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Right triangle parametrization

𝑈 ⊂ 𝑅2

𝑡 ⊂ 𝑅3

𝑣0

𝑣1

𝑣2

(0,0) (1,0)

(0,1)

𝜑𝑡

𝜑𝑡 0,0 = 𝑣0

𝜑𝑡 1,0 = 𝑣1

𝜑𝑡 0,1 = 𝑣2

𝜑𝑡: 𝑈 ⊂ 𝑅2 → 𝑡 ⊂ 𝑅3

Exercise:

(1) Given 𝑞 = 𝑞𝑥, 𝑞𝑦 ∈ 𝑈 compute 𝜑𝑡 𝑞 .

(2) Given 𝑝 = 𝑝𝑥, 𝑝𝑦 , 𝑝𝑧 ∈ 𝑡 compute 𝜑𝑡
−1 𝑝 .

(3) Given 𝑣 = 𝑣𝑥, 𝑣𝑦 ∈ 𝑇𝑈 compute 𝑑𝜑𝑡 𝑣 .

(4) Given 𝑤 = 𝑤𝑥, 𝑤𝑦 , 𝑤𝑧 ∈ 𝑇𝑡 compute 𝑑𝜑𝑡
−1 𝑤 .

𝑑𝜑𝑡: 𝑇𝑈 ⊂ 𝑅2 → 𝑇𝑡 ⊂ 𝑅3

𝑑𝜑𝑡
1
0

= 𝑣1 − 𝑣0

𝑑𝜑𝑡
0
1

= 𝑣2 − 𝑣0



Right triangle parametrization

𝑈 ⊂ 𝑅2

𝑡 ⊂ 𝑅3

𝑣0

𝑣1

𝑣2

(0,0) (1,0)

(0,1)

𝜑𝑡

𝜑𝑡 0,0 = 𝑣0

𝜑𝑡 1,0 = 𝑣1

𝜑𝑡 0,1 = 𝑣2

𝜑𝑡: 𝑈 ⊂ 𝑅2 → 𝑡 ⊂ 𝑅3

Definition: The metric tensor on the right unit triangle induced by the triangle embedding is given by, 

𝑑𝜑𝑡: 𝑇𝑈 ⊂ 𝑅2 → 𝑇𝑡 ⊂ 𝑅3

𝑑𝜑𝑡
1
0

= 𝑣1 − 𝑣0

𝑑𝜑𝑡
0
1

= 𝑣2 − 𝑣0

𝑔𝑡 = 𝑑𝜑𝑡
⊤𝑑𝜑𝑡



Right triangle parametrization

𝑈 ⊂ 𝑅2

𝑡 ⊂ 𝑅3
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(0,0) (1,0)

(0,1)

𝜑𝑡

Some properties of 𝑔𝑡 = 𝑑𝜑𝑡
⊤𝑑𝜑𝑡 :

• 𝑡 =
1

2
det 𝑔𝑡

• 𝑣1 − 𝑣0
2 =

1
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,
1
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1
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⊤
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1
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0
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0
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0
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Right triangle parametrization
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𝜑𝑡

Exercise: 

Prove,

• 𝛻𝐵𝑣𝑖 ≔ 𝑑𝜑𝑡
−1 𝛻𝐵𝑣𝑖 = 𝑔𝑡

−1𝑒𝑖

• 𝛻𝐵𝑣𝑖 , 𝛻𝐵𝑣𝑗 = 𝛻𝐵𝑣𝑖 , 𝛻𝐵𝑣𝑗 𝑔𝑡 = 𝑒𝑖
⊤𝑔𝑡

−1𝑒𝑗

𝛻𝐵𝑣0

𝛻𝐵𝑣1

𝛻𝐵𝑣2

𝑒0 =
−1
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𝑒1 =
1
0

𝑒2 =
1
0



Right triangle parametrization
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〈𝛻𝐵𝑣𝑖 , 𝛻𝐵𝑣𝑗 〉 = 𝑒𝑖
⊤𝑔𝑡

−1𝑒𝑗
det 𝑔𝑡
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න
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𝐵𝑣𝑖 𝐵𝑣𝑗 =
det 𝑔𝑡
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න
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det 𝑔𝑡
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𝑀𝑖𝑗 = න
𝑇

𝐵𝑖𝐵𝑗 → Mass matrix

𝑆𝑖𝑗 = න
𝑇

𝛻𝐵𝑖 , 𝛻𝐵𝑗 → Stiffness matrix

Exersice:

Let 1, be the vector of ones. 

(a) Prove 1⊤𝑀1 = σ𝑡∈𝑇 𝑡 .

(b) Prove 𝑆1 = 0
(c) Whats the null space of 𝑆?



Filtering

min
𝑓

|𝑓 − 𝑔| 2 + 𝛼 𝛻𝑓 − 𝛽𝛻𝑔
2

Given, 𝑔 = σ𝑖 𝑔𝑖𝐵𝑖, find 𝑓 = σ𝑖 𝑓𝑖𝐵𝑖, that minimize: 

𝑓 − 𝑔
2
: = න

𝑇

(𝑓 − 𝑔)2 = 𝑓 − 𝑔 ⊤𝑀 𝑓 − 𝑔

𝛻𝑓 − 𝛽𝛻𝑔
2
: = න

𝑇

𝛻𝑓 − 𝛽𝛻𝑔, 𝛻𝑓 − 𝛽𝛻𝑔 = ( 𝑓 − 𝛽[𝑔])⊤𝑆( 𝑓 − 𝛽[𝑔])

min
[𝑓]

𝑓 ⊤ 𝑀 + 𝛼𝑆 𝑓 − 𝑓 ⊤(𝑀 + 𝛼𝛽𝑆)[𝑔]

𝑓 = 𝑀 + 𝛼𝑆 −1(𝑀 + 𝛼𝛽𝑆)[𝑔]



Example

𝛼 = 0, 𝛽 = 0 𝛼 = 10−4, 𝛽 = 0 𝛼 = 10−4, 𝛽 = 2



Poisson Problem

min
𝑓

|𝛻𝑓 − 𝑣| 2

Compute the closest gradient field to a vector field 𝑣:

Q. How many degrees of freedom has 𝑣?

𝑁: 𝑅2𝑇 → 𝑅2𝑇 =

𝑔1
−1 det 𝑔1

2
⋯ 0

⋮ ⋱ ⋮

0 ⋯
𝑔𝑁
−1 det 𝑔𝑁

2

𝐺: 𝑅𝑉 → 𝑅2𝑇 , 𝐺𝑖∈𝑉,𝑡∈𝑇 = ቊ
𝑔𝑡
−1𝑒𝑐(𝑖)
0

If 𝑖 is the 𝑐(𝑖)-corner of 𝑡

Otherwise

Vector product matrixGradient matrix

𝛻𝑓 = 𝐺[𝑓] 𝑢, 𝑣 = 𝑢 𝑁[𝑣]

Prove: 𝑆 = 𝐺⊤𝑁 𝐺

Prove: min
𝑓

|𝛻𝑓 − 𝑣| 2, is given by 𝑆 𝛻𝑓 = (𝐺⊤𝑁[𝑣]). How many solution does this equation have?



Application: Approximate Geodesic Distances

Algorithm:
Input:  𝑖 ← Vertex index 
Output: 𝑑 ← approximate geodesic distance to 𝑣𝑖.

1. Solve for

min
𝑓

|𝑓 − 𝛿𝑖|
2 + 𝛼 𝛻𝑓

2

2.  For each triangle let 𝑣𝑡 =
𝛻𝑓|𝑡

||𝛻𝑓|𝑡||

3.  Solve for

min
𝑑

𝛻𝑑 − 𝑣
2

4. Offset 𝑑 by a constant to have 𝑑 𝑖 = 0.


