’ is an eigenvector of p,, it is not unit-norm. 31
N\ _/
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Correlation (Periodic Functions)

V; = Span(zj(H) = eikie)
X (a) = 7%

The one-dimensional sub-space:
Span({’(0) = e'*Y)

IS a sub-representation for every integer k € Z.
U
V; = Sp_an(zj(H) = elo)
X (a) =e

)
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Correlation (Periodic Functions)

Note:

The periodic functions:
$i(6) = e1f
do not have unit norm!

2T L
o = [ e e a
0

2T
[0
0

= 27

%




-
Correlation (Periodic Functions)

Note:

The periodic functions:
$i(6) = e1?
do not have unit norm!

= Normalize to make the functions unit-norm:

j o1J6
¢/(0) = T

X (@) =e ™V =2r- {7 (a)
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Correlation (Periodic Functions)

Remark:

The functions {¢¥} " __form an orthonormal

=—00

basis called the Fourier basis.

)
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Correlation (Periodic Functions)

Given functions, f,g € LZ(R/ZnZ) we can
expand them in the basis {¢¥}

k——a>

= y fr-¢¢ and g= Jr - ¢~
5 )

k=—o00 k=—o00

This gives:

G+ N@= ) Gufi 7@

k=—o0

= > V2T gifir $F (@)

k=—o0

*)
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Correlation (Periodic Functions)

Pa((j) = e Ha. g
What's really going on here?

If we express a complex number in terms of
radius and angle (r, 8), then rotation by «
degrees corresponds to the map:
(r,0) » (r,0 +a)
)

rei@ N rei(9+a) — eia . rei@
= Multiplication by a complex, unit-norm, number

IS the same as translation

7
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Correlation (Periodic Functions)

What's really going on here?

0]

Pa((j) — e U, (J'

Imaginary

Visualize complex-valued =

] |
o

(periodic) functions the line -~ A o

by drawing the values in the

perpendicular plane. £(0) = 140

A complex exponential

becomes a helix.

We can translate the helix

along the line.

This Is the same as rotating in the (complex) plane
that is perpendicular to the line.

)
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Correlation (Periodic Functions)

Pa((j) — e U, (J'

Imaginary

What's really going on here?

o Visualize complex-valued -

(periodic) functions the line

by drawing the values in the
perpendicular plane.

o A complex exponential
becomes a helix.

o We can translate the helix
along the line.

Translating the domain of a complex exponential

)

Multiplying its value by a (unit-normal) complex number
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Correlation:

o One-Dimensional (Discrete)
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Correlation (Periodic Arrays)

In practice, we don’t have infinite precision, and
we discretize the function space and the group:
o V = R™ Is the space of periodic n-dimensional arrays
o G = 7Z/nZis the group of integers modulo n
o pj Is the representation shifting the entries in the
array by j positions

What are the irreducible representations V;?

What are the corresponding scaling functions
x/ € C"*?
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Correlation (Periodic Arrays)

We set V,, to be the (1D) spaces spanned by the
discretizations of the complex exponentials:

Vi = Span(Z*)
where Z* is defined by regularly sampling the k-th
complex exponential:

. . 21]
A (elkeo,"',elkgn-l) with 0, = il
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Correlation (Periodic Arrays)

Applying p; to Z*, we get:
p;(Z¥) = (K004, ... £ikbn-1-))

We can write out:
_2n(m - )

Om— "
2mTm  —27]
= +
n n
—_ H’m ~+ H_]
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Correlation (Periodic Arrays)

Applying p; to 7, we get:
pi(2%) = (ei*0o-j, ..., eikOn-1-})
We can write out:
Hm—j — Hm + 0_]
Thus:
0;(25) = (e™0 - KO-, .. oikbn-1 . gikO-))

||

o

|

.
=N
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Correlation (Periodic Arrays)

Note 1:

The periodic arrays:
ik — (elkeo’.“

do not have unit norm!

2T _
gk gk —_.§:~l<.~l<
<Z 2 >[0,2n) n Zj © Z
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Correlation (Periodic Arrays)

Note 1:

The periodic arrays:
ik — (elkeo’.“

do not have unit norm!
xk =V2m-z7k

We need to normalize these vectors to make
them unit-norm:

eiken_l)

)

o 1k6, kb1
Zk f— ) ) ,
V2T V2T
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Correlation (Periodic Arrays)

Note 2:
The arrays z* and z**" are the same array:
el(k+n)90 ei(k+‘n)9n_1
gkt —
V21 V21
ik, ikBp_1
= ¢ . eineo,...,e " . einen—l
V21 V21
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Correlation (Periodic Arrays)

Note 2:

The arrays z* and z**" are the same array:

Zk+n — . eme(,, . emen_l

V21 2w
But n6; Is a multiple of 27x:
9. — n2nj i
no; = e Tj
)
einej —




Correlation (Periodic Arrays)

Note 2:
The arrays z* and z**" are the same array:
einej — 1
oikby oikbn_s
Zk+n — . eme(,, ve . emen_l
V21 V2T
oikBy  ,ikBn_;
V2T T 2w
k

Z
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Correlation (Periodic Arrays)

Note 3:

The arrays z* and z=* are conjugate.
pi(-K08  i(=k)Op
Z_k —
()
o—ikfy  ,=ikbp_
(=)

eik8 eikOn_q
\/Zn’ ' V2T

ik




Correlation (Periodic Arrays)

Note 4:

Reflecting the coefficients of array z* through the
origin also gives the conjugate:
pik6_
K

N
|

®
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Correlation (Periodic Arrays)

Note 5:

The arrays {z°,---,z" "1} are linearly independent.
y

(More specifically, the arrays are orthonormal.)

= Since the space V' is n-dimensional, the arrays
form a basis.

This Is the discrete Fourier basis.
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Correlation (Periodic Arrays)

Thus, given two n-dimensional arrays, f and
g, we can expand:

n—1 n-—1
f:ka'Zk and g=zgk~zk
k=0 k=0

This gives:

(grf); = zg oo+ ®

=ar Zg i 2
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Correlation:

o Higher-Dimensional
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Correlation (Higher Dimensions)

The same kind of method can be used for higher
dimensions:
o Periodic functions in 2D

1
| (2m)?

X" (e, B) = \/(ZE)Z(_Z (o, B)

o Periodic functions in 3D

1 . . .
(l,m,n (9 b, l/)) _ (27_[)3 . elll . pim | ,in

lm"(dﬁ)/)—\/(Zﬂ)?’ ¢~h T a, B y)

Lo eimqb

g6, @) =

- e
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Correlation:

o Computational Complexity
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Computational Complexity

To compute the correlation of two periodic, n-
dimensional arrays f,g € C":

1. Express f and g in the basis {z°, ...,z""1} c C™:

n-—1 n-—1
f=sz-zk and g=z§k-zk
k=0 k=0

2. Multiply (and scale) the coefficients:
§*0 =27 ) G-
3. Evaluate at every |ndex1

(g*f); =V2m- zgk fi -z

7
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Computational Complexity

To compute the correlation of two periodic, n-
dimensional arrays f,g € C":

e The first and third steps are a change of bases.

o Implemented (naively) as matrix multiplication these
have complexity 0(n?).

%
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Computational Complexity

To compute the correlation of two periodic, n-
dimensional arrays f,g € C":

1. Express f and g in the basis {z°, ...,z""1} c C™:

n-—1 n-—1
f=sz-zk and g=2§k'zk 0(n?)
k=0 k=0
2. Multiply (and scale) the coefficients:
(g*f)=V27T'z§k'f_k'Zk 0(n)
3. Evaluate at every |ndex1
(g*f); =2 ng fe - 2f 0(n?)
%
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Computational Complexity

To compute the correlation of two periodic, n-
dimensional arrays f,g € C":

The Fast Fourier Transform (FFT) is an algorithm
for expressing an array represented by samples
at {0,,+,0,_1} as a linear sum of {zY, ..., z" " 1}.

The Fast Inverse Fourier Transform (IFFT) is an
algorithm for expressing an array represented as
a linear sum of {z°, ...,z" "1} by samples at

{90' Y Hn—l}'
Both take O(nlogn) time.
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Computational Complexity

To compute the correlation of two periodic, n-

dimensional arrays f,g € C":

1. Express f and g in the basis {z°, ...,z""1} c C™:
n—1 n—1
_ £ .ok — q4. . gk
f= z fk 2 and & 2 i * 2 O(nlogn)
k=0 k=0

2. Multiply (and scale) the coefficients:

§*0 =27 ) G-

3. Evaluate at every |ndex1

(g*f); =V2m- zgk fi -z

0(n)

O(nlogn)

Y
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Convolution

Recall:
The Fourier basis is defined by the functions:
. elJv
J(8) = Vj EZ
¢’ (6) Nz

These functions have the properties that their
reflections through the origin are their conjugates:

j o1
¢/ (—0) = Nor

oij0

V2T
\_ = {J(0) Y,

3
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Convolution

Given a function f, the conjugate of its reflection
through the origin can be expressed as:

F=6)=) f;-3(=0)
J

= ij YUC:)

= fi 7/ (9

= fi - {J(0)
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Convolution

Given complex valued functions f and g on the
circle, we define the convolution of g with f as the
result obtained by

1. reflecting and conjugating f, and

2. correlating g with the transformed f
gxf=g*f withf(8) = f(-6)
)

gxf=gx*f withf, = f
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Convolution
gf=g*f withfe=f
Plugging this into equation for correlation:
(g*f)=(9*f) =m2§k'fk'(k
K
= \/Ez gr - fro - €
k

:m2§k‘fk'(k
K
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Convolution

gxf=gx*f withf, =f

Note:
1. Unlike correlation, convolution is symmetric:
gxf=1=*g
2. If f is real and symmetric with respect to reflection, then
convolution and correlation are the same thing:

g*xf=9*f

:\/EEQ\R'fk'(k
K
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Applications in 1D
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Applications of the FFT

e Correlation

foa-

fo <
fi
fa+

»g—2
»g-1
»90
»91
>92

AN

%
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Applications of the FFT

e Correlation

a0
f}l/g—l

Yo
f(l)/!h

fZ/gz
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Applications of the FFT

e Correlation

2
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Applications of the FFT

e Correlation

e Convolution

This is like correlation, except that we flip the entries
of the array f before correlating.

Correlation
f-24 » J-2
f_1< »J-1

fO: > Y0
f1< > J1
f2< > J2

Convolution
—2 g-2
-1 9g-1
fo Jo
f1 J1
f2 J>

2
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Applications of the FFT

e Correlation

e Convolution

This is like correlation, except that we flip the entries
of the array f before correlating.

Correlation

Convolution
—2 g-2
-1 9g-1
fo Jo
f1 J1
f2 J>

®)
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Applications of the FFT

e Correlation

e Convolution

This is like correlation, except that we flip the entries
of the array f before correlating.

Correl Convolution
i sz: fa 0
fo / 9o £ 70
f 1 / g1 f1 P
fz /g2 fz p
\ / .
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Applications of the FFT

e Correlation
e Convolution

* Polynomial Multiplication

®)
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Applications of the FFT

e Correlation
e Convolution

* Polynomial Multiplication

Given two polynomials:
p(x) =ag+a;x+- -+

a,x"

q(x) = by + byx + -+ b, x"
we can represent the polynomials p(x) and g(x) by

(2n + 1)-dimensional arrays:

p(X) — (a—n' ", A-1,00,Aq9, """, an)

q(x) - (b—n' Y b—lJ bO' bl
with:

, '"'bn)

®)
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Applications of the FFT

e Correlation

e Convolution

* Polynomial Multiplication
The 0™ order coefficient of the product is:

a-2 % ,1b_2
aA_1« /,:':, b—l
Ao ;'::: > bO
a, « \::\, b,
a,* 1 b2

"
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Applications of the FFT

e Correlation
e Convolution

* Polynomial Multiplication
The 15t order coefficient of the product is:

®
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Applications of the FFT

e Correlation
e Convolution

* Polynomial Multiplication
The 2" order coefficient of the product is:

®)
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Applications of the FFT

e Correlation
e Convolution

* Polynomial Multiplication

The coefficients of the product can be computed
efficiently by convolving the arrays corresponding to
the coefficients of the original polynomials.

a-2, # b—z
a_l k\\\\ ///’ b—l
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Applications of the FFT

» Correlation
e Convolution
* Polynomial Multiplication

 Big Integer Multiplication
Given an integer, we can treat it as a polynomial.

Example:
47601345=5-10°+4-10*+3-10%* +1-10° +---

"
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Applications of the FFT

» Correlation
e Convolution
* Polynomial Multiplication

 Big Integer Multiplication

Given an integer, we can treat it as a polynomial.
To multiply two integers, we need to figure out what
the new value in the 1s place,

Example:
47601345=5-10°+4-10*+3-10%* +1-10° +---

46018729 = 9-1100 +2-10' +7-10°+8-10° +---

2
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Applications of the FFT

» Correlation
e Convolution
* Polynomial Multiplication

 Big Integer Multiplication

Given an integer, we can treat it as a polynomial.
To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place,

Example:
47601345=5-10°+4-10*+3-10%* +1-10° +---

46018729 =9-10° +2-10" +7-10° +8-10° +---

%
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Applications of the FFT

» Correlation
e Convolution
* Polynomial Multiplication

 Big Integer Multiplication

Given an integer, we can treat it as a polynomial.

To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place, the 100s
place, etc. will be.

Example:
47601345=5-10°+4-10*+3-10%* +1-10° +---

e

46018729 =9-10° +2-10" +7-10° +8-10° +---

)
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Applications of the FFT

» Correlation
e Convolution
* Polynomial Multiplication

 Big Integer Multiplication

Given an integer, we can treat it as a polynomial.

To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place, the 100s
place, etc. will be.

So big integer multiplication can be implemented
efficiently as a convolution.
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