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Green Theorem (V X)

X = (u(x,y),v(x,y)
\L_ \ \ \ \‘:.,k TR = ff Given a curve c in anticlockwise orientation
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enclosing a region (), we have:

dv
j X-ds = (———)dxdy
(s
- dv Jdu
The operator V X X := — — —, is called curl.
ox 0y’

Using this notation we get,

f )_f-dszf Vx)?dxdy
c Q

Proof:

MM)/’/{“F‘E#HE““W https://en.wikipedia.org/wiki/Green's_theorem
T A Al o S AN



Flu

Given any anticlockwise parametrization

y:1 — ¢, the flux of field X along c is given
by:

| Ream=| @ Xp@)d
c I

Here, | denotes the 90 degree rotation of a
vector.

Exercise

Let X (x, y) =(2x+y,x)
Let ¢ be the unit circle traversed in anti-clockwise
orientation.

Compute the flux of X across c.

Let X(x,y) = (—(2y +x),y)
Let ¢ be the unit circle traversed in anti-clockwise
orientation.

Compute the flux of X across c.



Divergence Theorem (V' -)

X = (ulx,y),v(x,y))

Given a curve ¢ enclosing a region (), we have:

j)? d %+ g
dn=| (—+=)dx
c q Ox 0y Y

The operator V - X = g—z + Z—;, is called divergence. Using

this notation we get,

Exercise:
(1) Prove V- X = Vx])?
(2) Prove Divergence theorem from Green theorem.
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Applications:

Area computation: =
P X = (xy)

1 —
Area(Q}) = Ej X;-dn
c

Exercise:

Given a polygonal curve py, po, ---, Pn, (anticlockwise),
prove that the area of the enclosed polygon is given by,

1
A= — X pJPit



Exercise

Prove:;:
V' XVf =0
V- JVf =0

*V-(fv) = fV-v+Vf,v)



Laplacian (A) 2 o
Af:=V- (V)= 35+ 55

J Afdxdy=f V-Vfdxdy =J Vf-dn
By(p) By(p) dBr(p)

V(g =V (p) +Vf2()(p—q) + 0(r?)

_1 (p — :
j AF dxdy = TrAf(p) + 0(r) Vf(q) - dn==(Vf()-(p—q)+0()
By(p)

1
Vi(@) - dn=—(f(q) - f() +00™)

Jop, VS -dn = 21 (faBr(p) —f (p)) +0(r?)

2 £ _
5o = (fon,r — F@))

r=0 r2



Laplacian (A) R
Af:=V- (V)= 35+ 55

al fBr(p)f _ f(f znsf_éBs(p)dS

w02 (Fayi = @) = | 275 (Foni — F@))ds

12 (o = F®)) = [ s3Af () + 0(s*) ds = = Af (p) + 0(r)

4( f, —
AF(p) = lim (fBr(p) f(p))

r—0 r2




Harmonic Functions

A function f:Q c R? - R?is said harmonic, if Af (x,y) = 0 V(x,y) € Q

If f is harmonic, then f35 ;) = f(p) Vp € Q, and 8B, c Q If f is harmonic, then fg_ ,y = f(p) Vp € Q, and B, c Q



Harmonic Functions

If f is harmonic, then 3 x,y € dQ such that f(x) < f(q) < f(y), forallg € Q




