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Green Theorem (𝛻 ×)

𝑐

𝑋 = (𝑢 𝑥, 𝑦 , 𝑣 𝑥, 𝑦 )

න
𝑐

𝑋 ⋅ 𝑑𝑠 = න
Ω

(
𝜕𝑣

𝜕𝑥
−
𝜕𝑢

𝜕𝑦
) 𝑑𝑥𝑑𝑦

Given a curve 𝑐 in anticlockwise orientation 
enclosing a region Ω, we have:

Ω

Proof:

https://en.wikipedia.org/wiki/Green's_theorem

න
𝑐

𝑋 ⋅ 𝑑𝑠 = න
Ω

𝛻 × 𝑋 𝑑𝑥𝑑𝑦

The operator 𝛻 × 𝑋 ≔
𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
, is called curl. 

Using this notation we get,



Flux Given any anticlockwise parametrization 

𝛾: 𝐼 → 𝑐, the flux of field 𝑋 along 𝑐 is given 
by:

න
𝑐

𝑋 ⋅ 𝑑𝑛:= න
𝐼

〈−𝐽𝛾′ 𝑡 , 𝑋 𝛾 𝑡 〉 𝑑𝑡

Here, 𝐽 denotes the 90 degree rotation of a 
vector.

𝑐

𝑋

Exercise

Let 𝑋 𝑥, 𝑦 = 2𝑥 + 𝑦, 𝑥
Let 𝑐 be the unit circle traversed in anti-clockwise 
orientation.

Compute the flux of 𝑋 across 𝑐. 

Let 𝑋 𝑥, 𝑦 = − 2𝑦 + 𝑥 , 𝑦
Let 𝑐 be the unit circle traversed in anti-clockwise 
orientation.

Compute the flux of 𝑋 across 𝑐. 



Divergence Theorem (𝛻 ⋅)

𝑐

𝑋 = (𝑢 𝑥, 𝑦 , 𝑣 𝑥, 𝑦 )

න
𝑐

𝑋 ⋅ 𝑑𝑛 = න
Ω

(
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
) 𝑑𝑥𝑑𝑦

Given a curve 𝑐 enclosing a region Ω, we have:

Ω

Exercise:

(1) Prove 𝛻 ⋅ 𝑋 = 𝛻 × 𝐽𝑋
(2) Prove Divergence theorem from Green theorem.

The operator 𝛻 ⋅ 𝑋 ≔
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
, is called divergence. Using 

this notation we get,

න
𝑐

𝑋 ⋅ 𝑑𝑛 = න
Ω

𝛻 ⋅ 𝑋 𝑑𝑥𝑑𝑦



Applications:

Ω

Area computation:

𝑐

𝑋 = 𝑥, 𝑦

Area(Ω) =
1

2
න
𝑐

𝑋𝑖 ⋅ 𝑑𝑛

Exercise: 
Given a  polygonal curve 𝑝0, 𝑝0, … , 𝑝𝑛 (anticlockwise), 
prove that the area of the enclosed polygon is given by,

A =
−1

2
σ𝑖 𝑝𝑖𝐽𝑝𝑖+1



Exercise
Prove:

• 𝛻 × 𝛻𝑓 = 0

• 𝛻 ⋅ 𝐽𝛻𝑓 = 0

• 𝛻 ⋅ 𝑓𝑣 = 𝑓𝛻 ⋅ 𝑣 + 𝛻𝑓, 𝑣



Laplacian (Δ)
Δ𝑓:= 𝛻 ⋅ 𝛻𝑓 =

𝜕2𝑓

𝜕𝑥2
+
𝜕2𝑓

𝜕𝑦2

𝑝

𝑞𝑟

න
𝐵𝑟(𝑝)

Δ𝑓 𝑑𝑥𝑑𝑦 = න
𝐵𝑟(𝑝)

𝛻 ⋅ 𝛻𝑓 𝑑𝑥𝑑𝑦 = න
𝜕𝐵𝑟(𝑝)

𝛻𝑓 ⋅ 𝑑𝑛

𝛻𝑓 𝑞 = 𝛻𝑓 𝑝 + 𝛻𝑓2 𝑝 𝑝 − 𝑞 + 𝑂(𝑟2)

𝛻𝑓 𝑞 ⋅ 𝑑𝑛 =
1

𝑟
(𝛻𝑓 𝑝 ⋅ 𝑝 − 𝑞 + 𝑂(𝑟3))

𝛻𝑓 𝑞 ⋅ 𝑑𝑛 =
1

𝑟
(𝑓 𝑞 − 𝑓(𝑝) + 𝑂(𝑟3))

ҧ𝑓𝜕𝐵𝑟(𝑝): =
𝐵𝑟(𝑝)��׬

𝑓

2𝜋𝑟

𝐵𝑟(𝑝)��׬
𝛻𝑓 ⋅ 𝑑𝑛 = 2𝜋 ҧ𝑓𝜕𝐵𝑟 𝑝 − 𝑓 𝑝 + 𝑂(𝑟3)

න
𝐵𝑟(𝑝)

Δ𝑓 𝑑𝑥𝑑𝑦 = 𝜋𝑟2Δ𝑓 𝑝 + 𝑂(𝑟3)

Δ𝑓 𝑝 = lim
𝑟→0

2 ҧ𝑓𝜕𝐵𝑟 𝑝 − 𝑓 𝑝

𝑟2



Laplacian (Δ)
Δ𝑓:= 𝛻 ⋅ 𝛻𝑓 =

𝜕2𝑓

𝜕𝑥2
+
𝜕2𝑓

𝜕𝑦2

𝑝
𝑞

𝑟

ҧ𝑓𝐵𝑟(𝑝): =
𝐵𝑟(𝑝)׬

𝑓

𝜋𝑟2
=
0׬
𝑠
2𝜋𝑠 ҧ𝑓𝜕𝐵𝑠 𝑝 𝑑𝑠

𝜋𝑟2

Δ𝑓 𝑝 = lim
𝑟→0

4 ҧ𝑓𝐵𝑟 𝑝 − 𝑓 𝑝

𝑟2

𝜋𝑟2 ҧ𝑓𝐵𝑟 𝑝 − 𝑓 𝑝 = න
0

𝑠

2𝜋𝑠( ҧ𝑓𝜕𝐵𝑠 𝑝 − 𝑓 𝑝 )𝑑𝑠

𝜋𝑟2 ҧ𝑓𝐵𝑟 𝑝 − 𝑓 𝑝 = 0׬
𝑠
𝜋𝑠3Δ𝑓 𝑝 + 𝑂(𝑠4) 𝑑𝑠 =

𝜋𝑟4

4
Δ𝑓 𝑝 + 𝑂(𝑟5)



Harmonic Functions

A function 𝑓: Ω ⊂ 𝑅2 → 𝑅2 is said harmonic, if Δ𝑓 𝑥, 𝑦 = 0 ∀ 𝑥, 𝑦 ∈ Ω

𝑝

𝑞𝑟

If 𝑓 is harmonic, then ҧ𝑓𝜕𝐵𝑟(𝑝) = 𝑓 𝑝 ∀𝑝 ∈ Ω, and 𝜕𝐵𝑟 ⊂ Ω If 𝑓 is harmonic, then ҧ𝑓𝐵𝑟(𝑝) = 𝑓 𝑝 ∀𝑝 ∈ Ω, and 𝐵𝑟 ⊂ Ω

𝑝
𝑞

𝑟



Harmonic Functions

If 𝑓 is harmonic, then ∃ 𝑥, 𝑦 ∈ 𝜕Ω such that 𝑓 𝑥 ≤ 𝑓 𝑞 ≤ 𝑓 𝑦 , for all 𝑞 ∈ Ω

𝑞

𝜕Ω
Ω


