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Abstract

Snakes, or active contours, are used extensively in com-
puter vision and image processing applications, particu-
larly to locate object boundaries. Problems associated with
initialization and poor convergence to concave boundaries,
however, have limited their utility. This paper develops a
new external force for active contours, largely solving both
problems. This external force, which we call gradient vec-
tor flow (GVF), is computed as a diffusion of the gradient
vectors of a gray-level or binary edge map derived from the
image. The resultant field has a large capture range and
forces active contours into concave regions. Examples on
simulated images and one real image are presented.

1 Introduction

Snakes [10], or active contours, are curves defined within
an image domain that can move under the influence of inter-
nal forces within the curve itself and external forces derived
from the image data. The internal and external forces are
defined so that the snake will conform to an object boundary
or other desired features within an image. Snakes are widely
used in many applications, including edge detection [10],
shape modeling [16], segmentation [12], and motion track-
ing [17].

There are two general types of active contour models in
the literature today: parametric active contours [10] and
geometric active contours [1, 13]. In this paper, we focus
on parametric active contours, which synthesize parametric
curves within an image domain and allow them to move to-
ward desired features, usually edges. Typically, the curves
are drawn toward the edges by potential forces, which are
defined to be the negative gradient of a potential function.
Additional forces, such as pressure forces [4], together with
the potential forces comprise the external forces. There
are also internal forces designed to hold the curve together
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(elasticity forces) and to keep it from bending too much
(bending forces).

There are two key difficulties with active contour al-
gorithms. First, the initial contour must, in general, be
close to the true boundary or else it will likely converge
to the wrong result. The second problem is that active con-
tours have difficulties progressing into concave boundary
regions [7]. Although many methods such as multireso-
lution methods [11], pressure forces [4], distance potential
forces [5], control points [7], and using solenoidal external
fields [14] have been proposed, they either solve one prob-
lem or solve both but creating new difficulties. For example,
multiresolution methods have addressed the issue of initial-
ization, but specifying how the snake should move across
different resolutions remains problematic. Another exam-
ple is that of pressure forces, which can push an active con-
tour into boundary concavities, but cannot be too strong or
“weak” edges will be overwhelmed [15].

In this paper, we present a new class of external forces
for active contour models that addresses the problems listed
above. These fields, which we call gradient vector flow
(GVF) fields, are dense vector fields derived from images
by minimizing an energy functional in a variational frame-
work. The minimization is achieved by solving a pair of de-
coupled linear partial differential equations which diffuses
the gradient vectors of a gray-level or binary edge map com-
puted from the image. We call the active contour that uses
the GVF field as its external force a GVF snake. Particu-
lar advantages of the GVF snake over a traditional snake
are its insensitivity to initialization and ability to move into
concave boundary regions.

2 Background

2.1 Parametric Snake Model

A traditional snake is a curve x�s� � �x�s�� y�s��, s �
��� ��, that moves through the spatial domain of an image to
minimize the energy functional

E �

Z �

�

�

�
��jx��s�j� � �jx���s�j�� �Eext�x�s��ds (1)
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where � and � are weighting parameters that control the
snake's tension and rigidity, respectively. x ��s� and x���s�
denote the first and second derivatives of x�s� with respect
to s. The external energy function Eext is derived from the
image so that it takes on its smaller values at the features of
interest, such as boundaries.

Given a gray-level image I�x� y� (viewed as a function
of continuous position variables �x� y�), typical external en-
ergies designed to lead an active contour toward step edges
are [10]:

E�

ext
�x� y� � �jrI�x� y�j� (2)

E�

ext�x� y� � �jr�G��x� y� � I�x� y��j
� (3)

where G��x� y� is a two-dimensional Gaussian function
with standard deviation � and r is the gradient operator.
If the image is a line drawing (black on white), then appro-
priate external energies include [4]:

E�

ext
�x� y� � I�x� y� (4)

E�

ext�x� y� � G��x� y� � I�x� y� (5)

It is easy to see from these definitions that larger �'s will
cause the boundaries to become blurry and distorted. Such
large �'s are often necessary, however, in order to make
the effect of the boundary “felt” at some distance from the
boundary — i.e., to increase the “capture range” of the ac-
tive contour.

A snake that minimizes E must satisfy the Euler equa-
tion

�x���s�� �x�����s��rEext � � (6)

This can be viewed as a force balance equation

Fint �F
�

ext � �

where Fint � �x���s� � �x�����s� and F
�
ext

� �rEext.
The internal force Fint discourages stretching and bending
while the external potential force F�

ext
pulls the snake to-

wards the desired image contour.
To find a solution to (6), the snake is made dynamic by

treating x as function of time t as well as s — i.e., x�s� t�.
Then, the partial derivative of x with respect to t is then set
equal to the left hand side of (6) as follows

xt�s� t� � �x���s� t�� �x�����s� t��rEext (7)

When the solution x�s� t� stabilizes, the term xt�s� t� van-
ishes and we achieve a solution of (6). This dynamic equa-
tion can also be viewed as a gradient descent algorithm [3]
designed to solve (1). A solution to (7) can be found by
discretizing the equation and solving the discrete system it-
eratively (cf. [10]).

2.2 Generalized Force Balance Equations

The external forces generated from the variational for-
mulation (1) must enter the force balance equation (6) as a
static irrotational field.1 To add additional flexibility to the
snake model, it is possible to start from the force balance
equation directly, and to replace F�

ext with another force
F
�
ext

, which need not be irrotational, as follows

Fint �F
�

ext � � (8)

Balloon models [4] comprise an important example of this
approach. In these models F�

ext
is the sum of the traditional

potential forces and pressure (or normal) forces, which act
in a direction normal to the curve. This increases the capture
range of an active contour, but also requires that the balloon
be initialized to either shrink or grow. Also, the strength of
the pressure forces may be difficult to set, since they must be
large enough to overcome weak edges and noise, but small
enough so they do not overwhelm legitimate edge forces. In
this paper, we consider active contour formulations that do
not include pressure forces.

Without pressure forces, two issues become problematic:
initialization and convergence to concave regions. Initial-
ization is a problem because the capture range of the tradi-
tional potential force is generally small. The capture range
can be increased by using a larger �, but this blurs and dis-
torts the edges. This difficulty can be addressed using a
multiresolution approach, but scheduling changes lead to
extremely complex, and ad hoc, algorithms. The distance
potential forces of Cohen and Cohen [5] increase the cap-
ture range in an effective manner; however, as we have
shown in [18] it does not solve the second issue.

Convergence to concave regions is a problem in tradi-
tional snakes, because the contour is often left split across
boundary concavities. An example of this problem is shown
in Fig. 1. Fig. 1a shows a (	
 � 	
 pixel) line drawing of
a U-shaped object having a concave region (as viewed from
the outside) at the top of the figure, and Fig. 1c shows a
sequence of curves depicting the iterative progression of a
traditional snake (� � ��	, � � ���, no pressure forces)
toward the boundary. The final solution solves the Euler
equations of the snake formulation, but remains split across
the concave region.

The reason for the poor convergence in Fig. 1c is re-
vealed in Fig. 1b, where the potential force field, �rE�

ext

with � � ��� (pixels), for this example is depicted. Al-
though the field correctly points toward the object boundary,
in the concave portion the forces point horizontally in oppo-
site directions. Thus, the curve is “pulled” apart toward the
U-shape, but not made to progress downward into the con-
cave region. The poor performance in this example lies in

1An irrotational field is the gradient of a scalar field. Sometimes these
fields are called conservative or curl-free fields.
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(a)

(c) (b)

Figure 1. A snake with traditional potential
forces cannot move into the concave bound-
ary region.

the problem formulation, not its method of solution. In the
following section, we introduce a new external force formu-
lation which largely solves the problems discussed above.

3 Gradient Vector Flow Field

Our overall approach is to define a new non-irrotational
external force field, which we call the gradient vector flow
(GVF) field. Using a force balance condition as a starting
point (rather than a variational formulation) we then let the
GVF field replace the potential force field in (7), defining a
new snake, which we call the GVF snake. The GVF field
points toward the object boundary when very near to the
boundary, but varies smoothly over homogeneous image re-
gions, extending to the image border. The main advantages
of the GVF field are that it can capture a snake from a long
range — from either side of the object boundary — and can
force it into concave regions.

3.1 Edge Map

We begin by defining an edge map f�x� y� derived from
the image I�x� y� having the property that it is larger near
the image edges2. Accordingly, we can use

f�x� y� � �Ei
ext

�x� y� (9)

where i � �, 2, 3, or 4. The field rf has vectors point-
ing toward the edges, but it has a narrow capture range, in
general. Furthermore, in homogeneous regions, I�x� y� is
constant, rf is zero, and therefore no information about
nearby or distant edges is available.

2Other features besides edges can be sought by redefining f�x� y� to
be larger at desired features of interest, rather than edges.

3.2 Gradient Vector Flow (GVF)

We define the gradient vector flow (GVF) field to be the
vector field v�x� y� � �u�x� y�� v�x� y�� that minimizes the
energy functional

E �

Z Z
��ux

��uy
��vx

��vy
��� jrf j�jv�rf j�dxdy

(10)
This variational formulation follows a standard principle,
that of making the result smooth when there is no data. In
particular, we see that when jrf j is small, the energy is
dominated by partial derivatives of the vector field, yield-
ing a smooth field. On the other hand, when jrf j is large,
the second term dominates the integrand, and is minimized
by setting v � rf . The parameter � is a regularization
parameter governing the tradeoff between the first term and
the second term. This parameter should be set according
to the amount of noise present in the image (more noise,
increase �).

We note that the smoothing term — the first term within
the integrand of (10) — is the same term used by Horn and
Schunk in their classical formulation of optical flow [9]. On
one hand, it is known that this term leads to the Laplacian
operator in the corresponding Euler equations. On the other
hand, it has recently been shown that this term corresponds
to an equal penalty on the divergence and curl of the vec-
tor field [8]. Therefore, the external field resulting from
this minimization can be expected to be neither entirely ir-
rotational (as are the traditional snake potential fields) nor
entirely solenoidal.

Using the calculus of variations [6], it can be shown that
the GVF can be found by solving the following Euler equa-
tions

�r�u� �u� fx��fx
� � fy

�� � � (11a)

�r�v � �v � fy��fx
� � fy

�� � � (11b)

wherer� is the Laplacian operator. These equations give us
another intuition behind the GVF formulation. We note that
in homogeneous regions, the second term of both equations
(11a) and (11b) is zero (because the gradient of f�x� y� is
zero). Therefore, within these regions, u and v are each
determined by Laplace's equation. This results in a type of
“filling-in” of information taken from the boundaries of the
region.

Equations (11a) and (11b) can be solved by treating u

and v as functions of time and solving

ut�x� y� t� � �r�u�x� y� t�� �u�x� y� t�� fx�x� y��

��fx�x� y�
� � fy�x� y�

�� (12a)

vt�x� y� t� � �r�v�x� y� t�� �v�x� y� t�� fy�x� y��

��fx�x� y�
� � fy�x� y�

�� (12b)
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The steady-state solution (as t � �) of these linear
parabolic equations is the desired solution of the Euler equa-
tions (11a) and (11b). Note that these equations are decou-
pled, and therefore can be solved as separate scalar partial
differential equations in u and v. The equations in (12) are
known as generalized diffusion equations, and are known
to arise in such diverse fields as heat conduction, reactor
physics, and fluid flow [2]. For us, they have appeared from
our description of desirable properties of external fields for
active contours. Diffusion is a natural outcome given the de-
sired “filling in” property. A stable explicit finite difference
implementation for solving the steady-state solution of (12)
was given in [19].

3.3 GVF Snake

After we compute v�x� y�, we replace the potential force
�rEext in the dynamic snake equation of (7) by v�x� y�,
yielding

xt�s� t� � �x���s� t�� �x�����s� t� � v (13)

We call the parametric curve solving the above dynamic
equation as a GVF snake. This equation is solved in sim-
ilar fashion to the traditional snake — i.e., by discretization
and iterative solution.

We note that in [18], we generalized GVF to three di-
mensions and implemented a GVF deformable surface.

4 GVF Fields and GVF Snakes

This section shows several examples of GVF external
field computations on simple objects as well as on one real
medical image and demonstrates the performance of GVF
snakes. The parameters � (for GVF) and � and � (for the
snake) are specified in each case. All the edge map func-
tions used for computing GVF are pre-normalized to the
range ��� ��.

4.1 Convergence to a Concave Region

In our first experiment, we computed the GVF field for
the line drawing of Fig. 2a using � � ���. Comparing the
resulting field, shown in Fig. 2b, to the potential force field
of Fig. 1b, reveals several key differences. First, the GVF
field has a much larger capture range. It is clear that in order
to get this extent using traditional potential force fields, one
would have to use a large � in the Gaussian filter. But this
would have the effect of blurring (or perhaps even obliterat-
ing) the edges, which is not happening in the GVF field.
A second observation is that the GVF vectors are point-
ing somewhat downward into the top of the U-shape, which
should cause an active contour to move farther into this con-
cave region. Finally, it is clear that the GVF field behaves

(a)

(c) (b)

Figure 2. A snake with GVF external forces
moves into the concave boundary region.

in an analogous fashion when viewed from the inside. That
is, the vectors are pointing toward the boundary from as far
away as possible and are pointing upward into the concave
regions (the fingers of the U-shape) as viewed from the in-
side.

Fig. 2c shows the result of applying a GVF snake with
parameters � � ��	 and � � ��� to the line drawing shown
in Fig. 2a (using the external GVF field of Fig. 2b). In this
case, the snake was initialized farther away from the object
than the initialization in Fig. 1c, and yet it converges very
well to the boundary of the U-shape. It should be noted
that the blocky appearance of the U-shape results from the
fact that the image is only 	
� 	
 pixels. The snake itself
moves through the continuum (using bilinear interpolation
to derive external field forces which are not at grid points)
to arrive at a sub-pixel interpolation of the boundary.

4.2 Streamlines of external force fields

It is interesting to compare the capture range between
the traditional potential force fields and GVF fields by look-
ing at their streamlines. The streamlines are the paths over
which a dense number of free particles move under the in-
fluence of external forces when placed in the external force
field.

Fig. 3a gives the streamlines for the potential force field
of Fig. 1b, and Fig. 3b gives the streamlines for the GVF
field of Fig. 2b. Two effects are clear from this figure. First,
the capture range of GVF is clearly much larger than that
of the potential forces. Second, GVF provides downward
forces within the concave region at the top of the U-shape,
while potential forces only provide sideways forces.
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(a) (b)

Figure 3. Stream lines of particles in (a) a po-
tential force field and (b) a GVF field.

(a)

(b)

(c)

Figure 4. A GVF snake converges to the same
result from either the inside or the outside.

4.3 Snake Initialization

Fig. 4a shows the computed GVF (� � ���) for the line
drawing square shown using gray lines in Figs. 4b and 4c.
Figs. 4b and 4c show GVF snake results using initializations
from the inside (Fig. 4b) and from the outside (Fig. 4c). The
two final configurations are nearly indistinguishable from
each other, indicating that the GVF snake can be initialized
either inside or outside the desired boundary. It should be
noted that, unlike pressure forces, the GVF snake does not
require the a priori knowledge of whether to shrink or ex-
pand.

It can also be seen from Figs. 4b and 4c that the final con-
figuration has slightly rounder corners than the square. This
is one of the effects of �, the regularization parameter in the
GVF formulation. Choosing � smaller will tend to reduce
this rounding, but will also reduce the strength of smooth-
ing term. It should be noted, however, that this particular

(a) (b)

Figure 5. A GVF snake can also be initialized
across the object boundary.

image has only 	
 � 	
 pixels, and the rounded corner of
the snake is still within one pixel of the original corner.

Figs. 5a and 5b demonstrate a further initialization in-
sensitivity: the initial snake can cross the boundary. The
result shown in Fig. 5a is nearly indistinguishable from that
in Figs. 4b and 4c; and the result shown in Fig. 5b is nearly
indistinguishable from that shown in Fig. 2c. Of course,
there must be limits on the full range of possible valid GVF
snake initializations. A full theoretical and empirical study
of these limits is a subject for future research.

4.4 Gray-level Images

The underlying formulation of GVF is valid for gray-
level images as well as binary images. To compute GVF
for gray-level images, the edge-map function f�x� y� must
first be calculated. Two possible choices for the edge-map
are f��x� y� � jrI�x� y�j or f��x� y� � jr�G��x� y� �
I�x� y��j. A motivation for applying some Gaussian fil-
tering to the underlying image is to reduce noise. Other
more complicated noise-removal techniques such as median
filtering, morphological filtering, and anisotropic diffusion
could also be used to improve the underlying edge map.
Given an edge-map function and an approximation to its
gradient, GVF is computed in the usual way using Equa-
tion (12).

Fig. 6a shows a (�	�� �	�) magnetic resonance image
(short-axis section) of the left ventrical of a human heart.
Fig. 6b shows an edge map computed using f�x� y� �
f��x� y� with � � ��� (normalized to the range ��� ��).
Fig. 6c shows the computed GVF, and Fig. 6d shows a se-
quence of GVF snakes (plotted in a shade of gray) and the
GVF snake result (plotted in white), both plotted on the
original image. Clearly, many details on the endocardial
border are captured by the GVF snake result, including the
papillary muscles (the bumps that protrude into the cavity).
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(a) (b)

(c) (d)

Figure 6. (a) A magnetic resonance image of
the left ventrical of a human heart (short-axis
section). (b) The edge map jr�G� � I�j

� with
� � ���. (c) The computed GVF. (d) Initial and
intermediate contours (gray curves) and the
final contour (white curve) of the GVF snake.

5 Conclusion

We have introduced a new external force model for
snakes called gradient vector flow (GVF). The field is cal-
culated as a diffusion of the gradient vectors of a gray-level
or binary edge map. We have shown that it allows for flex-
ible initialization of the snake and encourages convergence
to boundary concavities.

Further investigations into the nature and uses of GVF
are warranted. A complete characterization of the capture
range of the GVF field would help in snake initialization
procedures. Investigations into the optimal selection of the
GVF parameter �, and the interplay between � and the
snake parameters � and � are desirable. Finally, the GVF
framework might be useful in defining new connections be-
tween parametric and geometric snakes, and might form the
basis for a new geometric snake.
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