Motion Planning

O’Rourke, Chapter 8
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Shortest Path

Goal:

Given a collection of disjoint polygons in the plane,
and give a source s and target t, find the shortest
path from s to t that avoids the polygons.
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Shortest Path

Goal:

Given a collection of disjoint polygons in the plane,
and give a source s and target t, find the shortest
path from s to t that avoids the polygons.

Key ldea:

Since the path Is shortest,

It only bends at corners and
will otherwise consist of
straight segments between
vertices and the source/target.
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Shortest Path

Goal:

Given a collection of disjoint polygons in the plane,
and give a source s and target t, find the shortest
path from s to t that avoids the polygons.

Approach:

o Construct the visibility graph:
A graph whose nodes are t
vertices of the polygons
plus s and t, with edges
between nodes that “see”
each other.
(These include polygon edges.)
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Shortest Path

Goal:

Given a collection of disjoint polygons in the plane,
and give a source s and target t, find the shortest
path from s to t that avoids the polygons.

Approach:
o Construct the visibility graph

o Find the shortest path
from the source to the
target in this graph.
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Shortest Path

Find the Shortest Path:

Setting the weight of each edge to the Euclidean
distance between its endpoints, this can be solved
using Dijkstra’s Algorithm.

Complexity: O(|V|log|V| + |E|)
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Notation:

« Set V to be the nodes of the graph.

« Set F cV xV to be the set of edges.

e Set w: E - R3Y to be the edge lengths.

« Sets,t €V to be the source and target vertices.

e Setd:V XV - RU {oo} to be the shortest
distance function.
(It could be Infinite if the nodes are not connected
In the graph.)

 Setd.:V - R U {0} to be the shortest distance
from the source.
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Dijkstra’s Shortest Path Algorithm

Key ldea:

Suppose we computed the distance for the subset
of vertices V, c V that are within ¢ of the source.
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Key ldea:

Suppose we computed the distance for the subset
of vertices V, c V that are within ¢ of the source.

Let N(V.) be the neighbors of V, \
l.e. all vertices v € V such that /
(u,v) € E for some u € V.
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Key ldea:

Suppose we computed the distance for the subset
of vertices V, c V that are within ¢ of the source.

Let N(V.) be the neighbors of V, \
l.e. all vertices v € V such that /
(u,v) € E for some u € V.

Let dZ: N(V.) —» R be the
candidate distance from s:

crN .
ds(v) = (W) VXN (V) NE ds(u) + w(w,v)
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Dijkstra’s Shortest Path Algorithm

Key ldea:

The vertex v € N(V,) / V. minimizing df satisfies:
ds(v) = ds(v)




Dijkstra’s Shortest Path Algorithm *1

Key ldea:

The vertex v € N(V,) / V. minimizing df satisfies:
ds(v) = ds(v)

Proof:
Assume to the contrary d(v) > d;(v).
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Key ldea:

The vertex v € N(V,) / V. minimizing df satisfies:
ds(v) = ds(v)

Proof:

Assume to the contrary d(v) > d;(v).

The shortest path to v must go
through some u € V, and use

an edge e = (u,w) withw & V.

= d,(v) = d,(u) + w(u,w)

=>di(v) >d,(u) + w(u,w) = di(w)
= The vertex v does not minimize d:.
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Implementation:

Maintain a set of known distances, d.:V — R U {0},
from the source to vertices in V. (Vertices with finite
distances define the set /).

Maintain a map, p:V = V U {@}, giving the previous
vertex on the path from the source. (Or no vertex if
we are either at the source or haven’'t computed the

path yet.)

Maintain a queue, Q € R XV x V, of candidate
distances/vertices/previous for the current
L neighbors. (Vertices in the queue define N(1.).) y
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Dijkstra( G = (V,E,w:E - R) ):
»VveV:dg|v] « oo
»WveViplvl«0@

»Q < 1(0,5,0)}

Initialize the shortest-path distances to unknown.
Initialize the previous-on-the-path vertices to unknown.
Initialize the queue to contain the source.

D\
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Dijkstra’s Shortest Path Algorithm

Dijkstra( G = (V,E,w:E - R) ):
»V v €EV:dg|v] « o
»VWvelViplv] « 0
»Q < {(0,s,0)}

»while not_empty(Q)

- (v,d,m) « pop_smallest( Q)
-if(d < d[v] )

Find the neighbor v € N(I.) / V,
minimizing ds.
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Dijkstra’s Shortest Path Algorithm

Dijkstra( G = (V,E,w: E - R) ):
»WveV:ds|v] « o
»VWvelViplv] « 0

»Q < {(0,5,0)}
»while not_empty(Q)
- (v,d, ) « pop_smallest( Q )
-if(d < d[v])
e di[v] «d
eplv] <

t

Update the shortest distance and previous vertex of v:
Vg = Vds(v)

\V
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Dijkstra’s Shortest Path Algorithm

Dijkstra( G = (V,E,w:E - R) ):
»V v €eV:ds|v] « oo
»VWvelViplv] « 0

»Q < {(0,s,0)}
»while not_empty(Q)
- (v,d,m) « pop_smallest( Q)
-if(d <ds[v])
° ds[v] «d
*plv] e
eV(v,w) EE
o d «d+ (,()(U,W)
e Q< QuU{d, w,v)} /

Update the queue to include neighbors of v:
N(:) = NVa, @)
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Dijkstra’s Shortest Path Algorithm

Dijkstra( G = (V,E,w: E - R) ):
»V v €eV:ds|v] « oo
»WveViplv] <0

»Q < {(0,s,0)}
»while not_empty(Q)
- (v,d, ) « pop_smallest( Q )
-if(d <dg[v])
e d [v] «d
splv] e
eV(v,w) EE
ed «d+ w(lvw)
* Q< Qu{(d,wv)}
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Visibility Graph

Naive Algorithm:

For each pair of nodes and each polygon edge test if the
segment between the nodes intersects the edge.

Complexity: 0(|V|3)
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Visibility Graph [Lee 1987]

Given non-intersecting edges E c VV x V, construct the
visibility graph by first constructing the reachability function:
R:V X [—00,0) - F
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Visibility Graph [Lee 1987]

Given non-intersecting edges E c V x V, construct the

visibility graph by first constructing the reachability function:
R:V X [—00,0) - F

This gives the first edge hit when travelling fromv € V

along a line to the right with slope m € [—oo, ©).
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Visibility Graph [Lee 1987]

Because the edges in E are non-intersecting, the label R(u,-)
can only change when the slope aligns with a segment
(u,,)) eV xV.
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Because the edges in E are non-intersecting, the label R(u
can only change when the slope aligns with a segment
(u,,)) eV xV.
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Visibility Graph [Lee 1987]

Because the edges in E are non-intersecting, the label R(u,-)

can only change when the slope aligns with a segment

(u,, ) eV xV.

= Instead of considering the continuum [—oo, ), it suffices
to consider the 0(|V|%) slopes generated by the vertex
pairsV x V.
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)

Preprocessing:
 Sort the segments by their slopes
* Initialize reachability in the downward direction

RN
\
/
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Visibility Graph [Lee 1987]

VisbilityGraph( G = (V,E) ):

Iterate over the segments:
« If the segment is an edge, its starting point must see Its ending point.

oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv
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Visibility Graph [Lee 1987]

VisbilityGraph( G = (V,E) ):

Iterate over the segments:
« Otherwise, compute the intersection of the ray through the segment
with the edge previously reached by the segment’s starting vertex.

»if( (u,v) € E ): Output uv
»else:

-w <« R(u, 2uv — €) Nuv ./\

/
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Visibility Graph [Lee 1987]

VisbilityGraph( G = (V,E) ):

Iterate over the segments:
« If the intersection is the end of the segment:
 The start can see the end.

* The reachability is unchanged.

»else:

-w <« R(u, 2uv — €) Nuv ./\
-if(v=w)
* Output uv \

e R(u, 2uv) <« R(u, Luv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( G = (V,E) ):

Iterate over the segments:

« If the reachable edge is behind the line segment or the end is closer
than the point of intersection:
* The start can see the end.
« \We can now reach the edge coming out of the end.

-w <« R(u, 2uv — €) Nuv /\
-if(v=w)
* Output uv \

e R(u, 2uv) <« R(u, Luv — €)

~else if(w =0 or |uv| < |luw| )
» Output uv —
e R(u, 2uv) « e(v)
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Visibility Graph [Lee 1987]

VisbilityGraph( G = (V,E) ):

[terate over the segments:

 Otherwise:
* The start cannot see the end (it’s blocked by the reachable edge).
* The reachability is unchanged.

»else:

-w <« R(u, 2uv — €) Nuv ./\
-if(v=w)
* Output uv \

e R(u, 2uv) <« R(u, Luv — €)
~else if(w =0 or |uv| < |luw| )
» Output uv —
e R(u, 2uv) « e(v)
\_ -else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V xV )
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv
-if(v=w)
* Output uv
e R(u, 2uv) <« R(u, Luv — €)

-else if(w =0 or |luv| < |[uw| )
* Output uv
e R(u, 2uv) « e(v)
\_ -else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €) y
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(-, —o0)
oFor (w,v) €S (W/ u, <v,)
»if( (u,v) € E ): Output uv

»else:
-w « R(u, 2uv — €) Nuv ./\
-if(v=w) EEEN KN
» Output uv \

e R(u, 2uv) <« R(u, Luv — €)

-else if(w =0 or |uv| < |luw| ) M

* Output uv

e R(u, 2uv) « e(v) : :
\_ -else if(luv| > |uw| ): R(u, 2uv) « R(u, zuv — €
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
oCompute R(:, —)
oFor (u,v) €S (W/ u, <wv,)

»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv ./\
-if(v=w) \

* Output uv
e R(u, 2uv) <« R(u, Luv — €)
~else if(w =0 or |uv| < |luw| ) us
* Output uv
e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv
»else.
-w « R(u, 2uv — €) Nuv
-if(v=w)
» Output uv
e R(u, £uv) < R(u, Luv — ¢€)
-else if(w =0 or |luv| < |[uw| )
* Output uv
e R(u, 2uv) « e(v)

A

u

-else if( |luv| > |uw| ): R(u, £uv) « R(u, Zuv — €)

v, W
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
oCompute R(:, —)
oFor (u,v) € S (W/ u, < v,)

»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv ./\
-if(v=w)

* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < [uw]| ) u
* Output uv
e R(u,zuv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)




-

Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv

»else.
-w <« R(u, 2uv — €) Nuv —"
-if(v=w)
* Output uv v
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < |[uw| ) u
* Output uv

e R(u, 2uv) « e(v)
-else if( luv| > |luw] ): R(u, zuv) « R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv ./\
-if(v=w) D)

» Output uv
e R(u, £uv) < R(u, Luv — ¢€)
~else if(w =0 or |uv| < |luw| ) u
* Output uv
e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (w,v) €S (W/ u, <v,)
»if((uw,v) € E ). Output uv

»else:
-w <« R(u, 2uv — €) Nuv —"
-if(v=w)
* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < Jluw| ) u
* Output uv

e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
oCompute R(:, —)
oFor (u,v) € S (W/ u, < v,)

»if( (u,v) € E ): Output uv

»else: .
-w « R(u, 2uv — €) Nuv .%\’
-if(v=w)

* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < [uw]| ) u
* Output uv
e R(u,zuv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv \
-if(v=w) ]

* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < |[uw| ) u
* Output uv
e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv

»else:
-w <« R(u, 2uv — €) Nuv
-if(v=w)
* Output uv
e R(u, 2uv) <« R(u, Luv — €)

-else if(w =0 or |luv| < |[uw| )
* Output uv
e R(u, 2uv) « e(v)
\_ -else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €) y
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):
oS «SortBySlope(V x V)
o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv
»else:
-w <« R(u, 2uv — €) Nuv
-if(v=w)
* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < |[uw| )
* Output uv
e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

»if( (u,v) € E ): Output uv
»else:
-if(v=w)
* Output uv
R
-else if(w =0 or |luv| < Jluw| )
* Output uv
e R(u, 2uv) « e(v)
-else if( |luv| > |luw| ): R(u, 2uv) <« R(u, Zuv — €)
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):

oS «SortBySlope(V x V)

O(IV|*log|V])

o Compute R(:, —0)
oFor (u,v) € S (W/ u, < v,)
»if( (u,v) € E ): Output uv
»else.
-w <« R(u, 2uv — €) Nuv
-if(v=w)
* Output uv
e R(u, 2uv) <« R(u, Luv — €)
-else if(w =0 or |luv| < |[uw| )
* Output uv
e R(u, 2uv) « e(v)

oIvVI*)

1 0(VI®)

-else if( |luv| > |uw| ): R(u, 2uv) < R(u, Luv —€) _
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Visibility Graph [Lee 1987]

VisbilityGraph( ¢ = (V,E) ):

oS «SortBySlope(V XV ) < 0(IV|*log |V])

o Compute R(:, —) < 0QvI®)

oFor (u,v) € S (W/ u, < v,) |
»if( (u,v) € E ): Output uv
»else:

— «— — uv \‘

—:/;( v}i(z‘:;juv €) N UV 4&§\
* Output uv V’ \\\s\
e R(u, 2uv) <« R(u, Luv — €) A‘ -

-else if( luv| > |luw| ): R(u, £uv) « R(u, Luv —€) _ Y,

1 0(VI®)
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Visibility Graph [Welzl 1985]

To compute visibility graph, we didn’t require that edges in
S =V XV be fully sorted.

Rather:

o Forallu € Vandanyv,,v, €V, we require the
segments to be sorted so that we encounter segment
(u, v,) before (u, v,) whenever the slope of uv; Is less

than the slope of uv,.
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Visibility Graph [Welzl 1985]

Recall:

- An arrangement of N lines can be computed in O(N?)
time.
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Visibility Graph [Welzl 1985]

Recall:

- An arrangement of N lines can be computed in O(N?)
time.
 Given a point p = (a, f) € R?, it's dual is the line:
D(p) = {(x, )|y = 2ax — B}
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Visibility Graph [Welzl 1985]

Recall:

- An arrangement of N lines can be computed in O(N?)
time.

 Given a point p = (a, B) € R?, it's dual is the line:
D(p) = {(x, )|y = 2ax — B}

e Givenaline L = {(x,y)|y = mx + b} c R?, it's dual is the
point:

o= (2
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Visibility Graph [Welzl 1985]

D(p) ={(x, )|y = 2ax — 5}

o= (2.

In Particular:

Given aline L = {(x,y)|y = mx + b}:

o The duals D(p) of points p € L will be lines intersecting through
D(L).

o The slope of the dual line D(x, mx + b) will increase as x
Increases.
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Visibility Graph [Welzl 1985]

Approach:
 Compute the line arrangement dual to V/.

ANIv.S
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Visibility Graph [Welzl 1985]

Approach:
 Compute the line arrangement dual to V/.
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Visibility Graph [Welzl 1985]

Approach:
 Compute the line arrangement dual to V/.
« Define a directed graph on the dual:
o v - wifvandw are adjacent and v, < w,.
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Visibility Graph [Welzl 1985]

Approach:
 Compute the line arrangement dual to V/.
« Define a directed graph on the dual:
o v - wlif vand w are adjacent and v, < w,.
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Visibility Graph [Welzl 1985]

Approach:

 Compute the line arrangement dual to V/.

« Define a directed graph on the dual.

« Perform a topological sort on the directed graph:

o Assign integer indices to the nodes such that
u-v=i(u) <i(v).

N

N DX, =
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Visibility Graph [Welzl 1985]

Consider a dual line, € = D(c¢), Iin the arrangement.

o Intersections on C correspond to primal segments
having ¢ as an endpoint.
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Visibility Graph [Welzl 1985]
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Consider a dual line, € = D(c), In the arrangement.
o Intersections on C correspond to primal segments
having ¢ as an endpoint.
o If the Indices are sorted topologically, indices increase
from left to right along C.
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Consider a dual line, € = D(c¢), Iin the arrangement.

o Intersections on C correspond to primal segments
having ¢ as an endpoint.

o If the Indices are sorted topologically, indices increase
from left to right along C.

= Primal segments through c with Iarger slopes will have
larger indices

e
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Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962].
TopoSort( G = (V,E) ):

oc « (
oS « {vertices with no incoming edges}
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Topological Sort [Kahn 1962].

oC «

oS « {vertices with no incoming edges}

owhile(S # @)
»v < Pop(' S )

»i(v) «c++
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Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962].

oC
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c++
»V (v,w) € E
-E <« E—-{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}
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Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc« 0
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c++
»V (v,w) € E
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}

S = {BD, CE}
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Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — 3D}

oc « () v=CE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»i(v) «c++
»V (v,w) € E
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}
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Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — 3D}

oc « () v=CE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»I(V) «c+ +
»V (v,w) € E
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}
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Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — 3D}

oc « () v=CE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}
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Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — 3D}

oc « () v=CE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc « () v = BD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»i(v) «c++
»V (v,w) € E
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc « () v = BD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»I(V) «c+ +
»V (v,w) € E
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc « () v = BD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (5]

oc « () v = BD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c++
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (BC.DE}

oc « () v = BE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if( Incoming( w )= )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (BC.ER)

oc « () v = DE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (BC.DF)

oc « () v=EF
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — 50)

oc « () v = DF
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (AB,CH)

oc « () v = BC
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S— (Am)

oc « () v =CF
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

S = {AF}
oc « 0 v =AB
oS « {vertices with no incoming edges}
owhile(S # @)

»v < Pop( S )
»i(v) «c++
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (AC.BF)

oc « () v =AF
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — Ay

oc « () v = BF
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — a0

oc « () v=AC
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (AE.CD)

oc « () v =AD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ) S — (Am)

oc « () v=CD
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc « () v =AE
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop( S )
»I(V) «c+ +
»VY (v,w) EE
-E <« E—{(v,w)}
- if(Incoming( w )=0 )
oS < SuU{w}




-
Visibility Graph [Welzl 1985]

Topological Sort [Kahn 1962]:
TopoSort( G = (V,E) ):

oc < 0 _
oS « {vertices with no incoming edges}
owhile(S # @)
»v < Pop(' S )
»i(v) «c++
»V (v,w) € E
-E <« E—-{(v,w)}
-if( Incoming( w )=0 )
oS < SuU{w}




