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Is (Ω𝐴, 𝑀𝐴) ≡ (Ω𝐵 , 𝑀𝐵) ?
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Consider Ψ:Ω𝐴 → Ω𝐵 , Ψ 𝑢, 𝑣 → (cos 𝑣 sin 𝑢 , −cos 𝑣 cos 𝑢),

Prove that:
• 𝐿𝑒𝑛𝑔𝑡ℎ𝑀𝐴

𝑐𝐴 = 𝐿𝑒𝑛𝑔𝑡ℎ𝑀𝐵
Ψ(𝑐𝐴) , ∀𝑐𝐴 ⊂ Ω𝐴

• 𝐴𝑟𝑒𝑎𝑀𝐴
Γ𝐴 = 𝐴𝑟𝑒𝑎𝑀𝐵

Ψ(Γ𝐴) , ∀Γ𝐴 ⊂ Ω𝐴



Remark:

(Ω𝐴, 𝑀𝐴) (Ω𝐵 , 𝑀𝐵)

Ψ

Denote 𝑋, 𝑌 𝑀 ≔ 𝑋⊤𝑀 𝑌.

If  ∃Ψ:Ω𝐴 → Ω𝐵, such that,

𝑋, 𝑌 𝑀𝐴
= 𝑑Ψ𝑋, 𝑑Ψ𝑌 𝑀𝐵

∀ 𝑋, 𝑌 ∈ 𝑇Ω𝐴(𝑝),

then, 

(Ω𝐴, 𝑀𝐴) ≡ (Ω𝐵 , 𝑀𝐵)
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What is the perimeter of 𝑆?

What is the area of 𝑆?

Embedding



Let  𝑓𝐴: Ω𝐴 → 𝑆, 𝑓𝐴 𝑢, 𝑣 = cos 𝑣 sin 𝑢 , − cos 𝑣 cos 𝑢, sin 𝑣 .
Compute 𝑑𝑓𝐴

⊤𝑑𝑓𝐴.
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Parametrization
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Prove  that :
• 𝐿𝑒𝑛𝑔𝑡ℎ𝑀𝐴

𝑐𝐴 = 𝐿𝑒𝑛𝑔𝑡ℎ𝐸3 𝑓𝐴(𝑐𝐴) ∀𝑐𝐴 ⊂ Ω𝐴
• 𝐴𝑟𝑒𝑎𝑀𝐴

Γ𝐴 = 𝐴𝑟𝑒𝑎𝐸3 𝑓𝐴(Γ𝐴) ∀Γ𝐴 ⊂ Ω𝐴

Parametrization

𝑓𝐴 𝑢, 𝑣 = cos 𝑣 sin 𝑢 , − cos 𝑣 cos 𝑢, sin 𝑣 .



Let  𝑓𝐵: Ω𝐵 → 𝑆, 𝑓𝐵 𝑢, 𝑣 = 𝑢, 𝑣, 1 − 𝑢2 + 𝑣2 .

Compute 𝑑𝑓𝐵
⊤𝑑𝑓𝐵.

𝑥

𝑦

𝑧

𝑆 = { 𝑥, 𝑦, 𝑧 : 𝑥2 + 𝑦2 + 𝑧2 = 1, 𝑥 ≥ 0,
1

2
≤ 𝑧 ≤

3

2
}

𝑆
0,
− 3

2
,
1

2 0,
3

2
,
1

2

0,
−1

2
,
3

2
0,
−1

2
,
3

2

𝑢

𝑣

𝑀𝐵 =
1

1 − 𝑢2 − 𝑣2
1 − 𝑣2 𝑢𝑣
𝑢𝑣 1 − 𝑢2

(0,
√3

2
)

(0,
−√3

2
)

(0,
1

2
)

(0,
−1

2
)

Ω𝐵

Parametrization



𝑥

𝑦

𝑧

𝑆
0,
− 3

2
,
1

2 0,
3

2
,
1

2

0,
−1

2
,
3

2
0,
−1

2
,
3

2

𝑢

𝑣

𝑀𝐴 =
cos2 𝑣 0
0 1

(0,
𝜋

3
)

(0,
𝜋

6
) (𝜋,

𝜋

6
)

(𝜋,
𝜋

3
)

Ω𝐴

𝑢

𝑣

𝑀𝐵 =
1

1 − 𝑢2 − 𝑣2
1 − 𝑣2 𝑢𝑣
𝑢𝑣 1 − 𝑢2

(0,
√3

2
)

(0,
−√3

2
)

(0,
1

2
)

(0,
−1

2
)

Ω𝐵

(Ω𝐴, 𝑀𝐴) ≡ (𝑆, 𝐸3 ) ≡ (Ω𝐵 , 𝑀𝐵)

𝑓𝐴 𝑢, 𝑣 = cos 𝑣 sin 𝑢 ,− cos 𝑣 cos 𝑢, sin 𝑣
𝑓𝐵 𝑢, 𝑣 = 𝑢, 𝑣, 1 − 𝑢2 + 𝑣2

Ψ 𝑢, 𝑣 = 𝑓𝐵
−1𝑓𝐴 = (cos𝑣 sin 𝑢 , −cos𝑣 cos𝑢)

𝐸3 =
1 0 0
0 1 0
0 0 1

𝑀𝐴 = 𝑑𝑓𝐴
⊤𝐸3𝑑𝑓𝐴

𝑀𝐵 = 𝑑𝑓𝐵
⊤𝐸3𝑑𝑓𝐵

𝑀𝐴 = 𝑑Ψ⊤𝑀𝐵𝑑Ψ

(Ω𝐴, 𝑀𝐴)

(𝑆, 𝐸3 )

(Ω𝐵 , 𝑀𝐵)


