Voronol Diagrams
and
Delaunay Triangulations
O’Rourke, Chapter 5
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Preliminaries

Given a function f: R? - R, the tangent plane
z(x,y)=a-x+b-y+c
at p = (xo,y) IS the best linear approximation of f.

The values and derivatives match:

f(p) = z(p)
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Preliminaries

Definition:

Given a set of points P = {p4, ...,p,}, T(P) Is a
triangulation of P if it is a partition of the convex hull
of P into disjoint triangles whose vertices are exactly

the points of P.




-

Preliminaries

Claim:

Given a set of points P = {p4, ..., p,,} € R?, the
number of triangles in a triangulation of P is
iIndependent of the triangulation.
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Preliminaries

Proof:

_et h be the number of vertices on the hull.

By Euler’s formula:

V—-—E+F=1

Each edge not on the hull appears on two triangles:

3F —h o 3F +h .

— — & = .
2 2

So by Euler’s formula:

3F +h

V — > +F=1 & F=2V—-h-2.
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Preliminaries

Inscribed Angle Theorem:

If a triangle Apgr Is Iinscribed In a circle with
center c, £pqr = %Apcr.

The angle zpqgr does not
depend on where g Is on
the circle.
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Preliminaries

Inscribed Angle Theorem:

If a triangle Apqgr Is inscribed in a circle with

1 A4
center c, £pqr = > 4PCT. o
T,

The angle zpqgr does not
depend on where g Is on
the circle.

If g Is Inside/outside the
circle the angle Is
larger/smaller. )

P
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Preliminaries

Note:

If we the triangle Aprs with s on the circle and
on the other side of the edge pr we get:
2T — 24pqr

2

q

LPST =

U
LPST + Lpqr = .
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Largest Empty Circle

Claim:

he largest empty (interior) circle within the
convex hull of a set of points Is either at a
Voronol vertex or at the intersection of the
Voronol Diagram and the convex hull.
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Largest Empty Circle

Proof:

A maximal circle centered in the interior must

be adjacent to a point.
Otherwise, grow the radius to make the circle larger.
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Largest Empty Circle

Proof:

A maximal circle centered in the interior must

be adjacent to at least two points.

Otherwise, move out along the ray from the one point to
the center while increasing the radius..
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Largest Empty Circle

Proof:

A maximal circle centered in the interior must

be adjacent to at least three points.

Otherwise, move out along the bisector along one of the
two directions while increasing the radius

= Maximal circles in the interior are centered
on VVoronol vertices.
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Largest Empty Circle

Proof:

A maximal circle on the hull has to be In the

Interior of a hull edge.
Otherwise, it's on a hull vertex and the radius is zero.
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Largest Empty Circle

Proof:

A maximal circle centered on the hull must be

adjacent to two points.
Otherwise, move out along the hull along one of the two
directions while increasing the radius

When you stop, you are on the hull and on a Voronoi
edge.
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Minimal Spanning Trees

Definition:

Given a connected, undirected graph with
weighted edges, the minimal spanning tree
(MST) Is the tree with minimal edge length
that spans all the points.
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Minimal Spanning Trees

o Kruskal( G = (V,E, w: E » R>) ):
- Q « SortByDecreasingLength( E , w )
-C <V
-T«0Q
- while(|C| > 1)
ee=(v,w) <0
» if( Disconnected(C ,v,w)):
* Merge(C ,v,w)
e T« TuUf{e}
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Euclidean Minimal Spanning Trees

Definition:

Given a set of points P ¢ R", the Euclidean
minimal spanning tree (EMST) Is the minimal
spanning tree of the complete graph, with
edge weights given by Euclidean distances.




Claim:
The EMST is a sub-graph of D(P).

Implications:
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Euclidean Minimal Spanning Trees %

We can find the EMST in O(nlogn) by only running
Kruskal’s algorithm using the subset of edges in the

Delaunay triangulation.
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Euclidean Minimal Spanning Trees @Q

Proof:

Assume p;p; Is In the EMST but not in D(P).

= The circle with p; and p; on Iits diameter contains
another point p,.

= Removing p;p; disconnects the EMST into two
components, one with p; and the other with p;.

WLOG, assume py IS In the component with p;.
= Adding edge p;p; reconnects the graph
and gives a shorter spanning tree.
= The original tree wasn’'t a MST.




-

Locally Delaunay

Recall:

Given a set of points P = {p,, ..., p,} we say that an
edge p;p; Is Delaunay If there exists a circle with p;

and p; on its boundary that is empty of other points.
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Locally Delaunay

Definition:

Given a triangulation 7°(P), we say that an edge of
the triangulation, p;p;, Is locally Delaunay If there

exists a circle with p; and p; on its boundary that

does not contain the opposite vertices in the
adjacent triangles.
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Locally Delaunay

Note:

If the edge Is locally Delaunay, we can always shift
the circle so that it just touches one of the adjacent
vertices and does not contain the other.
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Locally Delaunay

Note:

If the edge Is locally Delaunay, we can always shift
the circle so that it just touches one of the adjacent
vertices and does not contain the other.

= An edge is locally Delaunay if and only if the
circumcircle of one adjacent
triangle does not contain the
opposite vertex in the other.




-
Locally Delaunay

Note:

An edge is locally Delaunay, if and only if the sum of
the opposite angles satisfies:
a+f <.

If p; were on the circumcircle through p;, p;, and py,
then we would have a + g = 7. <~

Moving p; outside the circle |
reduces «. | 7 P




Locally Delaunay

Claim:

A triangulation 7 (P) is Delaunay if and only if it is
locally Delaunay.

Implications:

We can test if a triangulation
IS Delaunay in linear time by

testing if each edge is locally
Delaunay.
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Locally Delaunay

Proof (=):

Trivial.
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Locally Delaunay

Proof (<) [By Induction]:

Assume it is not Delaunay.

= There exists a point p € P that is inside every
circle with p; and p; on its boundary.
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Locally Delaunay

Proof (<) [By Induction]:

Choose edge-adjacent triangles {tq, ..., t,;;} S.t..
° Pi,Dj € 4 and p Ety,.
o Ife € t; Nt;L1 then t; ., IS on the same side of e as p.

If m = 1 then we have a contradiction.

Otherwise, the circumcircle of t,
contains the part of circumcircle
of t; that Is outside t; and contains p.

We can repeat with the shared edge between t; and

t,, but now the sequence of triangles is one shorter.
\_ _/
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Locally Delaunay

Note:

If an edge p;p; of a triangulation Is not locally
Delaunay, the circle through p;, p;, and an opposite
vertex p,, must contain the other vertex p;.

= We can pin the circle at p;
and p;, and shrink it until
It contains p;.




Locally Delaunay

Note:

If an edge p;p; of a triangulation Is not locally
Delaunay, the circle through p;, p;, and an opposite
vertex p,, must contain the other vertex p;.

= We can pin the circle at p; -
and p;, and shrink it until
It contains p;.

= p; Is not inside the circle.

= P;py IS locally Delaunay.




Locally Delaunay

Note:

If an edge p;p; of a triangulation Is not locally
Delaunay, the circle through p;, p;, and an opposite
vertex p,, must contain the other vertex p;.

= We can pin the circle at p;
and p,. and shrink it until %

it contains p;. P a
= p; Is not inside the circle. p;

(4
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Locally Delaunay

Equivalently:

An edge p;p; Is not locally Delaunay Iff.
LPiPkPj T £LPiP1Pj > T

But the sum of the angles of a quad Is 2 so:

Pk

LP1PiPk T £PiDjPk < T
Pi
So the flipped edge p;px
must be Delaunay. )

(4
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Locally Delaunay

Claim:

If we edge-flip a non-locally Delaunay edge into a
locally Delaunay edge the new angles in the quad
gets larger.

pi

4]
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Locally Delaunay

Proof:

Consider an edge p;p; on the quad.
Flipping replaces £p;p;p; with Zp;pip;.

The circle through p;, p;, and p, does not contain p;.

— —

~

/ \\pk

= Inscribed Angle Theorem:
LPiPkP1 = LDPiDP;jDi-

Similarly, for all other edges, we *~._»
can show that the flip increases the angle.
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Locally Delaunay

Note:

If we edge-flip a non-locally Delaunay edge into a
locally Delaunay edge all angles of the triangulation
exterior to the quad are unchanged.
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Best Triangulation

Definition:

Given a set of points P = {p,, ..., p,} € R? and given
a triangulation 7 of P define the angle vector of the
triangulation, @’ € (0, )37, to be the sorted angles
of the triangles in the triangulation:

aifr < al-TJrl.
We can define an ordering on triangulations of P by
saying that for triangulations S and 77, S > T If S Is

larger than 77, lexicographically.
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Best Triangulation

Claim:

Given a set of points P = {p4, ..., p,,} the Delaunay

triangulation, D, is maximal over all triangulations:
D=>T

for all triangulations T of P.
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Best Triangulation

Proof:

Suppose that the maximal triangulation 7 is not
Delaunay.

= There Is an edge that is not locally Delaunay.

= Flipping the edge will increase the angles interior
to the quad.

= The new triangulation will be larger than 7.

= 7 was not maximal.
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« Computing the Delaunay Triangulation
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Edge-Flipping

Delaunay Triangulation( P c R? ):
o T « Triangulate( P )
o « @
o for e € E(T)
»if( lLocallyDelaunay(e ) ) Q « Q U {e}
o while( NotEmpty( Q ) )
»e « Pop( Q)
»if( ILocallyDelaunay( e )
-Flip( e )
- for e’ eNeighbor( e )

» if( ILocallyDelaunay(e') ) Q « Q U {e}
\§ J
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Edge-Flipping

Delaunay Triangulation( P c R# ):
o T « Triangulate( P )

- F.lip( e)
- for e’ eNeighbor( e )
» if( ILocallyDelaunay(e' ) ) Q « Q U {e'}

J
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Edelsbrunner & Seidel

Delaunay Triangulation( P c R™ ):
o Q <« {qg € R""|q = (p, llpll*)}
o C « ConvexHull( Q )
o D « ProjectLowerTriangles( C )
o return D
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Edelsbrunner & Seidel

Delaunay Triangulation( P c R™ ):
o Q <« {qg € R""|q = (p, llpll*)}
o C « ConvexHull( Q)
o D « ProjectLowerTriangles( C )
o return D




-

Edelsbrunner & Seidel

Delaunay Triangulation( P c R™ ):
o Q <« {qg € R""|q = (p, llpll*)}
o C « ConvexHull( Q)
o D « ProjectLowerTriangles( C )
o return D
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Edelsbrunner & Seidel

Delaunay Triangulation( P c R™ ):
o Q <« {qg € R""|q = (p, llpll*)}
o C « ConvexHull( Q)
o D « ProjectLowerTriangles( C )
o return D
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Edelsbrunner & Seidel

Delaunay Triangulation( P c R™ ):
o Q <« {qg € R""|q = (p, llpll*)}
o C « ConvexHull( Q)
o D « ProjectLowerTriangles( C )
oreturn D

S~
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Edelsbrunner & Seidel

Correctness:

« Since the paraboloid is convex all points in Q end
up on the lower hull of Q.

« The projection of the hull of Q is the hull of P.

« The projection of two edges on the convex hull
can only intersect if one is on the top half and the
other is on the bottom.

= The projection is a triangulation of P.
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Computation

Proof:

« Given a point (a, b, a® + b?) on the paraboloid,
the tangent plane is given by:
z = 2ax + 2by — (a? + b?)

 Shifting the plane up by r? we get the plane:
z = 2ax + 2by — (a? + b?) + r?

* The shifted plane intersect the paraboloid at:
z = x*+y?=2ax + 2by — (a? + b?) + r?
> (x—a)*+ (y—Db)* =12
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Computation

Proof:

« Given a point (a, b, a® + b?) on th{
the tangent plane is given by:

z = 2ax + 2by — (a? + b?)

* The shifted plane intersect the paraboloid at:
z = x*+y?=2ax + 2by — (a? + b?) + r?
> (x—a)*+ (y—Db)* =12
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Computation

Proof:

If we have a triang
can pass a plane t

We can drop the p

tangent to the paraboloid at (a, b, a? +

Then the projected vertices of the
triangle must lie on a circle of
radius r around the point (a, b).

e on the lower convex hull, we
nrough the three vertices.

ane by some r? so that it is




-

\_

Computation

Proof:

Since the original plane was on the lower hull, all
other points must be above.

We can raise the plane until it
Intersects any other point.

The distance from the projection of
the point onto the 2D to (a, b) must
be larger than r.

The circle of radius r around (a, b)
contains no other points.




