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Stokes’ Theorem

Stokes’ Theorem equates the integral of the
divergence of a vector field over a region to the
iIntegral of the vector field over the boundary:
j(v-ﬁ)dv= (F,7) - dA
|74 aVv
where 1 is the normal at the boundary.
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Stokes’ Theorem

Stokes’ Theorem equates the integral of the
divergence of a vector field over a region to the
Integral of the vector field over the boundary:

jv(v-ﬁ)dv=
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* Tangent Spaces
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Tangent Spaces

Given a curve C(t) = (x(t),y(t)), the tangent Iine to
the curve at a point p, = C(t,) IS the line passing
through p, with direction C’(t) = (x'(to), y'(to))-

This is the line that most closely approxmates the
curve C(t) at the point p,. g

Tangent Line
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Tangent Spaces

Often, we want a unit vector.

In this case, we normalize:

Tc(t) =

Tangent Line

C'(¢)

[¢3]
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Tangent Spaces

Given a surface S(u, v) the tangent plane to the
curve at a point p, = S(uy, vy) Is the plane passing
through p,, parallel to the plane spanned by:

0S(u,v) 0S(u,v)
and
ou

(Uo,V0)

This is the plane that most
closely approximates
S(u,v) at the point p,.
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In the case of the sphere, points are parameterized

by the equation:
®d(0,¢p) = (cosb -sing,cos¢,sinb - sin )

= The two tangent directions are:

0D

%z (—Slng -Sin¢,O,COSH .Sln¢)

0D

— = (cos 0 - cos¢,—sin¢,sinf - cos ¢)

0

2
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Tangent Spaces

od

5 = (—sin®@ -sin¢,0,cos 8 - sin ¢)

od

— = (cosf -cos@,—sing,sinf - cos )

0¢

Taking the dot-product of the tangent vectors gives:
0P A

a6’ 96

= sin? @ - sin® ¢ + cos? @ - sin? ¢

= sin? ¢ - (sin? 6 + cos? 6)
= sin? ¢
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Tangent Spaces

oD | . -
5 = (—sin®@ -sin¢,0,cos 8 - sin ¢)
0P
% = (cos @ - cos¢,—sin¢,sinf - cos ¢p)
Taking the dot-product of the tangent vectors gives:
00 09\ _ ;.
96 a9 — ™
b 9
9% 3% = c0s? 0 - cos? ¢ + sin® ¢ + sin? @ - cos? ¢

= (cos? 0 + sin? @) - cos? ¢ + sin? ¢
= cos? ¢ + sin? ¢
=1

- 2/
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Tangent Spaces

0P . . .
i (—sinf - sin¢,0,cos 8 - sin ¢)
0P . .
% = (cos O -cos¢,—sing,sinf - cos )
Taking the dot-product of the tangent vectors gives:
0d 09 .
3839 = S 0
0d 9o
26 36| ~
0d 0P _ _ . .
%'% = —sinf -cosf -sin¢g -cos¢ +sinf - cosh -sing - cos P

=0
_ =
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Tangent Spaces

00 AP
20’ 96
00 0P
29’ ¢
00 00
a6’ ¢

= sin% @

=1

=0

So, the vectors:
Dy (0, ) = d &,(0 )_acp
00.9) =g N4 Pel09) =54
form an orthonormal basis for the tangent plane to
the sphere at the point (6, ¢).

\_ )
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e Gradients
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Function Gradients

The gradient of a function is a vector in the tangent
plane which tells us how the function changes as we
move In different directions.

Given a function f and given a direction v:

d
o . f(p+tv) =(Vf(p),v)

t

\_ >
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Function Gradients

To compute the gradient, we can choose two
orthogonal unit vectors u and v, and set:
d d
Vi) == flot+ttw)-ut— flp+tv)-v

t=0 t=0
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Curve Gradients

Given a curve C(t), and given a function f(t) the

gradient of the function is a vector field on the curve

telling us how the function changes as we move
along the curve.

J
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Curve Gradients

Example:

Let C be the curve defined by:
C(t) = (t,t?)

and let f(t) be the function on
the curve defined by:

fo) =t

What is the gradient V. f of
f along the curve?

2
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Curve Gradients

Example:

Note that:
Vef #1

This would imply that at any
point on the curve moving a
unit distance forward would
change the value by a
constant amount.

2
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Curve Gradients

Example:

Note that:
Vef #1

Aswe movefromt=1tot = 2,

the function changes by a value
of 1.

Similarly, as we move from
t =10tot = 11, the function
changes by a value of 1.

But in the first case, we moved a distance of:
N d; = ||C(2) = C(D)|| = /1% + 32 21

2
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Curve Gradients

Example:

Note that:
Vef #1

As we move fromt =1tot = 2,
the function changes by a value

of 1.

Similarly, as we move from

t =10tot = 11, the function
changes by a value of 1.

And In the second case, we moved a distance of:

2

C(10) — C(11)

g d,

= /12 + 212

2
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Curve Gradients

Example:

We need to measure the ratio
of the change in f over the
distance traveled:

ft+e)—f(0)

Vef (D)~ o = e
U

Vef(t) = | o (t)l
1

CV1+2t

S




-

I ] - F )
AR A

NS %

,J’e)

Given a function on the sphere, (8, ¢), we wouldd
like to compute the gradient:

Vi (0, 9)

We need to pick two directions in parameter space
whose images on the surface of the sphere are
orthogonal.

The lines of longitude and
latitude, defined by the
derivatives w.r.t. 8 and ¢
are two such directions:
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Spherical Gradients f

We could try taking the partial derivatives in the 6 |
and ¢ directions:

af 0
0.9 = (55 55)

But this introuces bias!

5 Ront e 6,)  Shifting by a constant & will
move us different distances
depending on where we are on
the sphere.

——____——___
-
-

£, ¢o)
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Spherical Gradients
N o

How does the scale change as we change 6 or ¢ by
a value of £?

At the point p = ®(6, ¢), changing the value of 8 by
g, moves us a distance of er along the circle about
the y-axis, where r is the radius of the circle.

On the sphere, the radius is:

r(¢) =sin¢
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Spherical Gradients
N o

How does the scale change as we change 6 or ¢ by
a value of £?

At the point p = ®(6, ¢), changing the value of ¢ by
g, moves us a distance of € along a great circle
regardless of where on the sphere we are:




Spherical Gradients

Taking the scaling into account, we get:
VFO, b) ~ <f(9 +e¢)—f(0,¢) f(0,0+¢) —f(9,</)))

esin ¢ 3
U

Vi(6, ) =(

1 of of
singb@@'aqb)




-

Ouline

* The Spherical Laplacian

2
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The Spherical Laplacian

Recall:

The Laplacian operator Is self-adjoint (symmetric)

= There Is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

— If V* are the eigenfunctions of the Laplacian
with eigenvalue 2, rotations fix V4.

= The irreducible representations are subspaces
of the V4.

)
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The Spherical Laplacian

This implies that for a fixed degree [, the
spherical harmonics of degree .

Y0, ¢) = e™0 - PM(cosp)  |m| <1
must be eigenvectors of the Laplacian with the
same eigenvalue.

1. What is the Laplacian?

2. What are the eigenvalues?
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The Spherical Laplacian

How do we compute the Laplacian of a spherical |
function (6, ¢)?

Recall:

The Laplacian of a function is the divergence of
Its gradient:

Af =V - (Vf)
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The Spherical Laplacian

By Stokes’ Theorem, we can compute the integral
of the Laplacian (the divergence of the gradient)
over a region by computing the surface integral of
the gradient field over the boundary.

%
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The Spherical Laplacian

6,9), 0+¢0¢), @+ ¢dp+e),and (0,0 + ¢).

The integral of the Laplacian
IS approximately:

fAf dR = Area(R) - Af (6, )
’ = &% -sing - Af (0, ¢)

Consider the “square” on the sphere with vertices “

)
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The Spherical Laplacian

Consider the “square” on the sphere with vertices ”

6,9), 0+¢0¢), @+ ¢dp+e),and (0,0 + ¢).

On the curve c; the boundary
Integral of the Laplacian is
approximately:

C1

F (Vf,n) - dA =~ Length(cy) - (Vf, y)

= ¢-sin(¢p + ¢) -

= ¢ -sin(¢ + €) -%(9,

(sin(qb +£) 06 d¢

1 of af) (01)>

¢ +¢)

)
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,9), (0 +&¢), (0+e¢+e),and (6,9 + ¢).

On the curve c, the boundary
Integral of the Laplacian is
approximately:

d
f (Vf, M) -dA = —¢ - sin ¢ -%(e,gb)
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,9), (0 +&¢), (0+e¢+e),and (6,9 + ¢).

On the curve c5 the boundary
Integral of the Laplacian is
approximately:

f (Vf, 1) - dA =~ Length(c3) - (Vf, ®p)

B 1 af of
— ¢ <<sin¢ 06’ aqs) ’ (1’0)>

>
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,9), (0 +&¢), (0+e¢+e),and (6,9 + ¢).

On the curve c, the boundary
Integral of the Laplacian is
approximately:

f (Vf,n)-dA =~ —¢

of
sin ¢ 06

(6, )
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,9), (0 +&¢), (0+e¢+e),and (6,9 + ¢).

Summing these together, we
approximate the boundary
integral by:

(Vf,ﬁ)’dAz€<

1 [9f of
sin ¢ [ae (6 +e¢)=350, ¢)]> T

OR

0 0
£ <sin(¢ + &) % (6,9 + €) — sin gb% (6, ¢)>

\_ >/
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,9), (0 +&¢), (0+e¢+e),and (6,9 + ¢).

Summing these together, we
approximate the boundary
integral by:

1 0
(Vf,n)-dA ze(sm¢ 50 |38 (6 ¢)]>+8(€—¢ smgb—é;(ﬁ gb)D

B 1 of 9 of
=¢ (sincpae [ae )” <a¢[sm¢ ¢>

OR
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The Spherical Laplacian

The boundary integral can be approximated by:

(Vf,r_i)-dAz£2< _1 0 laf->+£ <6 lsm ED
R sin¢ 00 (00| 0 aqb

The surface integral can be approximated by:
fAf dR ~ €% -sin¢ - Af (0, )
R

= Applying Stokes’ Theorem We get:
AF — 1 0%f N 1
S = 5n20 362 Tsing aqb sin ¢ aqb
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The Spherical Laplacian
1 9%f 1

AT =Sinz g 267 +sm¢a¢ sin ¢

To compute the eigenvalues of the Laplacian
associated to the spherical harmonics, we need
to compute:

AY"(0,¢9) = A (eime - P/ (cos gb))

)
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The Spherical Laplacian

Af = . azf sin ¢
sinquaez smgb@gb

Taking the derivative with respect to 6 Is easy:

62 m 1 02 im@ m
sin? ¢ 0672 10, 9) = sin? ¢ 062 ( P (cos d)))
m2
= — Sin? ¢ gimt P/™(cos ¢)
2
— m
Slnz ¢ Yl (8' ¢)
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The Spherical Laplacian

Af = L _o°f
f= sin? ¢ 064

_|_

sin qb 040 [sm agb]

Taking the derivative with respect to ¢ Is more

complicated'
1 J ym 0, 1 J im@ P™m(Q
339 smqb—(pl ©.9)| = 5m579]| sin ¢( - l<,¢>)]

elmQ 0 i

N sin ¢ 6¢

This requires taking the derivatives of the
associated Legendre polynomials.

sin ¢ 6_ (cos qb)]




Associated Legendre Polynomials #"

Recall:

The associated Legendre polynomials are

defined by the (somewhat hairy) formula:
(_1)m m gJl+m

> [
le(x): 2L (1_x2)2dxl+m(x2_1)

\_ */
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Associated Legendre Polynomials

gfz’ %

One can show, (but we won’t) that the associated “
Legendre polynomials satisfy the identities:

dP"(cos¢p) l-cos¢ - P"(cos¢p) — (I +m)- Py (cos¢p)
d¢ B sin ¢

0= (I —m)-P/™ (cos¢)
—cos¢ - (2l —1) - P (cos ¢)
+(l+m—1) - P",(cos ¢)
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The Spherical Laplacian

Laplacian we get (see appendix):

Plugging these identities into the equation for the

aym =(=12=1)- 7"+ fil
smqbagb sin ¢ A m smqu
U
1 aZYlm
= — Y™
sinZ ¢ 002 +51n¢6‘q5 [Sm I+ DY
U

AY,"(0,¢) = —l(1+1) - Y"(6, )

Y
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Smoothing

In the case of a functions on a plane, we had
Newton’s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its
surroundings.”

)
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Smoothing

In the case of a functions on a plane, we had
Newton’s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its

surroundings.”

This can be expresses as a PDE:

0F
— = nAF

)
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Smoothing

Using the fact that the spherical harmonics are
eigenvectors of the Laplacian, we get solutions of
the form:

F"(8,¢,t) = e MLy ™ (6, §)

Since the linear sum of solutions Is also a
solution, solutions to the PDE will have the form:

F(0,,0) = Z Z ayme MDY (6, )

[=0 m=
and we have freedom |n choosing the linear

coefficients.

Y




-

Smoothing

To satisfy the initial condition:

F(6,9,0) = f(6,¢)

we need to compute the spherical harmonic
decomposition of f:

f(6,9) = ) f1m Y™ (6, ¢)
[=0 m=-1

Then we set the solution to be:

00 l
FO,0,0= ) ) fime DM (0, ¢)

[=0 m=-1

2
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Smoothing
0 l
FO,p0 =Y Y fme MDYM (g, ¢)
%m;l

Cooling Cow

%



../../../Talks/Video/SphereSmooth.avi

-
The Spherical Wave Equation

We can repeat the same type of argument for the
wave equation, where the acceleration is
proportional to the difference in values:

0%F

FZHAF
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The Spherical Wave Equation

Again, using the fact that the spherical harmonics
Y, are eigenvectors of the Laplacian with
eigenvalues [(l + 1) we get solutions of the form:

F™* (8, ¢,t) = e WnHDtym(g, ¢)
F™(8,¢,t) = e Wnil+Dtym (g, ¢)
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The Spherical Wave Equation

Thus, given the initial conditions:

F(6,¢,0) =1(6,¢)

0
—F —

we get the solution:

0 l
FO,,00= ) ) fymcos (Yl + Dt) (0, )

[=0 m=-1
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The Spherical Wave Equation

0.0)

l
F(6,¢,t) = 2 2 f.. cos (\/n (L + 1)t) Y™ (6, ¢)

[=0 m=-1

Waving Cow Waving Gaussians



../../../Talks/Video/SphereWave.avi
../../../Talks/Video/SphereWave3.avi
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Appendix

1 0
smgbaqb

smqb 0%

op™
ylm(g ¢)] = gim smqb 35 [sm ——(cos gb)]
o [cos@ P (cos cp) d%P/™(cos ¢)
— € <sin¢ 06 ag?

)

%
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Appendix

dP["(cos¢) L-cos¢ - P"(cos¢) — (I + m)P”;(cos p)

do N sin ¢
0=(-

cosgpl-cose - P (cosdp) — (I +m) - P (cos¢p) L9

m) - P"(cos¢) —cos¢p - (2l —1) - P, (cos¢p) + Il +m—1) - P/, (cos ¢)

(l cos ¢ - P™(cos p) — (Il +m) - P, (cos ¢)>
o]

—1-sin¢g - P*(cos¢) + 1 cos¢p 3%

P (cos¢p) (U +m)

cos ¢ dP™(cosp) %P (cos ¢p)
(sinqb o) * a2 ) sin ¢ sin¢ sin ¢
— :1(:12(;[) (l cos¢ - P[™(cos ¢p) — (I +m) - P, (cos ¢))
sclzzd) (L-cos¢ - P™(cosp) — (1 +m) - P™; (cos $))
- Slnd) . Plrn(cosd)) +1- Cosd)%fposd))_ (l + m) apzq;l%(éosd))
" sin ¢

dP"; (cos ¢)

L)

B sin ¢

2
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Appendix

dP["(cos¢) L-cos¢ - P"(cos¢) — (I + m)P”;(cos p)

do sin ¢
0=({U—-—m) -P™(cos¢) —cos¢p-(2L—1) -P";(cos¢p) +(l+m—1)-P™,(cos ¢)

—l-sin¢ - P/"(cos ¢) +l-cos¢%§s¢)—(l+m)%§)m¢)
sin ¢
_ m cosl-cos¢ - P["(cos¢p) — (L + m)P",(cos @) 1 (I—1)-cos¢p-P"(cos¢p) — (1 —1+m)- P, (cos¢p)
=—l-P (COS¢)+I'Sin¢ sin ¢ _(l+m)sin¢ sin ¢
_ —l-sin*¢ - P"(cosp) +1*-cos® ¢ - P["(cos ) —L- (L +m)-cos¢p - Py (cos¢p) — (L +m)(I = 1) -cos¢p - P[";(cos p) + (L + m)(l = 1 +m) - P[", (cos p)
B sin? ¢
B (—L-sin?¢ - +12 - cos? ¢) - P/"(cos p) — (L + m)(2L — 1) - cos ¢ - P, (cos ) + (L + m)(I — 1 +m) - P[", (cos ¢)
h sin2 ¢
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Appendix

dP["(cos¢) L-cos¢ - P"(cos¢) — (I + m)P”;(cos p)

do sin ¢
0=({U—-—m) -P™(cos¢) —cos¢p-(2L—1) -P";(cos¢p) +(l+m—1)-P™,(cos ¢)

(=L-sin? - +12 - cos? ¢) - P (cos ) — (L + m)(2L — 1) - cos ¢ - P[™; (cos ) + (L + m)(I — 1 +m) - P", (cos ¢)

sin? ¢
((—12 —1)-sin? ¢ + lz) -PM™(cos ) — (I + m)(2l — 1) - cos ¢ - P/™; (cos ) + (1 + m)(l — 1 +m) - P/, (cos ¢)
- sin? ¢
12-PM™(cosp) —(L+m)(2L—1) - cos¢p - P™; (cos ) + (L + m)(L — 1 +m) - P, (cos )

=(-1?2=1)-P™(cos ) +

sin? ¢
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Appendix

dP["(cos¢) L-cos¢ - P"(cos¢) — (I + m)P”;(cos p)

do sin ¢
0=({U—-—m) -P™(cos¢) —cos¢p-(2L—1) -P";(cos¢p) +(l+m—1)-P™,(cos ¢)

(—lz _ l) PP (cos ) + 12.P™(cos¢p) — (I +m)(2L—1) - cos ¢ - P/, (cos ) + (L + m)(I — 1 +m) - P*, (cos ¢)

sin? ¢
= (=12 =1) - P"(cos ) + m? - P"(cos ) + (I —m)(l + m) - P[*(cos ¢p) — (L +m)(2L — 1) - cos ¢ - P*y (cos ) + (1 + m)(L — 1 +m) - P%, (cos $)
— ; sin? ¢
m Pl'(cos¢)  L+m (I—m)-Pl(cos¢) — (2L —1)-cos¢- Py (cos) + (L= 1 +m) - P, (cos ¢)
= () preosgy e T LT l T -
e




