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(a) Silhouettes

21.2fps

(b) Suggestive contours

13.2fps

(c) Apparent ridges

2.6fps

(d) Laplacian lines

16.9fps

Figure 1: Laplacian lines (LL) are a set of object-space, view dependent feature lines which generalize Laplacian-of-Gaussian (LoG) edge
detector to 3D surfaces. Laplacian line is efficient in that most expensive computations can be pre-computed and the run-time complexity for
LL extraction algorithm is similar to the silhouette extraction. Our un-optimized implementation can generate Laplacian lines at the speed
of 16.9fps for the Stanford Dragon model with 1 million triangles. Testing platform: a PC with 3.0GHz CPU and 2.0G memory.

Abstract

This paper presents a novel object-space line drawing algorithm that
can depict shape with view dependent feature lines in real-time.
Strongly inspired by the Laplacian-of-Gaussian (LoG) edge detec-
tor in image processing, we define Laplacian Lines as the zero-
crossing points of the Laplacian of the surface illumination. Com-
pared to other view dependent features, Laplacian lines are com-
putationally efficient because most expensive computations can be
pre-processed. Thus, Laplacian lines are very promising for inter-
actively illustrating large-scale models.

Keywords: Laplacian lines, view dependent features, object-space
line extraction, real-time line drawing, non-photorealistic rendering

1 Introduction

Line drawing is a widely used shape depiction technique due to
its capability to express meaningful information in a relatively suc-
cinct manner by ignoring less important details [Rusinkiewicz et al.
2008]. For complicated models or large-scale scenes, line draw-
ing can be used to eliminate unnecessary visual clutter and de-
pict essential information. In the past decade, there has been a
large amount of work on computer-generated line drawings, in-
cluding suggestive contours [DeCarlo et al. 2003], ridge-valley
lines [Ohtake et al. 2004], apparent ridges [Judd et al. 2007],
principal and suggestive highlights [DeCarlo and Rusinkiewicz
2007], photic extremum lines (PELs) [Xie et al. 2007], demarcat-
ing curves [Kolomenkin et al. 2008], etc. These methods gener-
ate feature lines on 3D surfaces by computing either the second

order (such as suggestive contours and highlights) or third order
(such as ridge-valley lines, apparent ridges, PELs and demarcating
curves) derivatives of certain surface-related properties. Typically,
the derivatives have to be calculated on-the-fly using discrete dif-
ferential geometry [Meyer et al. 2002; Rusinkiewicz 2004] which
is known to be sensitive to noise and mesh tessellation.

Besides the object-space feature lines, image-space algorithms also
draw much attention. For instance, Salisbury et al. [1996] proposed
to represent pen-and-ink drawings with a grayscale image, a set of
discontinuity segments, and associated stroke textures for the pur-
poses of producing consistent drawings at any scale and resolution.
One distinctive advantage of image-space algorithms is that the al-
gorithm complexity is image-resolution dependent, making them
amenable for hardware acceleration [Raskar and Cohen 1999]. It
also allows for an efficient way to map screen-space patterns onto
3D models [Breslav et al. 2007], and convey both the shape and ma-
terial [Lee et al. 2007]. In addition, image-space line drawing does
not require costly computation of surface information, and can be
applied to animated models in real-time. However, image-space al-
gorithms often suffer from pixel-level artifacts and are inefficient
for shape stylization.

This paper presents an efficient line drawing algorithm for interac-
tive graphics applications. Our method is inspired by an analogy
with image edge detection. Loosely speaking we seek to simulate
the Laplacian-of-Gaussian (LoG) edge detector in surface to extract
view dependent feature lines in object-space. The LoG operator can
highlight regions of rapid intensity change while reducing the sen-
sitivity to noise, and has proven to be a decent solution for image
enhancement [Haralick and Shapiro 1992]. We define Laplacian
lines as a set of points where the Laplacian of the diffuse illumi-
nation vanishes and the gradient magnitude is greater than certain
user-specified threshold. Laplacian lines inherit the advantages of
the LoG operator by employing a smoothing pre-processing to re-
duce the high frequency noise prior to the differentiation step. They
provide considerably abstractive visual information and suppress
distracting details.

Similar to apparent ridges, PELs and demarcating curves, Laplacian
lines are third-order features that require third-order derivatives of
the underlying surfaces. However, in sharp contrast to the other
third-order features which need to compute the derivatives on-the-



fly, all the third order derivatives of Laplacian lines can be com-
pletely pre-computed. In particular, we show that the Laplacian of
diffuse illumination is equivalent to the dot product of Laplacian of
normals and the lighting vector. Note that Laplacian of surface nor-
mals is view-independent, and thus, can be pre-computed. As a re-
sult, the run-time Laplacian line extraction algorithm is just as sim-
ple as the conventional silhouette extraction algorithm, i.e., simply
replacing the surface normal by Laplacian of normal. In addition,
we choose the recently developed mesh Laplace operator [Belkin
et al. 2008] and show that the extracted lines are much more robust
than the conventional cotangent Laplace operator. These charac-
teristics make Laplacian lines quite suitable for illustrating large-
scale models in interactive graphics applications. Fig. 1 compares
Laplacian lines with several famous object-space line drawing al-
gorithms. It shows that our approach can generate nice results with
comparable quality to previous approaches. Our current implemen-
tation are faster than the existing techniques.

The contributions of this paper include:

• We generalize LoG edge detector to 3D surfaces and define
Laplacian lines as the zero-crossing points of Laplacian of il-
lumination.

• We show that Laplacian of illumination is equal to the dot
product of Laplacian of surface normals and the viewing vec-
tor, yielding an efficient Laplacian line extraction algorithm,
since Laplacian of surface normals can be pre-computed.

• By employing the recently developed mesh Laplace opera-
tor [Belkin et al. 2008], our Laplacian line extraction algo-
rithm is robust to noise and irregular mesh tessellation.

• We reveal the relation between Laplacian lines and silhouettes
and show that Laplacian lines are very close to silhouettes
when the mean curvature does not change too much along the
viewing direction.

2 Previous Work

Extensive research has been done in computer-generated line draw-
ings [Rusinkiewicz et al. 2008]. Roughly speaking current solutions
can be classified into two categories: object-space and image-space
approaches.

Object-space algorithms compute the surface derivatives to find
the positions of expressive lines. Silhouettes show the strongest
cues with model-to-background distinction [Hertzmann and Zorin
2000] [Gooch et al. 1999]. However, silhouettes alone are quite
limited in conveying shape, since they can not capture the struc-
ture and complexity of the shape interior. DeCarlo et al. [2003]
proposed suggestive contours which naturally extend contours and
convey the shape effectively. To address the problem that sug-
gestive contours do not appear in the convex regions, DeCarlo
and Rusinkiewicz [2007] introduced highlight lines which comple-
ment contours and suggestive contours. Burns et al. [2005] pro-
posed a volumetric line drawing system that directly extracts sil-
houettes and suggestive contours using a temporally coherent see-
and-traverse framework. Ridge-valley lines are powerful shape de-
scriptors but independent of the view point [Ohtake et al. 2004].
Judd et al. [2007] proposed apparent ridges which elegantly gen-
eralize ridge-valley lines with view dependent features. Xie et
al. [2007] proposed photic extremum lines (PEL) which generalize
Canny’s edge detector to 3D surfaces. Similar to apparent ridge,
PEL is a third-order feature, and thus computational expensive.
Aiming at line drawing simplification, Ni et al. [2006] proposed
view-dependently controllable feature lines using pre-constructed
multi-resolution mesh. Recently, Kalogerakis et al. [2008] pro-

posed a real-time and highly parallelizable method to compute cur-
vatures and their derivatives for deforming objects. This method is
ideal for deforming objects with temporal coherence by accurately
predict the curvatures and their derivatives. However, for static ob-
jects, this property does not hold and the computation for surface
curvatures is still expensive. Kolomenkin et al. [2008] proposed de-
marcating curves which are the loci of the strongest inflections on
the surface and are capable of artifact illustration in archaeology.

Image-space approaches are usually easy to implement since the
complicated surface derivatives computations can be avoided. Saito
and Takahashi [1990] pioneered a method to extract feature lines
using image processing techniques. Raskar et al. [2005] presented
a novel NPR camera which detects depth edges using multi-flash
images. Winnemöller et al. [2006] presented an automatic, real-
time video and image abstraction framework using difference-of-
Gaussian edges. Lee et al. [2007] proposed to automatically extract
lines at appropriate scales from abstract shading.

3 Laplacian Line Extraction

3.1 Definition

The key question for computer-generated line algorithm is: where
do you put the lines? According to the recent study on how artists
made line drawings intended to convey 3D shapes, the image-space
feature detector (which characterizes the significant changes in illu-
mination) provides the strongest cues for artists to draw lines [Cole
et al. 2008]. This observation leads a research direction to general-
ize the edge detection from 2D images to 3D surfaces.

Xie et al. [2007] presented a method to generalize Canny edge de-
tector [Canny 1986] to 3D surface and proposed photic extremum
lines (PELs) to characterize significant changes in the illumination.
Given a 3D surface S, Xie et al. considered the illumination func-
tion I : S → R defined on S and defined PELs as a set of points on
the 3D surface where the variation of illumination in the direction
of its gradient reaches the local maximum [Xie et al. 2007], i.e.,

Dd||∇I(p)|| = 0 and DdDd||∇I(p)|| < 0

where ∇ denotes the surface gradient and d is the gradient of I .

Although PELs can produce nice line drawings for surfaces and
volumetric models, they are computationally expensive due to the
involvement of the third and fourth order derivatives. Furthermore,
the discrete differential geometry based mesh derivatives are sensi-
tive to noise and irregular tessellation. To develop an efficient and
robust “edge” detector on 3D surfaces, this paper presents Lapla-
cian lines, which generalizes the Laplacian of Gaussian (LoG) edge
detector [Marr and Hildreth 1980] from 2D images to 3D surfaces.
The Laplacian lines are defined as follows:

Definition The Laplacian lines are a set of points p on the 3D sur-
face S (with at least C3 continuity) where Laplacian of illumina-
tion △I passes through zero and the gradient magnitude ‖∇I‖ is
greater than the user-specified threshold t, i.e.,

△I(p) = 0 and ‖∇I(p)‖ ≥ t (1)

where △ is the Laplace-Beltrami operator on S.

Let e denote the view point and n(p) the normal of a point p ∈ S.
Here we make two assumptions on the light source and the material
of the underlying surface:



• The light source is a point light with unit intensity and locates
at e. Then, for any point p ∈ S, the light vector l is identical
to the viewing vector l(p) = e − p.

• The surface exhibits only diffuse reflection, namely, the illu-
mination I(p) = n(p) · l(p).

Given the local coordinate system xi of S, let ∂i := ∂/∂xi be the

partial derivative along xi. Let gij , gij , bij denote the covariant
metric tensor, contravariant metric tensor and coefficient of sec-
ond fundamental form respectively. Then, Laplacian of illumina-
tion △I can be simplified as follows:

△I(p) = △(n · (e − p))

= (△n) · (e − p) + n · △(e − p) + gij∂in · ∂j(e − p)

= (△n) · (e − p) − n · △p + gijbij

= (△n) · (e − p) − 2Hn · n + 2H

= (△n) · (e − p) = (△n) · l

where H is the mean curvature. Note that △n is view-independent
and can be pre-computed. As a result, Laplacian line extraction is
much more efficient than that of PELs by avoiding on-the-fly time-
consuming derivative computation.

3.2 Robust Laplace operator

The key component in Laplacian line extraction is to compute the
Laplacian of surface normal △n. The popular cotangent Laplace
operator depends on the mesh tessellation and tends to be sensitive
to noise [Meyer et al. 2002].

To develop a robust Laplacian line extraction algorithm, we use the
mesh Laplace operator proposed in [Belkin et al. 2008]: Given a
function f : M → R defined on the mesh M , the mesh Laplace
operator Lh

M is defined as follows:

Lh
Mf(p)

=
1

4πh2(p)

∑
△i∈S

A(△i)

3

∑
q∈△i

e
−

‖q−p‖2

4h(p) (f(q) − f(p)),

(2)

where A(△i) denotes the area of triangle △i and h(p) is a positive
quantity which intuitively corresponds to the size of the neighbor-
hood considered at point p. In [Belkin et al. 2008], it has been
shown that when mesh M is a sufficient approximation of a smooth
underlying surface S, Lh

M is close to the Laplace-Beltrami operator.

The Gaussian kernel h in Eqn. (2) is closely related to the number
of extracted Laplacian lines. Intuitively speaking, h is a smoothing
factor, the larger the value of h, the smoother and fewer the number
of Laplacian lines we obtain. Fig. 3 shows the effect of different
values of h.

Compared to the cotangent Laplacian, the mesh Laplace operator
is numerically stable due to the positivity and smoothing effects of
the weights. As shown in Fig. 2, mesh Laplace operator produces
much smoother Laplacian lines than the cotangent Laplacian. Fur-
thermore, these computations are in the pre-processing step and our
run-time line extraction algorithm remains simple yet efficient.

3.3 Laplacian line extraction algorithm

Given a triangle mesh M , our Laplacian line extraction algorithm
takes two parameters, σ and τ , and consists of four consecutive
steps:

(a) h = 0.01 (b) h = 0.03 (c) h = 0.05

Figure 3: The effects of the Gaussian kernel h. The larger the ker-
nel size, the more smoothing effects obtained, thus, the less Lapla-
cian lines extracted.

1. (Pre-processing) For each vertex, smooth the normal n and
then compute △n using Eqn. 2.

2. For each point p, compute the dot product of view vector v =
e−p and △n(p) and detect the zero-crossing of v ·△n(p).

3. For each zero-crossing point p, compute ‖∇I(p)‖ and filter
out the ones whose magnitude of gradient is less than the user-
specified threshold.

4. Trace the filtered zero-crossings to get the Laplacian lines.

Step 1. We compute the vertex normal using the conventional dis-
crete algorithm, i.e., weighted sum of the per-face normals. Sim-
ilar to LoG edge detector where a Gaussian filter is applied to re-
duce the image noise, we can also reduce the illumination noise by
smoothing the vertex normals using Gaussian or bilateral filter. In
our experiments, we found that the illumination I = n · l is usually
smooth for the clean data with regular triangulation. Note that the
mesh Laplace operator also has smoothing effects, thus, smoothing
normals for clean data is usually not necessary. However, for noisy
meshes or meshes with bad triangulation, the discrete normal algo-
rithm leads to poor results, and this smoothing step is very helpful
to reduce the noise of illumination. Then, we compute △n using
Eqn. 2 for each vertex. The parameter h is specified by the user.

Step 2. In the run-time step, we first compute the dot product of the
view vector v and △n for each vertex. To locate the zero-crossings,
we follow the method in [Ohtake et al. 2004]. For an edge [v1,v2],
if △I(v1)△I(v2) < 0, we use linear interpolation to locate a zero
crossing on edge [v1,v2] with

p =
|△I(v1)|v2 + |△I(v2)|v1

|△I(v1)| + |△I(v2)|

and consider p a point on a Laplacian line. Note that this step is
exactly the same as the conventional silhouette extraction algorithm
except that the normal n is replaced by the Laplacian of normal
△n.

Step 3. For each zero-crossing point p, compute the magnitude
of gradient. In our prototype system, we implement two methods
to compute the gradient magnitude. For clean meshes with good
triangulation, we use the popular discrete differential geometry ap-
proach [Rusinkiewicz 2004; Meyer et al. 2002]. For the mesh with
noise and/or irregular tessellation, we solve the following optimiza-
tion problem:

E(∇f(p)) =
∑

q∈M
⋂

Ball(p,h(p))

|f(q)−f(p)−∇f(p)·(q−p)|2,

(3)



(a) Shaded view
(b) color map of △I

using cotangent formula
(c) LL of (b)

(d) color map of △I using
mesh Laplace operator

(e) LL of (d)

Figure 2: Mesh Laplace operator vs cotangent Laplace operator. The popular cotangent Laplacian operator is sensitive to the mesh
triangulation, and thus does not generate smooth scalar field △I and the Laplacian lines (see (b) and (c)). Mesh Laplace operator, on the
contrary, is robust to irregular tessellation and generate smooth Laplacian of illumination and Laplacian lines (see (d) and (e)).

where Ball(p, h(p)) is a solid sphere centered at p with radius
h(p). Note that the computation of gradient magnitude is only ap-
plied to the zero-crossing points.

(a) τ = 0.01 (b) τ = 0.05

Figure 4: Trimming the Laplacian lines with the user-specified
threshold τ . Increasing the threshold results in less number of ex-
tracted Laplacian lines.

Step 4. We trace the detected zero-crossing to get the feature lines.
We use the following integral to measure the strength of each fea-
ture line

∫
‖∇I‖ds ≈

∑
i

‖∇I(pi)‖ + ‖∇I(pi+1)‖

2
‖pi − pi+1‖. (4)

Finally, we delete the feature lines whose strengths are less than the
user-specified threshold τ as shown in Fig. 4.

4 Experimental Results

4.1 Performance

We have implemented a prototype system on a PC with 3.0GHz
CPU and 2GB memory. Standard OpenGL library is used as the
rendering engine. Our un-optimized implementation can generate
Laplacian lines in interactive frame rates for all test models. Be-
sides Laplacian lines, we measured the performance of silhouettes,
suggestive contours, apparent ridges and PELs with the same hard-
ware configuration. As shown in Tab. 1, our approach is slightly
slower than silhouette, faster than suggestive contours, at least five
times faster than apparent ridges and PELs.

Table 1: Performance measurement. The statistics for silhouettes,
suggestive contours and apparent ridges are obtained using the rtsc
software from Princeton University. #△: number of triangles; fS:
frame per second for silhouettes; fSC : FPS for suggestive con-
tours; fAR: FPS for apparent ridges; fPEL: FPS for PEL; fLL:
FPS for Laplacian lines.

Models #△ fS fSC fAR fPEL fLL

Armadillo 330K 64.1 38.6 8.5 6.3 50.1

Cathedral 1180K 22.2 12.1 2.5 1.4 13.6

Column 200K 94.3 71.5 12.5 8.6 80.1

Rosace 250K 76.4 51.2 9.3 7.9 67.4

Statute head 300K 85.5 55.3 9.8 7.6 56.3

Thai statute 2000K 13.1 6.9 1.6 1.0 7.4

4.2 Comparisons and Discussions

(a) Mean
curvature

(b) Silhouettes (c) LL
(d) Silhouettes

+LL

Figure 5: Laplacian lines are very close to silhouettes if the mean
curvature is constant or near constant along the viewing direction,
i.e., DwH = 0, where w is the projection of viewing vector to the
tangent plane.

Comparison to silhouettes Silhouettes are a set of first-order fea-
ture lines that show strongest cues with model-to-background dis-
tinction. Laplacian lines are different from silhouettes in general
in that they are third-order features. However, Laplacian lines co-
incide with silhouettes in certain areas. Given a parametric sur-
face s : Ω ⊆ R

2 → S ⊆ R
3, the Laplacian of normal is given

by [Weatherbrun 1927]:

△n = (2K − H2)n − 2∇H,

where H and K are mean and Gaussian curvatures respectively.
In case of the point light, the lighting vector l is equivalent to the
viewing vector v, i.e., l = v = e − s. Note that ∇H is on the
tangent plane of p. Let w be the projection of l onto the tangent



plane of p. Laplacian lines satisfy

(△n) · l = (2K − H2)n · l − 2(∇H) · l

= (2K − H2)n · v − 2(∇H) · w

= (2K − H2)n · v − 2DwH = 0. (5)

Clearly, the Laplacian lines coincide with the silhouettes if and only
if DwH = 0, i.e., the mean curvature is constant or near constant
along the viewing direction. This explains that the silhouettes usu-
ally coincide with the Laplacian lines for the local neighborhood of
points where the mean curvature does not change too much along
the viewing direction (see Fig. 5). From the computation point of
view, Laplacian line extraction is very similar to the silhouette ex-
traction except that the normal n is replaced by Laplacian of nor-
mal △n, and filtering and trimming are applied to the zero-crossing
points. Note that the number of zero-crossing points is much less
than the number of the vertices in the given model and these post-
processing steps only take small amount of time. Therefore, Lapla-
cian lines have similar performance as silhouettes.

(a) PELs (b) LLs

Figure 7: LLs can lead to similar results of PELs, since both are
generalized from 2D edge detectors. No silhouettes are drawn in
order to provide better views of PELs and LLs.

Comparison to suggestive contours Suggestive contours are
second-order features which naturally extend the contours in con-
cave regions and convey the shape in a succinct and elegant way.
Note that suggestive contours algorithm can also pre-compute the
curvature, so the performance of suggestive contours is similar to
Laplacian lines. However, suggestive contours must be used to-
gether with silhouettes since they can not illustrate salient features
in convex regions. Laplacian lines works well on both convex and
concave regions. In many cases, Laplacian lines without silhouettes
can produce satisfactory rendering results.

Comparison to ridge-valley lines, apparent ridges and PELs
Ridge-valley lines, apparent ridges, PELs and Laplacian lines are
third-order feature lines. Ridges and valleys are curves where the
surface bends sharply. Ridge-valley lines are completely deter-
mined by the geometry and independent of the view point, thus,
they do not make a natural looking line drawing in an animation
sequence. By introducing view dependent curvatures, apparent
ridges elegantly extends ridge-valley lines, yielding more percep-
tually pertinent results. PELs generalize the Canny edge detector
to 3D surface and characterizes the significant changes of illumi-
nation. Note that the proposed Laplacian line is also an extension
of image edge detection. As expected, Laplacian lines can generate
similar results as PELs (see Fig. 7). From the computation point
of view, apparent ridges and PELs compute the third-order deriva-
tives on-the-fly using discrete differential geometry. Laplacian lines

can pre-compute the Laplacian of normals and the line extraction is
much faster than apparent ridges and PELs.

(a) Shaded model (b) △I

(c) LoG edges (d) Laplacian lines

Figure 10: Comparison of Laplacian lines to LoG edge detector.
Applying LoG edge detector directly to the rendered image does not
generate satisfactory results. Note the short lines in (c). Clearly, the
object space algorithm is much more robust.

Comparison to edge detection. Although originated from edge de-
tection, Laplacian lines are different from its 2D counterpart. Com-
pared to edge detection, Laplacian line is numerically stable and
do not suffer from the precision issues as shown in Fig. 10. Fur-
thermore, Laplacian lines can be easily combined with other NPR
techniques, such as Toon shading (see Fig. 9), stylization, hatching,
diffusion curves.

Limitations Laplacian lines generalize the LoG edge detector, and
inherit its limitations. For instance, Laplacian lines can not convey
the sharp corners effectively. Fig. 11 shows a failure case of Lapla-
cian lines for a simple cube model with rounded edges and corners.
As indicated by [DeCarlo et al. 2003], the ridge and valley lines are
most effective for such cases.

(a) Shaded view (b) LL with mean curvature shading

Figure 11: Similar to LoG edge detector, Laplacian lines do not
convey the corners effectively.



(a) Suggestive contour (b) Ridge-valley lines (c) Apparent ridges (d) Laplacian lines

Figure 6: Comparison of Laplacian lines with ridge-valley lines, suggestive contours and apparent ridges.

5 Conclusions and Future Work

In this paper, we have introduced line drawing technique based
on the LoG edgedetector. We showed that Laplacian of illumina-
tion can be decomposed so that the time consuming computation of
Laplacian of normals can be completely pre-computed. As a result,
the run-time Laplacian line extraction is as simple and efficient as
the conventional silhouette extraction. In addition, by taking ad-
vantage of the recently-developed mesh Laplace operator [Belkin
et al. 2008], we can produce robust and smooth Laplacian lines on
complicated models. We also revealed the relation between Lapla-
cian lines and silhouettes and showed that Laplacian lines coincide
with silhouettes if the mean curvature does not change too much
along the viewing direction. Our experimental results demonstrate
that Laplacian lines are an effective view dependent feature and
promising to convey large scale models for interactive graphics ap-
plications.
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