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Ω𝐵

(Ω𝐴, 𝑀𝐴) ≡ (𝑆, 𝐸3 ) ≡ (Ω𝐵 , 𝑀𝐵)

𝑓𝐴 𝑢, 𝑣 = cos 𝑣 sin 𝑢 , − cos 𝑣 cos 𝑢, sin 𝑣
𝑓𝐵 𝑢, 𝑣 = 𝑢, 𝑣, 1 − 𝑢2 + 𝑣2

Ψ 𝑢, 𝑣 = 𝑓𝐵
−1𝑓𝐴 = (cos𝑣 sin 𝑢 , −cos𝑣 cos𝑢)

𝐸3 =
1 0 0
0 1 0
0 0 1

𝑀𝐴 = 𝑑𝑓𝐴
⊤𝐸3𝑑𝑓𝐴

𝑀𝐵 = 𝑑𝑓𝐵
⊤𝐸3𝑑𝑓𝐵

𝑀𝐴 = 𝑑Ψ⊤𝑀𝐵𝑑Ψ

(Ω𝐴, 𝑀𝐴)

(𝑆, 𝐸3 )

(Ω𝐵 , 𝑀𝐵)



Johann Carl Friedrich Gauss
( 1777- 1855)

• Number theory
• Algebra
• Statistics
• Analysis
• Differential geometry
• Mechanics
• Electrostatics
• Astronomy
• Matrix theory
• Optics



Planar Curves

𝒄 𝑺𝟏

Gauss Map
𝑁: 𝑐 → 𝑆1



Curvature

𝒄 𝑺𝟏

|𝑘 𝑝 | = lim
Δ𝑙 →0

|Δ𝑁|

|Δ𝑙|

Δ𝑙
Δ𝑁

Gauss Map
𝑁: 𝑐 → 𝑆1



𝒓𝑺𝟏 𝑺𝟏

Δ𝑁

Δ𝑙

𝑟

|𝑘 𝑝 | = lim
Δ𝑙 →0

|Δ𝑁|

|Δ𝑙|
= ?

|𝑘 𝑝 | =
1

𝑟

Gauss Map
𝑁: 𝑐 → 𝑆1



𝒄 𝑺𝟏

Gauss Map
𝑁: 𝑐 → 𝑆1

Weingarten Map



Weingarten Map

𝒄 𝑺𝟏

Wingarten Map

𝑑𝑁: 𝑇𝑐𝑝 → 𝑇𝑆𝑁(𝑝)
1

||𝑣|| = 1
𝑑𝑁 Ԧ𝑣

𝑘 𝑝 ≔ 〈𝑑𝑁 Ԧ𝑣, Ԧ𝑣〉

Remark 𝑘 𝑝 = 𝑑𝑁 Ԧ𝑣, Ԧ𝑣 = 𝑑𝑁 Ԧ𝑣 = lim
Δ𝑙 →0

|Δ𝑁|

|Δ𝑙|



Orientation is important!

𝒄

𝒄

𝑺𝟏

Gauss Map
𝑁: 𝑐 → 𝑆1

𝑺𝟏

Gauss Map
𝑁: 𝑐 → 𝑆1



Orientation is important!

𝒄

𝒄

𝑺𝟏

𝑺𝟏

Wingarten Map

𝑑𝑁: 𝑇𝑐𝑝 → 𝑇𝑆𝑁(𝑝)
1

Wingarten Map

𝑑𝑁: 𝑇𝑐𝑝 → 𝑇𝑆𝑁(𝑝)
1

𝑑𝑁 Ԧ𝑣

𝑑𝑁 Ԧ𝑣
𝑘 𝑝 = 〈𝑑𝑁 Ԧ𝑣, Ԧ𝑣 〉 > 0

𝑘 𝑝 = 〈𝑑𝑁 Ԧ𝑣, Ԧ𝑣 〉 < 0

||𝑣|| = 1

||𝑣|| = 1



Where the orientation come from?
(1) Prescribed

e.g., to point to the exterior of a region.

(2) Induced by a parametrization

e.g., the 90 degree rotation of the tangent unit 
vector.



Exercise 
𝛾: [0, 𝑙] → 𝑐 is said to be an arc-length parametrization of the curve 𝑐 if 

Length 𝛾 0, 𝑡 = 𝑡, ∀𝑡 ∈ 0, 𝑙 .

• 𝛾′ 𝑡 = 1

• 𝛾′ 𝑡 , 𝛾′′ 𝑡 = 0.

• (𝑁 ∘ 𝛾)′ 𝑡 , 𝛾′ 𝑡 = − (𝑁 ∘ 𝛾) 𝑡 , 𝛾′′ 𝑡

Conclude

𝑘 𝛾 𝑡 = − 𝑁 ∘ 𝛾 𝑡 , 𝛾′′ 𝑡



Computing curvatures

Exercise:

Given  𝛾 = 𝐼 → 𝑐, prove:  𝑁 ∘ 𝛾 ′(𝑡), 𝛾′(𝑡) = − 𝑁 ∘ 𝛾 (𝑡), 𝛾′′(𝑡)

𝑁 ∘ 𝛾1
′(𝑡1), 𝛾1′(𝑡1)

𝛾1′(𝑡1), 𝛾1′(𝑡1)
=

𝑁 ∘ 𝛾2
′(𝑡2), 𝛾2′(𝑡2)

𝛾2′(𝑡2), 𝛾2′(𝑡2)

Exercise:

Given parametrizations 𝛾1 = 𝐼1 → 𝑐, 𝛾2 : 𝐼2 → 𝑐, the gauss map 𝑁: 𝑐 → 𝑆1, and  𝑝 = 𝛾1 𝑡1 = 𝛾2 𝑡2 , prove:

Conclusion: For 𝑝 ∈ 𝑐 we have 𝑘 𝑝 =
𝑁 ∘ 𝛾 ′(𝑡), 𝛾′(𝑡)

𝛾′(𝑡), 𝛾′(𝑡)
for any 𝛾 = 𝐼 → 𝑐, such that 𝑝 = 𝛾 𝑡 .

Conclusion: For 𝑝 ∈ 𝑐 we have 𝑘 𝑝 =
− 𝑁 ∘ 𝛾 (𝑡), 𝛾′′(𝑡)

𝛾′(𝑡), 𝛾′(𝑡)
for any 𝛾 = 𝐼 → 𝑐, such that 𝑝 = 𝛾 𝑡 .



http://grasshopperprimer.com/en/1-foundations/1-5/1_surface-geometry.html

𝑺𝟐𝑺

https://en.wikipedia.org/wiki/Sphere

Surface

Gauss Map
𝑁: 𝑆 → 𝑆2



Curvature

𝑺𝟐𝑺

|𝑘𝐺 𝑝 | = lim
Δ𝐴→0

|Δ𝑁|

|Δ𝐴|

Δ𝐴

Δ𝑁

Gauss Map
𝑁: 𝑆 → 𝑆2



Curvature

𝑺𝟐𝒓𝑺𝟐

|𝑘𝐺 𝑝 | = lim
Δ𝐴→0

Δ𝑁

Δ𝐴
=?

Δ𝑁

Δ𝐴

𝒓

|𝑘𝐺 𝑝 | =
1

𝑟2

Gauss Map
𝑁: 𝑆 → 𝑆2



𝑺𝟐𝑺

Weingarten Map

Gauss Map
𝑁: 𝑆 → 𝑆2



𝑺𝟐𝑺

Weingarten Map

Weingarten Map

𝑑𝑁: 𝑇𝑆𝑝 → 𝑇𝑆𝑁(𝑝)
2

Remark: |𝑘𝐺 𝑝 | = | det 𝑑𝑁 | = lim
Δ𝐴→0

Δ𝑁

Δ𝐴

𝑘𝐺 𝑝 = det 𝑑𝑁



𝑻𝑺𝑵(𝒑)
𝟐𝑻𝑺𝒑

Principal Curvatures

There exists an orthonormal a basis
𝑋1, 𝑋2 ∈ 𝑇𝑆, such that

𝑑𝑁 = 𝑋1 𝑋2
𝑘1 0
0 𝑘2

𝑋1 𝑋2
⊤

• 𝑋1, 𝑋2 are called principal directions 
• 𝑘1, 𝑘2 are called principal curvatures 

𝑋1 𝑘1𝑋1

𝑋2

𝑘2𝑋2

Weingarten Map

𝑑𝑁: 𝑇𝑆𝑝 → 𝑇𝑆𝑁(𝑝)
2



𝑺

Normal Curvature

Ԧ𝑣 ∈ 𝑇𝑆, Ԧ𝑣 = 1

𝑐 = 𝑠𝑝𝑎𝑛{𝑁, Ԧ𝑣} ∩ 𝑆

𝑠𝑝𝑎𝑛{𝑁, Ԧ𝑣}

• Prove that 𝑘 𝑝; 𝑐 = 𝑑𝑁 Ԧ𝑣 , Ԧ𝑣

𝑘 𝑝; 𝑐 = 𝑑 ෩𝑁 Ԧ𝑣 , Ԧ𝑣 =
෩𝑁∘𝛾 ′ 𝑡 ,𝛾′ 𝑡

𝛾′ 𝑡 ,𝛾′ 𝑡

=
− ෩𝑁∘𝛾 𝑡 ,𝛾′′ 𝑡

𝛾′ 𝑡 ,𝛾′ 𝑡
=

− 𝑁∘𝛾 𝑡 ,𝛾′′ 𝑡

𝛾′ 𝑡 ,𝛾′ 𝑡
=

=
𝑁∘𝛾 ′ 𝑡 ,𝛾′ 𝑡

𝛾′ 𝑡 ,𝛾′ 𝑡
= 𝑑𝑁 Ԧ𝑣 , Ԧ𝑣

• Let Ԧ𝑣 = cos 𝜃 𝑋1 + sin 𝜃 𝑋2. Prove,

𝑘 𝑝; 𝑐 = cos 𝜃 2 𝑘1 + sin 𝜃 2 𝑘2𝑝

• Conclude,

min 𝑘1, 𝑘2 ≤ 𝑘 𝑝; 𝑐 ≤ max(𝑘1, 𝑘2)

for all normal curves 𝑐.

𝑵 → Surface normal
෪𝑵 →Planar curve normal



Gauss Curvature and the Weingarten Map

Δ𝐴

Δ𝑁
Gauss Map
𝑁: 𝑆 → 𝑆2

|𝑘𝐺 𝑝 | = lim
Δ𝐴→0

Δ𝑁

Δ𝐴

𝑋1 𝑘1𝑋1

𝑋2

𝑘2𝑋2

Weingarten Map

𝑑𝑁: 𝑇𝑆 → 𝑇𝑆

Δ𝐴 Δ𝑁 |𝑘𝐺 𝑝 | = |𝑘1𝑘2|



Gauss Curvature and the Weingarten Map

Δ𝐴

Δ𝑁
Gauss Map
𝑁: 𝑆 → 𝑆2

𝑘𝐺 𝑝 = det(𝑑𝑁)

𝑋1 𝑘1𝑋1

𝑋2

𝑘2𝑋2

Weingarten Map

𝑑𝑁: 𝑇𝑆 → 𝑇𝑆

Δ𝐴 Δ𝑁

𝑘𝐺 𝑝 = det[ 𝑋1 𝑋2
𝑘1 0
0 𝑘2

𝑋1 𝑋2
⊤]

𝑘𝐺 𝑝 = 𝑘1𝑘2



Is orientation important?
𝑁

𝑺

𝑝

𝑘𝑖 = 𝑑𝑁 𝑋𝑖 , 𝑋𝑖 ≠ 𝑑 −𝑁 𝑋𝑖 , 𝑋𝑖 = −𝑘𝑖

For principal curvatures it is!

𝑋𝑖

Δ𝐴

Δ𝑁
Gauss Map
𝑁: 𝑆 → 𝑆2

𝑘𝐺 𝑝 = 𝑘1𝑘2= det(𝑑𝑁) = det 𝑑 −𝑁 = (−𝑘1)(−𝑘2) = 𝑘𝐺 𝑝

For gauss curvature is not!



Computing surface curvatures

Exercise: 

𝑎1

𝑎2

𝑥1, 𝑥2 =?

𝑏 = 𝑥1 Ԧ𝑎1 + 𝑥2 Ԧ𝑎2

𝑏, Ԧ𝑎1 = 𝑥1〈 Ԧ𝑎1, 𝑎1〉 + 𝑥2〈 Ԧ𝑎2, Ԧ𝑎1〉

𝑏, Ԧ𝑎2 = 𝑥1〈 Ԧ𝑎1, Ԧ𝑎2〉 + 𝑥2〈 Ԧ𝑎2, Ԧ𝑎2〉

𝑏, Ԧ𝑥1

𝑏, Ԧ𝑥2
=

〈 Ԧ𝑎1, 𝑎1〉 〈 Ԧ𝑎2, Ԧ𝑎1〉

〈𝑎1, 𝑎2〉 〈 Ԧ𝑎2, Ԧ𝑎2〉

𝑥1
𝑥2

𝑥1
𝑥2

=
〈 Ԧ𝑎1, 𝑎1〉 〈 Ԧ𝑎2, Ԧ𝑎1〉

〈𝑎1, 𝑎2〉 〈 Ԧ𝑎2, Ԧ𝑎2〉

−1
𝑏, Ԧ𝑎1

𝑏, Ԧ𝑎2

Let 𝐴 = Ԧ𝑎1 Ԧ𝑎2 min
𝑥

𝐴𝑥 − 𝑏
2 𝑥 = (𝐴⊤𝐴)−1𝐴⊤𝑏



Computing surface curvatures

𝑑𝑓

𝑑𝑁

𝑑𝑓

𝑆𝑓

𝑑𝑓𝑆𝑓 = 𝑑𝑁𝑑𝑓

𝑑𝑓⊤𝑑𝑓𝑆𝑓 = 𝑑𝑓⊤𝑑𝑁𝑑𝑓

𝑆𝑓 = 𝑑𝑓⊤𝑑𝑓 −1 𝑑𝑓⊤𝑑𝑁𝑑𝑓

𝑆𝑓 = 𝐼𝑓
−1𝐼𝐼𝑓

𝐼𝑓: = 𝑑𝑓⊤𝑑𝑓 → first fundamental form

𝐼𝐼𝑓 ≔ 𝑑𝑓⊤𝑑𝑁𝑑𝑓 → second fundamental form

𝑁 =
𝑓𝑢 × 𝑓𝑣
|𝑓𝑢 × 𝑓𝑣|



Computing surface curvatures

𝑑𝑓

𝑑𝑁

𝑑𝑓

𝑆𝑓

𝑁 =
𝑓𝑢 × 𝑓𝑣
|𝑓𝑢 × 𝑓𝑣|

𝑆𝑓 =
𝑓𝑢, 𝑓𝑢 𝑓𝑢, 𝑓𝑣
𝑓𝑢, 𝑓𝑣 𝑓𝑣, 𝑓𝑣

−1
〈(𝑁 ∘ 𝑓)𝑢, 𝑓𝑢〉 〈(𝑁 ∘ 𝑓)𝑣, 𝑓𝑢〉
〈(𝑁 ∘ 𝑓)𝑢, 𝑓𝑣〉 〈(𝑁 ∘ 𝑓)𝑣, 𝑓𝑣〉

𝐼𝑓 =
𝑓𝑢, 𝑓𝑢 𝑓𝑢, 𝑓𝑣
𝑓𝑢, 𝑓𝑣 𝑓𝑣, 𝑓𝑣

𝐼𝐼𝑓 =
〈(𝑁 ∘ 𝑓)𝑢, 𝑓𝑢〉 〈(𝑁 ∘ 𝑓)𝑣, 𝑓𝑢〉
〈(𝑁 ∘ 𝑓)𝑢, 𝑓𝑣〉 〈(𝑁 ∘ 𝑓)𝑣, 𝑓𝑣〉



Computing surface curvatures

𝑑𝑓

𝑑𝑁

𝑑𝑓

𝑆𝑓

𝑑𝑓𝑤

𝑤

𝑑𝑁𝑑𝑓𝑤 = 𝜆𝑑𝑓𝑤

𝑑𝑁𝑑𝑓𝑤 = 𝜆𝑑𝑓𝑤

𝑑𝑓⊤𝑑𝑁𝑑𝑓𝑤 = 𝜆𝑑𝑓⊤𝑑𝑓𝑤

𝐼𝐼𝑓𝑤 = 𝜆𝐼𝑓𝑤

𝑆𝑓𝑤 = 𝜆𝑤

trace 𝑆𝑓

2
=

(𝑘1+𝑘2)

2
→ Mean curvature

det 𝑆𝑓 = 𝑘1𝑘2 → Gaussian curvature

𝑆𝑓𝑤 = 𝜆𝑤



Computing surface curvatures
Exercise:

Given a parametrization 𝑓:Ω ⊂ 𝑅2 → 𝑆, prove that 

(𝑁 ∘ 𝑓)𝑢, 𝑓𝑢 = − 𝑁, 𝑓𝑢𝑢
(𝑁 ∘ 𝑓)𝑣, 𝑓𝑣 = − 𝑁, 𝑓𝑣𝑣
(𝑁 ∘ 𝑓)𝑢, 𝑓𝑣 = − 𝑁, 𝑓𝑣𝑢
(𝑁 ∘ 𝑓)𝑣, 𝑓𝑢 = − 𝑁, 𝑓𝑢𝑣

𝐼𝐼𝑓 = −
〈𝑁, 𝑓𝑢𝑢〉 〈𝑁, 𝑓𝑢𝑣〉
〈𝑁, 𝑓𝑢𝑣〉 〈𝑁, 𝑓𝑢𝑣〉

𝑆𝑓 = −
𝑓𝑢, 𝑓𝑢 𝑓𝑢, 𝑓𝑣
𝑓𝑢, 𝑓𝑣 𝑓𝑣, 𝑓𝑣

−1
〈𝑁, 𝑓𝑢𝑢〉 〈𝑁, 𝑓𝑢𝑣〉
〈𝑁, 𝑓𝑢𝑣〉 〈𝑁, 𝑓𝑢𝑣〉

Conclude, the second fundamental form is symmetric and equivalent to, 

Then,



Principal Curvatures
Exercise:

Prove that  𝑑𝑁𝑋, 𝑌 = 𝑋, 𝑑𝑁𝑌 for all  𝑋, 𝑌 ∈ 𝑇𝑝𝑆.

Hint: Write 𝑋 = 𝑑𝑓𝜔𝑥, 𝑌 = 𝑑𝑓𝜔𝑦 .

Exercise:

If 𝑑𝑁𝑋1 = 𝑘1𝑋1 and 𝑑𝑁𝑋2 = 𝑘2𝑋2 with 𝑘1 ≠ 𝑘2, then 

𝑋1, 𝑋2 = 0


