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fe(u,v) = (u, v, m)

Mg = deTEsde

fa(u,v) = (cosvsinu, — cos v cosu,sinv)

My = deTE3de

¥ (u,v) = fg1f, = (cosvsinu,—cosv cosu)

M, = d¥TMzd¥
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Weingarten Map
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Weingarten Map

Remark |k(p)| = |{dNV, V)| = |dNV| = lim —
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Orientation is important!
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Orientation is important!

Wingarten Map
dN:Tc, = TSk ) k(p) = (dNv,v) >0
vl =1

C 1
Wingarten Map
dN:Tc, —>TSN(p)
vl =1 k(p) =(dNv,v) <0
Sl



Where the orientation come from?

(1) Prescribed (2) Induced by a parametrization

e.g., the 90 degree rotation of the tangent unit
vector.

e.g., to point to the exterior of a region.




Exercise

v:[0,1] = cis said to be an arc-length parametrization of the curve c if
Length(y[0,t]) =t, Vvt e€|[0,1].

- |yl =1
- (y'(®),y"(®)=0.
* ((Nopy)' (0), 7' (®)) = —((Noy)(®),y"())

Conclude

k(y(®) = —((N o) (@), 7" (1))



Computing curvatures

Exercise:

Given parametrizationsy; = I; — ¢, ¥,:1, = ¢, the gaussmap N:c — S, and p = y;(t;) = y,(t;), prove:

((N °y1) (1), 71 (E1)) _ ((N o y2) (t2),v2' (t2))
(¥1' (1), v1' (1)) (v2'(t2), v2' (t2))

((Nep)' @,y (®)  for anyy =1 — ¢, such thatp = y(t) .
(V' (©),7'()

Conclusion: Forp € ¢ we have k(p) =

Exercise:

Given y =1 = ¢, prove: (N oy)'(),y'(t)) = —((N y)(®),v"(t))

—((Nop)(@©,7" () for anyy =1 — c,suchthatp = y(t).
(V' (©), 7' ()

Conclusion: Forp € ¢ we have k(p) =
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http://grasshopperprimer.com/en/1-foundations/1-5/1_surface-geometry.html https://en.wikipedia.org/wiki/Sphere



Curvature

Gauss Map
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o = 1 1AV
k@)1= JIm, 124
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Weingarten Map

Gauss Map
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Weingarten Map

S

AN
Remark: kg (p)| = | det(dN) | = gmo AA
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ke(p) = detdN



Principal Curvatures

Weingarten Map
_ 2
dN: TSp — TSN(p)
—

There exists an orthonormal a basis
TS, {X1,X,} € TS, such that TSN

dN = (X,]X,) (151 ,?2) (X11X2)T

* X;, X, are called principal directions
* kq, k, are called principal curvatures



Normal Curvature

N — Surface normal

¢ =span{N,v}NS

Prove that k(p; ¢) = (dN(v), V)

~ > 1’\70 ’t, / t
k(p; ¢) = (dN(®), B) = LV Ly 1)

N '@y @®)
_ —((Ney)(1),y"" (1)) _ —((Ney)(®©),y" (t)) _
'@,y ) v'@®y' @)
_ AN ()Y (1)) _ Sy o
 Yoy'e) (dN (), V)

* Let v = cos(6)X; + sin(8)X,. Prove,

k(p;c) = cos(8)? k; + sin(8)? k,

* Conclude,
min(k,, k;) < k(p; ¢) < max(ky, k;)

for all normal curves c.



Gauss Curvature and the Weingarten Map

Gauss Map
N:S — §?

k()] = i |AN |
ke (P)] = A4S0 |AA]
Weingarten Map l
dN:TS - TS
|k (0)] = |kqk;]



Gauss Curvature and the Weingarten Map

Gauss Map
N:S — §?

ke(p) = det(dN)

!

k@) = detf (alx) (g ) )]

Weingarten Map
dN:TS - TS



|S orientation important?
N

Gauss Map
N:S — §?

For gauss curvature is not!

ke(p) = kaky = det(dN) =det(d(—N)) = (=k1)(—kz) = k()

For principal curvatures it is!

k; = (dN(X;),X; ) # (d(=N)X;, X;) = —k;



Computing surface curvatures

ﬁ
. b=x.da + x,a
Exercise: 171 272

X1, Xy =7

(b, dy) = x1(dy, 1) + x2(dp, dy) =) <<B' J_C)l)>

1, -
(ay,a1) (dp,dq)\ (%1 X1 _ (ay,a1) (dy, &1)) ((b; &1))
(b, Xo) ((ap az) {dy, 52)) (xZ) = (xz) <(a1: ay) (da,dy) (b, a,)

(b, dy) = x1(dy, dy) + x3(dy, dy)

Let A = (d,|d,) —> min||Ax - b||’ =) x = (ATA)'ATh



Computing surface curvatures

. fu va dN

N =%

dfS; = dNdf

J

dfTdfS; = df TdNdf

J

S¢ = (dfTdf) 1 df TdNdf

df 3

— 71
S; = 1711

Ir:=df Tdf — first fundamental form

t Iy == df TdNdf — second fundamental form Z
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Computing surface curvatures

fu X fv dN
|fu X fol

N =

, =<<fwfu> (fu,fv>>
P\ f) (o fo)

py = ({2 Dk (Ve Dok
PN e Pufo) (N e o)

af
S =(<fwfu) <fwfv)> (((N Pw fudr AN f)y, fu)
P\ fo) o f)) MW o fo) (Nefhfo)
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Computing surface curvatures AN = 2df7

dN

/ ANAfW = Adfw

df TANdfw = AdfTdfw

L]

df I
_ S
w tracz( ) = (kl;rkZ) — Mean curvature /
f det(Sf) = k,k, — Gaussian curvature
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Computing surface curvatures

Exercise:

Given a parametrization f: Q) € R? - S, prove that

((N ° fu fu) = —(N, fuu)
((N© )y, fu) = =N, frr,)
<(N ° fu fv) = _<N:fvu>
<(N °f)wfu) = _<N:fuv>

Conclude, the second fundamental form is symmetric and equivalent to,

(N ) N, fo)
ly = <<1v,fuv> <N,fuv>)

Then, 1
S =_(<fwfu> (fwfv>> ((N'fuu> (Nrfuv>>
! fwf) Jofo)) N fuw) (N fur)



Principal Curvatures

Exercise:

Prove that (dNX,Y) = (X,dNY) forall X,Y € T,S.

Hint: Write X = df wy, Y = df w,.

Exercise:
|f dNXl = k]_Xl and dNXZ - kZXZ with kl e = kz, then

(X1;X2> =0



