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Abstract
For rigid point cloud data registration, algorithms based on soft correspondences are more robust than the traditional ICP
method and its variants. However, point clouds with severe outliers and missing data may lead to imprecise many-to-many
correspondences and consequently inaccurate registration. In this study, we propose a point cloud registration algorithm based
on partial optimal transport via a hardmarginal constraint. The hardmarginal constraint provides an explicit parameter to adjust
the ratio of points that should be accurately matched, and helps avoid incorrect many-to-many correspondences. Experiments
show that the proposed method achieves state-of-the-art registration results when dealing with point clouds with significant
amount of outliers and missing points (see https://www.acm.org/publications/class-2012).

Keywords: point-based graphics, modelling, point-based methods, methods and applications

CCS Concepts: • Computing methodologies → Point-based models; Shape analysis

1. Introduction

Shape registration is a fundamental problem in computational ge-
ometry, computer vision, computer graphics and so on. With the
developing of geometry scanning technology, point cloud registra-
tion is becoming an important step for 3D shape reconstruction from
multiple scans. It aims to align two or more point clouds into a co-
herent coordinate frame by estimating their relative transformation.

Practical point set registration algorithms mainly include two
components: assigning correspondences between two sets of points
and computing the optimal transformation between two point sets
in terms of the correspondences. Different point set registration
algorithm have been proposed based on different correspondences.
A constant number of random point correspondences are used in a
variant of RANSAC algorithms [FB87, AMCO08, MAM14]. The
fundamental limitation of RANSAC is that it does not generally
provide the optimal solution because the optimal transformation
is only on a constant number of random point correspondences.
The assumption of iterative closest point (ICP) algorithm [BM92,

CSK05, GP02] is that the corresponding point of one source
point is the nearest point in the target point cloud from the source
point. Accurate correspondence heavily depends on the initial
pose position of source and target point clouds. Therefore, ICP
algorithm is susceptible to noise outliers and occlusions. Instead
of one-to-one correspondence, one-to-many or many-to-many
correspondences have been developed via a kernel function [TK04,
MS10, JV10] to improve the robustness of registration algorithms
on one-to-one correspondence. In general, registration algorithms
based on fuzzy correspondence use the same kernel function to
represent one-to-many correspondences. Thus, in these registration
algorithm, two point clouds presumably represent the same shape
model, and every point cloud is uniformly sampled from the shape
model. Point cloud registration is still a challenging problem when
the point clouds have many missing points or outliers.

In this study, we proposed a general framework for point cloud
registration based on partial optimal transport [CPSV17]]. First,
two point clouds are represented as two probability measures.
The Wasserstein distance between two probability measures is
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minimized to compute the transformation matrix between two point
clouds. Compared with ICPmethods, which use δ-function to repre-
sent the correspondence, and fuzzy correspondence methods, which
uses the Gaussian function to represent the correspondence, the pro-
posed method computes a more general transport plan to represent
the correspondence. Furthermore, the mass conservation laws in tra-
ditional optimal transport are relaxed via a range constraint on the
total mass to improve the robustness of point cloud registration algo-
rithm when point clouds include a large part of outlier and missing
points. The experiments demonstrate that the proposed approach el-
evates the robustness and accuracy of point cloud registration when
point clouds include a large part of outlier and missing points. The
source code can be found in https://github.com/Hongxing-CQU/
RPOT/. Our contributions can be summarized as follows:

• We propose a point cloud registration algorithm based on optimal
transport theory for partial overlap.

• The partial overlap problem is modelled by partial optimal trans-
port via a hard marginal constraint.

• The hard marginal constraint provides an explicit parameter to
adjust the ratio of points that should be accurately matched, and
helps avoid incorrect soft correspondences.

2. Related Work

Rigid and non-rigid shape registration have been researched widely
in past years. Our study belongs to rigid point cloud registration.
Therefore, a brief survey has only been provided about the rigid
point cloud registration methods. We also outlined the application
of optimal transport in registration and state our contribution in this
paper.

2.1. Rigid point cloud registration

Given two point clouds sets P = {xi}i∈I ⊂ R3 andQ = {y j} j∈J ⊂ R3,
point cloud registration finds a transformation map F that makes the
distance between two point clouds minimum. The distance between
P and Q can generally be expressed as the weighted sum of point
pair distance:

E =
N∑
i=1

M∑
j=1

T (xi, y j )c(xi,F (y j )), (1)

where T (xi, y j ) is the correspondence parameters, and c(·, ·) is the
distance function between two points. Based on different point cor-
respondences, the parameter T (xi, y j ) is set as a different function,
and different point cloud registration methods are proposed.

RANSAC algorithm represents the minimization of the dis-
tance between two point clouds as a maximum consensus prob-
lem [FB87]. A constant number of random point correspondences
are used in a variant of RANSAC algorithms [FB87, AMCO08,
MAM14]. The weighted parameter is set as

T (xi, y j ) =
{
1 (xi, y j ) ∈ K,

0 others.

where K is the random point pairs. Aiger et al.[AMCO08] intro-
duced 4-points congruent sets (4PCS) instead of triplets as a wide

basis in RANSAC. Mellado et al. [MAM14] improved the time
complexity of 4PCS [AMCO08] from quadratic time to linear time
via a smart indexing data organization. Gelfand et al.[GMGP05]
proposed integral volume descriptor and developed a fast BnB al-
gorithm based on distance matrix comparisons to select the optimal
correspondence set. Álvaro Parra Bustos[APBC18] presented the
guaranteed outlier removal approach to reduce the corresponding
set. Zhou et al. [ZPK16] applied two stage of procedure to alleviate
the effects of spurious correspondence. In the first step, reciprocity
test and tuple test are applied to improve the inlier ratio of the corre-
spondence set. Then, a robust objective function is optimized to pro-
vide a continuation of increasingly good approximation. RANSAC
algorithms use the global search strategy to find the transformation
map. However, the globally optimal solution cannot be obtained in
general. The result of RANSAC algorithms is often used as the ini-
tialization to ICP method.

ICP [BM92]], is themost important approach for rigid point cloud
registration. The main reason is low computation cost and simplic-
ity of ICP. In ICP, correspondences are set in terms of the closest
distance criterion, which means

T (xi, y j ) =
{
1 i f d(xi, y j ) < d(xi, y j′ )( j �= j′, j′ ∈ J),
0 others.

ICP is susceptible to local minima. Its performance critically re-
lies on initialization quality and only local optimality is guaran-
teed. Diffient kinds of ICP algorithms have been developed to en-
hance the robustness of ICP algorithm. Chetverikov et al. [CSK05]
applied the least trimmed squares approach to identify and reject
outliers in Trimmed ICP. LM-ICP [Fit03] attempted to enlarge the
basin of convergence by smoothing out the objective function to im-
prove the robustness of ICP to poor initializations. They also directly
used the Levenberg–Marquardt algorithm to minimize the registra-
tion error. Go-ICP [YLCJ15] presented a globally optimal algorithm
by employing the conventional ICP algorithm with the branch-and-
bound procedure. Sparse ICP[BTP13, MAP15] reformulated ICP
algorithm using a sparse lp(p ≤ 1) norm, instead of the classical
squared l2 norm, to learn the separation between data and outliers.
However, these algorithms still depend on a good initial pose and
orientation of point clouds.

Except for one-to-one correspondence, soft correspondence has
also been used in point cloud registration. The correspondence be-
tween points is established via a probability function. The most
commonly used probability function is Gaussian function, and the
weighted parameter is set as

T (xi, y j ) = exp− 1
2 || xi−F (y j )σ ||2∑

k exp
− 1

2 || xi−F (yk )σ ||2
. (2)

Expectation maximization (EM)-ICP [GP02] algorithm formulates
the rigid registration as a general maximum-likelihood estimation
of the transformation and the matches. In Haile and Anand [HA03],
the transformation map and correspondence parameters are op-
timized jointly for point cloud registration. Coherent point drift
(CPD) [MS10] considers the alignment of two point sets a probabil-
ity density estimation problem and fits the Gaussian mixture model
centroids to the data by maximizing the likelihood. These meth-
ods use EM algorithm to optimize correspondence parameters and
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transformation map iteratively. Jian and Vemuri [JV10] first repre-
sented two point sets as two distribution. Then, the point set reg-
istration problem is reformulated as the alignment of two distri-
butions. Gao and Tedrake [GT19] proposed FilerReg by formu-
lating the E-step as a Gaussian filtering problem to improve the
computational performance of probabilistic registration method.
Eckart et al. [EKK18] proposed hierarchical Gaussian mixture for
adaptive 3D registration. The methods based on probability cor-
respondence performs better than ICP algorithms for point cloud
registration in the presence of noise, outliers and missing points.
The probability correspondence of point cloud registration is based
on the point distribution as a whole. When two point sets have
severe outliers or missing points, the point sets can be sampled
from different shape, and the methods on the probability corre-
spondence do not provide an efficient strategy to eliminate the ef-
fects of outliers or missing points locally. With the aim to ad-
dress this problem, our approach provides more general corre-
spondence parameters than the probability correspondence, and
achieves state-of-the-art performance. Recently, the methods on
deep learning, such as DeepICP [LWZ*19] and deep closest point
(DCP) [WS19] have also been developed. The correspondence pa-
rameter is obtained via the Sof tmax function. Compared with the
methods on deep learning, the correspondence parameter in our
approach is only learned from the point clouds, which need to be
registered.

2.2. Optimal transport and registration on optimal transport

Optimal transport is becoming an import approach in computer
graphics [QCHC17, QHL*19, SDGP*15, BC19], computer vi-
sion [RTG00] and machine learning [FMS19]. Optimal transport
theory is roughly reviewed in this section. More details can be found
in Villani[Vil08]. Given a space �, the distance metric on the space
is represented as c : � × � → R+. P(�) and P(� × �) are used
to represent the sets of probability measure on the space � and the
product space � × �. For a probability measure μ ∈ P(�), it satis-
fies

μ(∅) = 0, μ(�) = 1, 0 ≤ μ(U ) ≤ 1(U ⊆ �).

The optimal transport problem is about the optimal transport plan
and the minimum cost between two probability measures μ ∈ P(�)
and ν ∈ P(�). It is formulized as:

inf
π∈∏

(μ,ν )

∫
�×�

c(x, y)dπ, (3)

where c(x, y) is the cost function, andπ ∈ P(� × �) is the transport
plan. For balance optimal transport problem, transport plan meets
the constrain:

π (·,�) = μ, π (�, ·) = ν (4)

where π (·,�) and π (�, ·) are separately two marginal measures.

A fundamental property of classical optimal transport is that
it requires the transport plan to meet the mass conservation laws
(Equation 4). However, some applications, such as registration of
point clouds with outliers and missing points, may require optimal

transport algorithms to handle the unbalanced optimal problem, in
which the mass conservation law is broken.

In Chizat et al. [CPSV16]], Unbalanced optimal transport prob-
lems has been modelled as:

min
π∈P(�×�)

∫
�×�

c(x, y)dπ + D1(π (·,�)|μ) + D2(π (�, ·)|ν ), (5)

where Di(·|·) is a divergence function and provides a sense of how
close two measures are. For a traditional optimal transport problem,
the divergence function is the equality constraint:

ι{=}(μ|ν ) =
{
0 μ = ν,

∞ others.

When another divergence function is selected as the divergence
function, such as the KL divergence or the total variation distance,
mass conservation law is broken. Equation (5) represents an unbal-
anced optimal transport problem.

As a similarity measure, Wasserstein distance, is also applied for
shape registration [HZTA04, SNB*12, SWS*15, FCVP17, RH17,
BC19]. Hanker et al. [HZTA04] found the registration mapping be-
tween images by minimizing the L2 Kantorovich-Wasserstein dis-
tance under a mass preservation. Solomon et al. [SNB*12] ap-
plied optimal transport theory to the problem of mapping between
two nonisometric surfaces. Feydy et al. [FCVP17, FRTG19] in-
troduced the unbalanced optimal transport methods for diffeomor-
phic matching of imaging data via KL divergence. In the paper,
Feydy et al.’s approach [FCVP17] is labelled as KL. Although the
mass preservation law is broken by using KL divergence. in Feydy
et al. [FCVP17], the proposed algorithm cannot be efficiently ap-
plied to the registration of point clouds with severe outliers or miss-
ing points. The main reason is that the transport plan, obtained on an
accurate registration, may lead to a high KL divergence when point
clouds have severe outliers or missing points. Therefore, the opti-
mal transport plan obtained from Feydy et al.[FCVP17] cannot de-
scribe the accurate correspondence between two point clouds with
severe outliers or missing points (Figure 1). In sliced partial optimal
transport (SPOT), Bonneel and Coeurjolly [BC19] proposed a one-
dimensional partial transport solver and extended ICP algorithm us-
ing optimal transport. However, SPOT is based on the assumption
that all points from the source distributions need to be matched to
(part of) the target distribution. When the part of the source points
cannot be matched with the points of the target points, an accurate
registration cannot be obtained in SPOT.

3. Method

An accurate estimation of correspondences is the key to align two
point sets P and Q in arbitrary initial positions (Figure 1). When
two point sets have severe outliers or missing points, some points
in one point set cannot be matched with any point in another point
set. The algorithms CPD [MS10] and KL [FCVP17] on soft corre-
spondence are based on global correspondences as a whole. In CPD
algorithm [MS10], the weighted differences between all combina-
tions of points have been considered. In KL approach [FCVP17],
the missing mass of every point will be considered in the cost
function, and the mass of every point from different point sets is
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368 H. Qin et al. / Rigid registration on partial optimal transport

Figure 1: Comparison among different methods on correspondences when point clouds to be registered have severe missing points.

different if there are different number of points in two point sets.
To decrease the weighted difference in CPD algorithm [MS10] and
make a balance between themissingmass cost and the transport cost
in Feydy et al.[FCVP17], the optimal registration result cannot be
obtained with the algorithms CPD [MS10] and KL [FCVP17] in
Figure 1. In this study, we view the registration of point clouds as a
partial optimal transport problem to improve the robustness of the
previous algorithms for point clouds with severe outliers or missing
points by explicitly eliminating the wrong correspondence induced
by severe outliers or missing points.

3.1. Modelling on partial optimal transport

The procedure of point set registration includes two steps: assign-
ing correspondence and computing transformation map. In this sec-
tion, assigning correspondences and recovering the transformation
are modelled as a unified optimization problem.

Given two point clouds sets P = {xi}i∈I ⊂ R3 and Q = {y j} j∈J ⊂
R3, two discrete probability measures in R3 are defined as

μ =
m∑
i=1

ρiδxi , s.t.
m∑
i=1

ρi = 1, ρi ≥ 0, δxi =
{
1 xi ∈ P,

0 others,
(6)

and

ν =
n∑
j=1

φ jδx j , s.t.
n∑
j=1

φ j = 1, φ j ≥ 0, δy j =
{
1 y j ∈ Q,

0 others,
(7)

where m and n are the number of points in P and Q, respectively.
Then, we model the registration of P and Q as a partial optimal
transport problem, that is

argmin
R,t,π

m∑
i=1

n∑
j=1

c(xi,F (y j ))π (xi, y j )

+ D1(π1n|μ) + D2(π
T1m|ν ) + D3(

m∑
i=1

n∑
j=1

π (xi, y j )|1),
(8)

The transformation function F includes the rotation transformation
R and the translation transformation t. The transport plan π presents

the correspondence between P and Q. The first term measures the
cost of transporting the mass from μ to ν in terms of transport plan
π . The first term is the same as the distance between the two point
clouds defined in Equation (1). In the second and third terms,

π1n = (∑n
j=1 π (x1, y j )

∑n
j=1 π (x2, y j ) · · · ∑n

j=1 π (xm, y j )
)T

and

πT1m = (∑m
i=1 π (xi, y1)

∑m
i=1 π (xi, y2) · · · ∑m

i=1 π (xi, yn)
)T

.

The divergences D1(·|·) and D2(·|·) are two constraints on the
marginals of π , which maintain that the marginals of π are close
to the probability measures μ and ν, separately. In our work, the di-
vergencesD1(·|·) andD2(·|·) are represented as a a range constraint:

RG[α1,β1](π1n|μ) =
{
0 α1μ ≤ π1n ≤ β1μ

+∞ others,
(9)

and

RG[α1,β1](π
T1m|ν ) =

{
0 α1ν ≤ πT1m ≤ β1ν

+∞ others.
(10)

Equations (9) and (10) represent that the transported mass between
points xi and y j is constrained in terms of the range of [α1, β1]. The
proposed method is labelled as RG. Compared with traditional opti-
mal transport, the range constraint divergence (Equations 9 and 10)
relaxes the mass transport, and breaks the mass conservation law.
In our work, α1 and β1 are set to 0 and 1, respectively, for D1 and
D2. α1 = 0 makes 0-transportation possible when xi ∈ P or y j ∈ Q
does not have any correspondence inQ or P. 0-transportation means∑n

j=1 π (xi, y j ) = 0. β1 = 1 means that the mass transported from
xi cannot be more than ρi. Therefore, the second and third terms
are constraint terms for the mass transformed from xi and the mass
transformed to y j. Compared with D1 and D2, the fourth term is a
constraint term on the total mass. We also use the range constraint
divergence RG[α2,β2] for D3, and set α2 = 0 and β2 ∈ (0, 1]. For D3,
β2 is a free parameter to control the mass, which can be transformed.
It can be transformed between point clouds in term of the overlap of
the two shape. When the point cloud P in Figure 2 has severe miss-
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Figure 2: Registration results in different β2 and λ values.

Algorithm 1. Rigid point clouds registration on partial mass
optimal transport

ing points, only a part of Q can be matched with P. In this case, a
perfect registration result can be obtained when β2 is set as a value
close to the overlap of two point clouds.

We apply a loop iteration algorithm (Algorithm 1) to recover the
transformation F (·). The transport plan π and the transformation

F (·) are computed by minimizing the variational problem (Equa-
tion 8) step by step.

3.2. Assignment of correspondences

From the first term in Equation (8), the transport plan π represents
the correspondences between P and Q. We first fix the transforma-
tion (R, t) in the minimization step over the transport plan. Then,
the optimal transport problem (Equation 8) is approximated via an
entropy term H(·), that is,

argmin
π

m∑
i=1

n∑
j=1

c(xi,F (y j ))π (xi, y j ) + εH(π )

+ D1(π1n|μ) + D2(π
T1m|ν ) + D3(1Tmπ1n|1),

(11)

where H(π ) is the entropy of π

H(π ) =
m∑
i=1

n∑
j=1

π (xi, y j )(logπ (xi, y j ) − 1),

and ε is a positive regularization parameter, which controls the de-
gree of regularization. Equation (11) is a convex optimization prob-
lem. The first half of Equation (11) is the optimal mass transport
problem with the entropy regularization term [SDGP*15]. Thus,
Equatiom (11) can be represented as

argmin
π

D1(π1n|μ) + D2(π
T1m|ν) + D3(1Tmπ1n|1) + εKL(π |K), (12)

whereKi j = e− c(xi,y j
ε , andKL(·|·) is theKL divergence function. Fol-

lowing [CPSV16], the optimal transport plan can be represented as

π = exp(z/ε)diag(exp(u/ε))Kdiag(exp(v/ε)) (13)

where u, v and z are the solution of the dual problem of Equa-
tion (11). The dual problem is

argmax
(u,v,z)∈(Rn,Rm,R)

−D∗
1(−u) − D∗

2(−v) − D∗
3(−z)

− εKL∗(u1Tn + v1Tm + z1Tn 1m|K),
(14)

where the function ·∗(·) is the convex conjugate of the function ·(·).
The dual problem (Equation 14) can be solved by alternating

optimization in u, v and z. When (v, z), (u, z) and (u, v) are fixed
separately, the corresponding maximization functions are obtained
as

max
u

−D∗
1(−u) − εKL∗(u/ε|exp(z/ε)Kexp(v/ε)),

max
v

−D∗
2(−v) − εKL∗(v/ε|exp(z/ε)KT exp(u/ε)),

max
z

−D∗
3(−z) − εKL∗(z/ε|exp(uT/ε)Kexp(v/ε)).

(15)

Furthermore, the new variables a, b and g are introduced:

a = exp(u/ε) b = exp(v/ε) g= exp(z/ε). (16)

© 2022 Eurographics - The European Association for Computer Graphics and John Wiley & Sons Ltd.
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Algorithm 2. Assigning correspondence

The alternating optimization, via dual theory, then becomes:

al+1 = proxKLD/ε (gKbl ) � gKbl,

bl+1 = proxD/ε (gKTal+1) � gKTal+1,

gl+1 = proxKLD/ε ((a
l+1)TKbl+1) � (al+1)TKbl+1,

(17)

where � denotes entrywise division, and proxKLD/ε (·) is a proximal
operator, and is defined as

proxKLD/ε (w) = argmin
s∈Rn

D(s) + εKL(s|w). (18)

When RG[α,β](·|w) is selected as D(·) in our work, the output of the
operator proxKLD/ε (w) is

proxKLD/ε (w) → min(βw,max{αw, s}).
Then, the transport plan can be obtained as

π = g · diag(a)Kdiag(b).
Algorithm 2 describes the pseudocode of the minimization step over
the transport plan π .

3.3. Recovering transformation

Point clouds P and Q are represented as P = (x1 x2 . . . xm)T and
Q = (y1 y2 . . . yn)T . Make P and Q close enough is necessary to
efficiently align the point clouds P and Q. Therefore, we first trans-
late P andQ to make them with same barycenter as a preprocessing
step, that is,

X = P  Bp Y = Q  Bq,

where  is an entrywise minus operator, Bp and Bq are the barycen-
ters of P and Q:

Bp =
m∑
i=1

ρixi Bq =
n∑
j=1

� jy j.

In Equation (8), the transformation map F only depends on the
first term. For rigid transformation, the transformation map is rep-

resented as F (y j ) = Ry j − t, where R and t are the rotation matrix
and translation vector. Recovering transformation, therefore, is rep-
resented as the minimization problem:

argmin
R,t

E, E =
m∑
i=1

n∑
j=1

π (xi, y j )||xi − Ry j − t||2. (19)

Let ∇Et = 0. We can obtain the close form expression for t as fol-
lows:

t = ux − Ruy, (20)

where

ux = XTπ1n∑m,n
i, j=1 πi, j

, uy = YTπT1m∑m,n
i, j=1 πi, j

. (21)

The energy function E is rewritten as follows by replacing transla-
tion t in the objective function E:

E =
M∑
i=1

N∑
j=1

πi j||(xi − ux) − R(y j − uy)||2. (22)

We define

x̂i = xi − ux, ŷ j = y j − uy. (23)

The following is obtained by substituting x̂i and ŷ j into Equa-
tion (22) and omitting the constant term:

E = −
M∑
i=1

N∑
j=1

πi jx̂i
TRŷ j = −tr(πT X̂RŶ).

The minimization of E is obtained by the maximization of the
trace. We obtain the following by using the trace property tr(AB) =
tr(BA): we obtain

tr(πT X̂RŶT ) = tr(RŶTπT X̂).

The matrix ŶTπT X̂ is represented as UAVT via singular value de-
composition. We obtain the following by using the trace property
again:

tr(RŶTπT X̂) = tr(RUAVT ) = tr(AVTRU). (24)

Let W = VTRU . The matrixes Vt ,R and U are all orthogonal ma-
trix. Thus,W is also an orthogonal matrix. For every column vector
Wj in W, the property WT

jW j = 1 exists. Therefore, all entriesWij

are not larger than 1. Given that A is a diagonal matrix with Aii ≥ 0,
the trace tr(AVTRU) is maximized ifWii = 1. Then, we obtain the
equation

I = W = VTRU

and derivate the rotation matrix:

R = VCUT , C = diag(1, . . . , det(VUT )). (25)

Algorithm 3 describes the pseudocode of the step
ofrecovering transformation.
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H. Qin et al. / Rigid registration on partial optimal transport 371

Algorithm 3. Recovering transformation

Table 1: Parameters.

Fig. 1 7 8 9.a 9.b 10 11 12 13 14.a 14.b 14.c 15 16 17

β2 0.6 1 1 1 1 0.55 0.55 0.55 0.6 0.6 1 1 0.9 0.8 0.9
λ 0.95 0.9 0.8 0.99 0.7 0.995 0.995 0.9 0.9 0.9 0.9 0.9 0.95 0.95 0.95

Figure 3: Registration results in different λ values.

Figure 4: Comparison of running time between RG and KL.

Figure 5: Comparison between KL and RG methods. We set β2 =
0.6 for KG.

Table 2: Comparison between KL and RG methods in different values of β2

and λ.

λ 0.93 0.94 0.95 0.96 0.97 0.98 0.99

RG[0,1] × × × × × × √
KL × × × × × × √
RG[0,0.6]

√ √ √ √ √ √ √

× means angular error is larger than 1.
√

means angular error is no more
than 0.1.

Figure 6: The proposed algorithm is applied to two point clouds
with only 30% overlap.

Figure 7: Comparison of point clouds with different levels of noise.
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372 H. Qin et al. / Rigid registration on partial optimal transport

Figure 8: Comparison of point clouds with different levels of out-
liers.

4. Experiment

We run our algorithm on real scanned point clouds and synthetic
point clouds with severe noise, outliers and missing parts, to test the
robustness and accuracy of the proposed algorithm. We also make
comparison on experiment results between our approach and state-
of-the-art methods. In our experiments, we set ρi and φ j as 1/m and
1/n. If no special declaration exists, the parameters of range con-
straint term are set as η = 1e− 5, α1 = α2 = 0 and β1 = β2 = 1.
The parameters in experiments are listed in Table 1. We also intro-
duce the outliers ratio and the missing ratio to represent the level
of outliers and missing points. The outliers ratio is defined as the
ratio of the number of added outliers and the number of original
point clouds. The missing ratio is the ratio of the number of miss-
ing points and the number of original points. We use the angular
and translation error of the estimated relative transformation (R,T)
against the ground truth (R̄, T̄) to evaluate the performance. The
angular error is calculated as 2sin−1( ||R−R̄||F√

8
), where ||R − R̄||F is

Figure 9: Comparison of point clouds with different levels of miss-
ing points.

Frobenius norm of the rotation matrix. The translation error is cal-
culated as ||T − T̄||2.

4.1. Effect of parameters

Parameters ε and β2 are free parameters. Parameter ε plays the role
of controlling the scale of π (·, ·). The larger the ε is, the higher the
scale of π (·, ·) is, and the mass of every point is transformed to more
farther points. Conversely, the smaller ε is, the more mass of every
point xi is transformed to the closer points y j from xi. Thus, the larger
the ε, more global structure of point cloud is considered during the
registration procedure. The smaller the ε is, more local structure of
point cloud is considered during the registration procedure. In this

© 2022 Eurographics - The European Association for Computer Graphics and John Wiley & Sons Ltd.
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H. Qin et al. / Rigid registration on partial optimal transport 373

Figure 10: Comparisons of point clouds with severe missing points
among KL, CPD and RG.

SPOT Proposed

(a)

SPOT Proposed

(b)

Figure 11: Comparisons between SPOT and the proposed method.
In (a), the source point set has missing points, and the missing ratio
is 50%. In (b), both the source point sets and the target source point
set have missing points, and the missing ratio is 20%.

(a) (b) (c)

Figure 12: Registration on point clouds with different missing
points. The missing ratios are 20%, 20% and 50% in (a), (b) and
(c) separately.

study, we apply an iterated procedure to update ε step by step via an
ε-scaling parameter λ, that is

ε = λε (0 < λ < 1).

On the one hand, a larger ε considers more global structures and re-
duces the influence of noise and missing points in the early stage of
the registration procedure. On the other hand, a smaller ε considers

(a) (b) (c)

Figure 13: Registration on point clouds corrupted by different com-
binations of noise, outliers and missing points. In (a), point clouds
are corrupted by outliers and missing points. In (b), point clouds are
corrupted by outliers and noise. In (c), point clouds are corrupted
by outliers, noise and missing points.

more local structure and provides an accurate transformation matrix
at the end stage of the registration procedure.

In our experiments, the initial value of ε is set as 0.004. λ con-
trols the descent speed of ε. A small λ makes a steep descent of ε,
and makes local structures be considered mainly at the early stage
of iteration. When point clouds are with severe missing points or
noise, it is easy to fall into a local optimum (Figure 3) if a small λ is
used. When a large λ is used global structures and local structures
can be considered simultaneously during the registration procedure,
and the algorithm will show robustness to point clouds with severe
missing points (Figure 3). However, more running timewill be taken
when a large λ is used because a large λ reduces the descent speed
of ε (Figure 4).

The parameter β2 plays the role of controlling the maximum
mass, which can be transformed between point clouds. The trans-
formed mass reflects the correspondence between two point clouds.
The more the mass is transformed between two point clouds, the
higher ratio overlap there exists between the two point clouds.When
one or two of two point clouds are with severe outliers or missing
points, the part of one point clouds can only be accurately matched
with other point clouds. In this case, we can adjust the parameter β2

to improve the accuracy of the registration result. α2 = 0 and β2 = 1
means that the ratio of overlap between two point clouds is permit-
ted to be from 0% to 100%. When 0 < β2 < 1, it means that the
ratio of overlap between two point clouds cannot be more than β2 in
our algorithm. In essence, we use β2 as a prior value of the ratio of
overlap between two point clouds. Figure 2 shows the registration
results with different β2 and λ. When the missing ratio between two
point clouds is 45%, the accurate registration result can be obtained
by setting β2 = 1 in Figure 2a. However, a large enough λ = 0.99
is needed. When the missing ratio between two point clouds is 50%
(Figure 3c and 5c), an accurate registration result cannot be obtained
by setting β2 = 1 and λ = 0.93. However, when we set β2 = 0.6,
an accurate registration result can be obtained even if λ = 0.93. It
means that it is easier to obtain an accurate registration result if the

© 2022 Eurographics - The European Association for Computer Graphics and John Wiley & Sons Ltd.
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374 H. Qin et al. / Rigid registration on partial optimal transport

Table 3: Performance on different methods.

Fig. 10a 10b 11a 11b

Method KL CPD Ours KL CPD Ours SPOT Ours SPOT Ours
Angular error 1.614 6.84E-12 3.08E-15 9.24E-13 Failed 4.98E-13 0.088 1.49E-07 0.7980 4.05E-14
Translation error 0.0356 4.76E-6, 6.40E-17 0.036 0.0362 0.0095 0.0844 4.08E-09 0.0607 1.54E-14

Table 4: Performance on real-world data.

Fig. Method Angular error Translation error

mean max mean max

14b CPD 0.2760 6.4814 2.1981 6.0674
Trimmed ICP 0.4288 9.2600 2.0454 5.8278

Ours 0.3277 6.3417 1.8387 7.8279
14c CPD 1.2194 18.52 0.0376 0.7035

Trimmed ICP 3.1920 16.6189 0.0438 0.5916
Ours 1.1908 4.9725 0.0373 0.5990

(a) Lounge data

(b) Apoll SouthBay data

(c) Office Data

Figure 14: Experiments on real-world data.

value of β2 is set as closer to the ratio of overlap between two point
clouds. In the condition that the missing ratio of single point clouds
is 55%, the accurate registration result can still be obtained by set-
ting β2 = 0.6 (Figure 2b). In Table 2, we demonstrate the role of the
parameter β2. When the missing ratio of P is 50% in Figure 5, the
accurate registration result can be obtained only when λ ≥ 0.99 if
setting β2 = 1, the accurate registration result can be obtained when
λ ≥ 0.93 if setting β2 = 0.6. It presents that it is easier to obtain an
accurate registration result if the value of β2 is set as closer to the
ratio of overlap between two point clouds. In all experiments, we
found that the accurate registration results can be obtained by set-
ting β2 = 0.6, even when the overlap ratio is only 30% (Figure 6).

4.2. Robustness and accuracy test on synthetic data

The proposed method is evaluated in this section by comparing
it with CPD [MS10], which is the most robust Gaussian-mixture-
mode-based algorithm, and Trimmed-ICP [CSK05], which is one
of the most popular ICP variants. Two point sets, Bunny model and
Dinosaur model, are used. The initial rotation discrepancy between
two point clouds P and Q is 50◦.

For all experiment results, We make 30 independent runs for all
experiment results to obtain the averaged value for comparison. We
also make as many experiments as possible for CPD and Trimmed-
ICP to find the proper parameters in the two algorithms. The crucial
parameters are outlier ratio ω in CPD and closest source points per-
centage k in Trimmed-ICP.

Point cloud with noise. Figure 7 shows the registration results
on point clouds corrupted by a zero-mean Gaussian noise. The opti-
mal transport problem is very robust to noise. Thus, the robustness
to noise in our approach and CPD algorithm are shown even when
σ 2 = 0.1 in both case of noise. When σ 2 ≥ 0.01, the accurate re-
sults cannot be obtained by trimmed-ICP in both cases of noise.

Point cloud with outlier. The outliers are generated randomly
from a zero-mean normal distribution. For Bunny and Dinosaur
models, σ of normal distribution is set as 1 and 0.5. We add the dif-
ferent levels of outliers to point cloud P or two point clouds P and
Q. The level of outliers is from 0.1 to 1. When the outliers ratio is
from 0.1 to 0.5, the parameter λ is set as 0.7. When the outliers ratio
is from 0.6 to 1.0, the parameter λ is set as 0.8. The comparisons are
shown in Figure 8. The proposed method produced the most robust
and accurate results in all experiments, particularly when dealing
with point clouds with a large ratio of outliers. The main reason is
that the transformedmass can be automatically adjusted step by step
during iteration. For example, in the experiment (Figure 8a), the to-
tal mass, which is finally transformed between two point clouds,

© 2022 Eurographics - The European Association for Computer Graphics and John Wiley & Sons Ltd.
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H. Qin et al. / Rigid registration on partial optimal transport 375

Table 5: Comparison in running times.

Fig. Noise (N) Outlier (O) Missing (M) Size Time (s)

Trimmed ICP CPD KL Ours

7a N 0.06 1889 – 4.847 5.893
8a O 60% 3022 – 13.925 16.673
9a M 25% 1416 – – 21.301
10a M 55% 850 – 25.445 – 27.831
10b M 55% 850 – – 117.211 20.844
7b N 0.09 6700 0.958 67.381 60.019
8b O 50% 10050 – 133.254 138.414
9b M 20% 5360 – – 63.993
13b 5000 6.9129 91.2 98.3
13c 1.32 28.7 30.2

Initialization 4PCS SPOT Proposed

Figure 15: Registration results on Coati.

Initialization 4PCS Proposed

Figure 16: Registration results on WitchCastle.

is 0.6251. This value is accurately matched with the ratio of the
number of original points and the number of all points with outliers
(100/160 = 0.625).

Point cloudwithmissing points. We delete the points from point
clouds P, or delete the different part of points from P and Q to sim-
ulate point clouds with missing points. λ is set as λ = 0.99 When
the missing ratio of P is larger than 40% or the missing ratios of P
and Q are larger than 20%. In other cases, λ is set as λ = 0.9. The
comparisons are shown in Figure 9. The results demonstrate that the

proposed method owns accuracy with strong stability. The accurate
registration result can be obtained from the proposed method when
the missing ratios of P andQ are larger than 15%. However, the suc-
cessful registration results cannot be obtained by CPD and trimmed-
ICP.

4.3. Comparison with KL and RG

In Figures 5, 4 and Table 2, we compare the registration results and
the running time between KL and RG methods. When the missing

© 2022 Eurographics - The European Association for Computer Graphics and John Wiley & Sons Ltd.
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376 H. Qin et al. / Rigid registration on partial optimal transport

Initialization 4PCS Proposed

Figure 17: The registration results on Cup.

ratio of P is 50%, as shown in Figure 5, the accurate registration
result can be obtained only when λ ≥ 0.99 for KL method, and the
accurate registration result can be obtained when λ ≥ 0.93 for RG
method. Figure 4 shows that the running time increases with the in-
crease of λ for KL and RG methods. When λ ≥ 0.98, the running
time increases exponentially. RG method is more efficient in run-
ning time than KL method. In Figure 10, we also compare the regis-
tration results on the point clouds with the samemissing ratio for KL
and RG methods in two experiments with different initial positions
(Figures 10a and 10b). Accurate registration results in KL method
cannot be certainly obtained when the point clouds have different
initial positions. However, the accurate registration results in RG
method can be obtained when the point clouds have different miss-
ing points. Therefore, RG method is more robust than KL method.
The main reason is that KL method is based on a global correspon-
dence, and only partial correspondence is needed in RG method.

4.4. Registration of point clouds with severe missing points

We further demonstrate the robustness of the proposed method by
comparing the registration results on point clouds with severe miss-
ing points between KL, CPD, SPOT and our approach. In Figure 10,
and Table 3, two point clouds with different missing points are
aligned with the original point clouds. The proposed method makes
the accurate registration results in two challenging examples. How-
ever, only one accurate registration result is obtained by KL or CPD
methods in the two examples. The experiments show that KL and
CPD methods can fall into the local optimal solution when point
clouds have severe missing points. The proposed method is more
robust than KL and CPD methods. The main reason is that the con-
straint term of the total mass narrows the solution space. The local
optimal solution can be avoided easily in the proposed method.

Figure 11 and Table 3 compares the registration results between
SPOT and the proposed approach on point sets with different miss-
ing points. Both SPOT and the proposed approach are based on the
partial optimal transport. SPOT assumes that all points from the
source distributions must be matched to (part of) the target distri-
bution when only one point set has missing points, as shown in Fig-
ure 11a. When the part of the source point sets cannot be matched
with the target point set in Figure 11b, an accurate registration result
cannot be obtained in SPOT. Compared with SPOT, the proposed

approach is only based on the assumption that the overlapped part
exists between two point clouds. The proposed method, therefore,
obtained the accurate registration results, as shown in Figures 11a
and 11b.

4.5. Other model data sets to test robustness

In this section, we applied the proposed algorithm to various point
clouds to evaluate the efficiency of our method. In Figure 12, our
approach is applied to Bunny models with different missing points.
In Figure 13, Bunny model is corrupted by different combinations
of noise, outliers and missing points. The experiments show that our
method obtains the accurate results even when the point clouds are
corrupted by noise, outliers and missing points simultaneously. In
Figure 13, considerable data are used to test our method. In Fig-
ure 6, aligning two point clouds with only 30% overlap is challeng-
ing for traditional ICP methods or soft correspondence method. Our
method makes an accurate registration by setting β2 = 0.6. The to-
tal mass of the final transport plan is 0.2742, which is matched with
the overlap of 30%. In Figure 14, the proposed method is applied to
Apollo-SouthBay dataset [LZW*19], which is a real-world data. In
Figure 14a, only 5000 points, randomly sampled from every original
point clouds, are used for registration. In Figure 14b, we first extract
one frame data every five frames from original Apollo data set, and
30 frame data is extracted in total. Then, 5000 points, randomly sam-
pled from every frame data, are used for registration. In Figure 14c,
we first extract one frame data every three frames from original Of-
fice data, and 330 frame data is extracted in total. In Figures 14b
and 14c, the registration procedure is that two adjacent frames are
matched step by step Table 3. Table 4 shows the performance of dif-
ferent methods on Figures 14b and Fig. 14c. The lowest maximum
rotation error and lowest mean translation error have been achieved
in our approach. Our approach also makes the lowest mean rotation
error in Office data. Trimmed ICP approach has made better perfor-
mance than our approach in lowest maximum translation error. The
main reason is that a global set of parameters have been used for
all frame data in our approach. Adapted parameters in our approach
need to be considered in the future. For Lounge data, our approach
obtains an acceptable registration result from a subjective view. The
running times are shown in Table 5. Compared with that in trimmed
ICP method, the running time in the proposed method is very long
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H. Qin et al. / Rigid registration on partial optimal transport 377

because of the huge computation cost for the transport plan. This
concern is currently a limitation of the proposed method.

In Figure 15, we compare the registration results of 4PCS, SPOT
and the proposed method on Coati. In Figures 16 and 17, we further
compared the registration results of 4PCS and the proposed method
onWitchCastle and Cup.We try our best to obtain many registration
results in 4PCS and SPOT on different parameters and same point
clouds. The results of 4PCS and SPOT in Figures 15–17 are themost
accurate among the results. We can learn from Figures 15 to 17 that
the registration results in the proposed methods are more accurate
than the registration results in 4PCS and SPOT.

5. Conclusion

We apply the partial optimal transport, a general probabilistic
method, to point cloud registration with severe noise, outliers, and
missing points. The proposed approach is based on the main find-
ing that some methods, such as CPD and KL, on global correspon-
dences easily fall into the local optimal solution for point clouds
registration with severe outliers and missing points. The main con-
tribution of our method is that a range constraint term for total mass
is applied in the unbalanced optimal transport. The range constraint
term provides an efficient strategy to narrow the solution space. Ex-
periments show that the proposed algorithm performs well on point
cloud registration, particularly when point clouds have severe out-
liers and missing points. We also find that our algorithm has some
limitations. The probability measure is based on the assumption that
point clouds have a uniform sampling in our algorithm. We will ex-
tend our algorithm to the registration of point clouds with high gen-
eral distribution. Furthermore, we will also improve the time com-
plexity and the adaptivity of the parameters β2 and λ.
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