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ial Complexes on the 3-sphere 11 Introdu
tionThe main obje
tive in the area of geometri
 or solid modeling is the e�e
tive spe
i�
ation and manipu-lation of geometri
 obje
ts using the 
omputer, see e.g. [10, 12℄. The 
ase where obje
ts are imbedded inR3 is by far most important and has the largest number of appli
ations. Geometri
 modeling is 
loselyrelated to topi
s in topology where questions related to 
ontinuity and 
onne
tivity are studied. Given anobje
t in R3, a typi
al topologi
al question is how many 
onne
ted 
omponents, how many independenttunnels, and how many voids there are. The number of 
omponents, tunnels, and voids have 
on
reteinterpretations. Examples are the number of heavenly bodies in a galaxy, the number of independent
losed routes that go around obsta
les, and the number of portions of a 
ell o

upied by 
uid.Among the various approa
hes to modeling a geometri
 obje
t, we 
onsider simpli
ial 
omplexes,whi
h are 
olle
tions of simpli
es that �t together in a natural way to form the obje
t. In parti
ular,we relate our �ndings to �ltrations and alpha shapes, see e.g. [8℄. The alpha shape method starts witha �nite point set as input data and 
reates a representative family of geometri
 obje
ts or shapes in anautomati
 and mathemati
ally well-de�ned manner. Ea
h shape is obtained from a sub
omplex of theDelaunay triangulation of the point set, and the entire family of shapes forms a �ltration, see se
tion 2.This paper studies the algorithmi
 question of 
omputing the topologi
al 
onne
tivity of su
h obje
ts,whi
h is expressed in terms of betti numbers of their homology groups. In R3, betti numbers 
ount
onne
ted 
omponents, independent tunnels, and voids. It is in 3 dimensions where our algorithm is
omplete and will probably �nd most of its appli
ations.In mathemati
al terminology, a geometri
 obje
t is a topologi
al spa
e imbedded in some Rd. Com-puting the homology groups of a topologi
al spa
e is one of the main interests in the �eld of algebrai
topology, see e.g. [1, 9, 13, 14℄. If the simpli
ial 
omplex is small, then the homology group 
omputations
an be done by hand. To solve these problems in general, a 
lassi
 algorithm exists and is dis
ussed inlength in [13℄. It forms matri
es and redu
es them to a 
anoni
al form, known as the Smith normal form[15℄, from whi
h one 
an read o� the homology groups of the 
omplex. The redu
tion to Smith normalform is the bottlene
k of this algorithm. Starting with [11℄, several methods have been proposed to speedup this part of the 
omputation. The only upper bound known on the worst-
ase running time of the
lassi
 redu
tion algorithm is double-exponential in the size of the input. However, [5℄ has observed thatfor simpli
ial 
omplexes that arise in geometri
 design the matri
es are sparse, and it is argued that in aprobabilisti
 sense the algorithm then runs in time at most quadrati
 in the size of the 
omplex.We des
ribe a more dire
t method for 
omputing the betti numbers of the homology groups of sim-pli
ial 
omplexes in �nite dimensions. For simpli
ial 
omplexes in R3 � S3, the method leads to analgorithm whi
h runs in time O(n�(n)), where n is the number of simpli
es and �(n) is the extremelyslowly growing inverse of the A
kermann fun
tion. If the 
omplex is represented so that the simpli
esin
ident to a given simplex 
an be a

essed in 
onstant time ea
h then this 
an be improved to time O(n).To ease the dis
ussions, we initially deal with simpli
ial sub
omplexes of a triangulation of S3. Later,we show how our algorithm extends to 
omplexes imbedded in S3 without any stru
tural assumption onthe part of S3 not 
overed by the 
omplex. Se
tion 2 reviews some 
on
epts from algebrai
 topology.Se
tions 3, 4, 5 and 6 develop the algorithm with an analysis and argument to its 
orre
tness. Se
tion 7applies the algorithm to the alpha shape approa
h to solid modeling. [4℄ is a more te
hni
al version ofthis paper. In that version, our method's rigorous proof of 
orre
tness using Mayer-Vietoris sequen
esappears.
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epts in Algebrai
 TopologyThe algorithms presented in this paper are reasonably intuitive and 
an easily be understood withouttoo many te
hni
al de�nitions. However, a better appre
iation and a deeper understanding 
ould beattained if the reader is familiar with the 
on
epts from homology theory presented in this se
tion. Ourterminology follows the one in [13℄.Simpli
es, simpli
ial 
omplexes, and triangulations. For 0 � k � d, a k-simplex � in Rd is the
onvex hull of a set T of k + 1 aÆnely independent points. The dimension of � is dim� = jT j � 1 = k.For every non-empty U � T , the simplex �0 de�ned by U is a fa
e of �. We say that �0 and � are in
identif �0 is a fa
e of �. In three dimensions we use the terms vertex for 0-simplex, edge for 1-simplex, trianglefor 2-simplex, and tetrahedron for 3-simplex.A 
olle
tion of simpli
es, K, is a simpli
ial 
omplex if it satis�es two properties, namely (i) if �0 is afa
e of � and � 2 K then �0 2 K, and (ii) if �1; �2 2 K then �1 \ �2 is either empty or a fa
e of both.The largest dimension of any simplex in K is the dimension of K. All simpli
es in this paper have �nitedimension, and all 
omplexes are �nite 
olle
tions of simpli
es. The underlying spa
e of K, denoted jjKjj,is the set of all points in Rd 
ontained in at least one simplex of K. A subset L � K is a sub
omplex of Kif it is a simpli
ial 
omplex itself. It is proper if L 6= K. A parti
ular sub
omplex of K is its k-skeletonK(k) = f� 2 K j dim� � kg. For example, the 1-skeleton of K is a simple graph in Rd. The 
omponentsof K are the equivalen
e 
lasses of the transitive 
losure of the in
iden
e relation. K is 
onne
ted if it hasonly one 
omponent. Sin
e K is a simpli
ial 
omplex it is 
onne
ted i� K(1) is 
onne
ted.An imbedding of a topologi
al spa
e A in another su
h spa
e B is a 
ontinuous one-to-one map from Ato B so that its inverse, restri
ted to the image, is also 
ontinuous. It is a homeomorphism if the map isalso onto, that is, B is its image. A and B are homeomorphi
 if there is a homeomorphism between A andB. A triangulation of B is a simpli
ial 
omplex, T , whose underlying spa
e, jjT jj, is homeomorphi
 to B.Clearly, the underlying spa
e of every sub
omplex of T has an imbedding in B. We say the sub
omplexis imbeddable in B. The d-sphere, Sd, is the set of points x 2 Rd+1 with unit Eu
lidean distan
e from theorigin. K is a proper sub
omplex of a triangulation of Sd if and only if it is imbeddable in Rd, e.g. bystereographi
 proje
tion.Boundary, 
y
les, and homology. Ea
h k-simplex of a simpli
ial 
omplex K 
an be oriented byassigning a linear ordering on its verti
es, denoted � = [u0; u1; : : : ; uk℄. Two orientations are the same ifone sequen
e di�ers from the other by an even number of transpositions. The boundary of � is�k� = kXi=0(�1)i[u0; u1; : : : ; ûi; : : : ; uk℄;where the hat means that ui is omitted. If � is a vertex then �0� = 0. So �k maps ea
h oriented k-simplexto a formal sum of oriented (k� 1)-simpli
es. A formal sum of integer multiples of oriented k-simpli
es is
alled a k-
hain. If the 
oeÆ
ient of a k-simplex in some k-
hain is non-zero we say the simplex belongsto the 
hain. The group of k-
hains is denoted as Ck = Ck(K). The map �k naturally extends to theboundary homomorphism �k : Ck ! Ck�1 de�ned by�k(Xj aj�j) =Xj aj�k�j ;where the aj are integers and the �j are k-simpli
es of K. Note that a (k� 1)-simplex 
an o

ur in morethan one term of this sum, and these terms are 
ombined by adding the 
oeÆ
ients.
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ial Complexes on the 3-sphere 3A number of interesting groups 
an be de�ned using the boundary homomorphism. The group ofk-
y
les, Zk = Zk(K), is the kernel of �k, that is, the subgroup of k-
hains z 2 Ck with �kz = 0. Thegroup of k-boundaries, Bk = Bk(K), is the image of �k+1, that is, the subgroup of k-
hains z 2 Ck forwhi
h there exists a (k + 1)-
hain z0 2 Ck+1 with z = �k+1z0. It 
an be shown that �k�k+1z0 = 0 forevery (k + 1)-
hain z0, so Bk is a subgroup of Zk. A k-
y
le z 2 Zk bounds if it is also in Bk. Finally,the quotient group Hk = Hk(K) = ZkjBk is the k-th homology group of K. Ea
h element of Hk is a
lass of homologous k-
y
les. In other words, we treat two 
y
les the same in Hk if they di�er by a
y
le that bounds. Therefore, we 
an interpret Hk as a measure of the frequen
y of k-
y
les that are notk-boundaries.It is known, see e.g. [13℄ and [1, 
hapter X, x1℄, that Hk(K) is isomorphi
 to a dire
t sumZ�k = Z� Z� : : :� Zwith �k � 0 
opies of Z, whenever K is imbeddable in S3. Then �k = �k(K) = �(Hk) is 
alled the k-thbetti number of K.The homology groups are therefore determined up to isomorphism by their betti numbers. The k-thbetti number is the maximal number of independent k-
y
les that do not bound. Intuitively, the 0-thbetti number, �0, is the number of 
omponents or 
onne
ted pie
es, the 1-st betti number, �1, is thenumber of independent \tunnels", and the 2-nd betti number, �2, is the number of \voids" or 
losedhollow three dimensional spa
es of jjKjj.Examples. Consider the simpli
ial 
omplex K determined by all fa
es of a tetrahedron. The dimension ofK is three whi
h is the dimension of the tetrahedron. The skeleton sub
omplexes of K are shown in �gure1. Let z be the 1-
hain [a; b℄+[b; 
℄+[
; a℄. Be
ause �[a; b; 
℄ = [b; 
℄� [a; 
℄+[a; b℄ = [a; b℄+[b; 
℄+[
; a℄, we
�0 = 4�1 = 0�2 = 0 �0 = 1�1 = 3�2 = 0 �0 = 1�1 = 0�2 = 1 �0 = 1�1 = 0�2 = 0K(0) K(1) K(2) K(3)a b
d

Figure 1: K(0) is the set of four points forming four 
omponents. K(1) is the 
omplete graph with four verti
es,
onsisting of one 
omponent and three independent tunnels. K(2) is K without the tetrahedron, forming one
omponent, no tunnels, and one void. K = K(3) has one 
omponent but no tunnels nor voids.say z bounds in K(2) but it does not bound in K(1) whi
h 
ontains no 2-simpli
es whatsoever. z boundsso it must be a 1-
y
le, and indeed �z = (b � a) + (
 � b) + (a � 
) = 0. Therefore, [a; b℄; [b; 
℄ and [
; a℄ea
h belong to the 1-
y
le z. The 
y
les z1 = [a; 
℄ + [
; b℄ + [b; d℄ + [d; a℄ and z2 = [a; b℄ + [b; d℄ + [d; a℄ arehomologous in H1(K(2)) be
ause z2�z1 = z. However, z1 and z2 are not homologous in H1(K(1)) be
ause
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ial Complexes on the 3-sphere 4z does not bound in K(1). Finally, note that every 1-
y
le in K(1) is homologous to a formal sum of theindependent 1-
y
les z; z2 and z3 = [a; d℄ + [d; 
℄ + [
; a℄. Therefore, �1(K(1)) = 3.Filtrations. A �ltration is a sequen
e of simpli
ial 
omplexes, where every 
omplex is a proper sub-
omplex of its su

essor. If �1; �2; : : : ; �n is a sequen
e of simpli
es, then K1;K2; : : : ;Kn, with Ki =f�1; �2; : : : ; �ig, is a �ltration, provided ea
h Ki is a genuine simpli
ial 
omplex. We 
all the sequen
e ofsimpli
es the �lter of the �ltration. Figure 2 illustrates an example �ltration.
a 
d b

Figure 2: ;; a; b; 
; ab; d; a
; b
; ad; 
d; ab
; bd; 
d; a
d; b
d; ab
d is a �lter produ
ing the above �ltration. Thelast 
omplex in the 
orresponding �ltration 
ontains all fa
es of a tetrahedron.3 The In
remental MethodThe input to the method is a �lter �1; �2; : : : ; �m su
h that the simpli
ial 
omplex K = Km is imbeddablein S3. Only to make the exposition easier, we assume in this and the next two se
tions that K is asub
omplex of a triangulation of S3. The in
remental method pro
esses the �lter to 
ompute the bettinumbers of K. At ea
h step, the betti numbers of Ki are 
omputed as a fun
tion of the betti numbers ofKi�1, the simplex �i, and the 
omplex Ki�1 itself.The largest dimension of any simplex 
an be at most 3, so ex
ept possibly for dimensions between 0and d = 3 in
lusive, all betti numbers of K vanish. In fa
t, if K is not a 
omplete triangulation of S3, Kis imbeddable in R3 and �3(K) = 0. To 
ompute �`(K), for 0 � ` � 3, we use the following in
rementalmethod.for ` := 0 to d do b` := 0 endfor;for i := 0 to m dok := dim�i;if �i belongs to a k-
y
le of Ki then bk := bk + 1 else bk�1 := bk�1 � 1 endifendfor.Re
all that �i belongs to a k-
y
le of Ki if �i is part of a k-
hain of Ki whose boundary is 0. Su
h a
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y
le is ne
essarily non-bounding be
ause no simplex in Ki�1 has �i as a fa
e by the �lter property. If�i is a vertex, so dim�i = 0, then �i belongs to a 0-
y
le by de�nition. Hen
e, there will be no a

ess toan unde�ned variable b�1. The above method is 
omplete if we 
an give a 
on
rete pro
edure for de
idingwhether or not �i belongs to a k-
y
le of Ki. We will sloppily refer to this operation as \dete
ting ak-
y
le". This will be dis
ussed in the next se
tion.Corre
tness. All algorithms in this paper are derivatives of the in
remental method. We give a some-what informal argument for its 
orre
tness. A formal proof using Mayer-Vietoris sequen
es 
an be foundin [4℄.If �i belongs to a k-
y
le of Ki, then the addition of �i to Ki introdu
es a new set of k-
y
les. This setis independent from the k-
y
les of Ki�1 be
ause ea
h new k-
y
le 
ontains �i whi
h is absent from Ki�1.Moreover, the addition of one of these new 
y
les to a maximal set of independent k-
y
les of Hk(Ki�1)that do not bound forms a maximal set for Hk(Ki). Hen
e, the k-th betti number in
reases by 1, whi
hmirrors the a
tion of the in
remental method.If �i does not belong to a k-
y
le of Ki, then no new k-
y
le is introdu
ed. However, Ki and Ki�1are simpli
ial 
omplexes that di�er only by �i. Therefore, the simpli
es belonging to ��i are all in Ki�1.Note that ��i is a (k � 1)-
y
le in Ki�1 sin
e ���i = 0. Furthermore, ��i does not bound a k-
hain inKi�1, for if it does, �i will belong to a k-
y
le in Ki. Hen
e, the addition of �i 
auses ��i to bound in Kiand to be
ome homologous to 0. Therefore, the size of the maximal set of independent (k � 1)-
y
les ofHk�1(Ki) that do not bound is one less than that of Hk�1(Ki�1). That is, �k�1(Ki) = �k�1(Ki�1) � 1,whi
h is the a
tion taken by the in
remental method.We note that the in
remental method is 
orre
t for all d � 0. Unfortunately, we 
an only dete
t 0,1and (d� 1)-
y
les, making the method 
omplete only for d � 3.Remark on Euler numbers. It is interesting to note that the in
remental method is suÆ
ient to imply a
lassi
 theorem on the Euler number of a simpli
ial 
omplex. Let �k denote the number of k-simpli
es ofK. The Euler number of K is de�ned as � =Pdk=0(�1)k�k. The theorem asserts that3.1 � =Pdk=0(�1)k�k,see e.g. [13, 
hapter 2, x22℄. Let �0k be the number of k-simpli
es �i 2 K so that �i belongs to a k-
y
leof Ki. Hen
e �k = � 0k + �00k, where � 00k is the number of k-simpli
es �i that do not belong to any k-
y
leof Ki. Following the 
omputations we get �k = � 0k � � 00k+1. So� = dXk=0(�1)k�k = dXk=0(�1)k(� 0k + � 00k) = dXk=0(�1)k(� 0k � � 00k+1) = dXk=0(�1)k�kbe
ause � 000 = �00d+1 = 0.4 Supporting Data Stru
turesVerti
es trivially belong to 0-
y
les, so they do not require any data stru
ture support to distinguishbetween 
ases. We have good data stru
tures for dete
ting 1-
y
les, and for dete
ting (d�1)-
y
les whenthe simpli
ial 
omplex of interest is a sub
omplex of a triangulation of Sd. For d � 3 we thus 
an 
over
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ial Complexes on the 3-sphere 6all 
ases and get an eÆ
ient algorithm. We �rst dis
uss 1-
y
les. The solution for 2-
y
les is similar and
an be extended to dete
ting (d� 1)-
y
les in 
omplexes imbedded in Sd.Dete
ting 1-
y
les. Let �i be a 1-simplex. It belongs to a 1-
y
le of Ki i� it belongs to a 1-
y
le ofK(1)i . K(1)i is a graph, and various eÆ
ient methods for dete
ting 1-
y
les (
y
les) in graphs are known,see e.g. [3℄. For 
ompleteness we des
ribe the method that �ts best into our framework. It is based on adata stru
ture for the so-
alled union-�nd problem.A union-�nd data stru
ture represents a 
olle
tion of elements partitioned into a system of pairwisedisjoint sets. It supports the following types of operations.add(u): Add u as the only element of a singleton set, fug, to the system.find(u): Determine and return (the name of) the set that 
ontains u.union(A;B): Repla
e the sets A and B by their union, A [B.In our appli
ation, the elements are the verti
es of the 1-skeleton and the sets 
orrespond to its 
ompo-nents. Initially, the system is empty. The union-�nd stru
ture needs to be updated only if �i is a vertexor an edge. Assume the union-�nd stru
ture represents K(1)i�1, and 
onsider the next simplex, �i. If �i isa vertex then add(�i) adds it to the system. If �i is an edge 
onne
ting verti
es u and v then we �ndthe 
orresponding sets, A := find(u) and B := find(v). If A = B then u and v belong to the same
omponent of K(1)i�1 and thus �i belongs to a 1-
y
le. Otherwise, �i does not belong to any 1-
y
le in K(1)i .Rather it 
onne
ts two 
omponents whi
h must now be merged. This is done by 
alling union(A;B).Dete
ting 2-
y
les. To dete
t 2-
y
les we assume that K is a sub
omplex of a triangulation T =f�1; �2; : : : ; �m; : : : ; �ng of S3, and that the ordering of the simpli
es forms a �lter. For 0 � i � n, de�ne�Ki = T � Ki. Note that �Ki is in general not a simpli
ial 
omplex. However, it satis�es the reverse ofproperty (i), namely (i') if �0 is a fa
e of � and �0 2 K then � 2 K. This 
an be used to 
hara
terize the2-
y
les of Ki in terms of the 
omponents of a graph. Let V be the set of tetrahedra of �Ki, and let E bethe set of pairs of tetrahedra, fa; bg, so that a \ b is a triangle in �Ki. The graph Gi with node set V andar
 set E is termed the dual graph of �Ki.Let �i be a triangle. �i belongs to a 2-
y
le in Ki i� Gi has one more 
omponent than Gi�1. So thismeans that �i belongs to a 2-
y
le in Ki i� it does not belong to a 1-
y
le in Gi�1. Adding a simplexto Ki�1 means removing the same simplex from �Ki�1. Hen
e it appears that the dual graph must bemaintained through a sequen
e of node and ar
 removals, whi
h is 
omputationally more expensive thana similar sequen
e of node and ar
 insertions. For this reason we reverse the pro
essing order of the �lterand obtain the empty 
omplex by starting with T and removing a simplex at a time. This is done onlyfor dete
ting 2-
y
les and does not a�e
t other 
omputations.The data stru
ture used to represent Gi, and thus �Ki, is again a union-�nd stru
ture. Its elementsare the nodes of Gi (the tetrahedra of �Ki), and the sets in the system represent the 
omponents of Gi.Initially, i = n, Gn = (;; ;), and the system that represents Gn is empty. The representation of G0 (thedual graph of T = T � ;) is built by pro
essing the simpli
es �n down to �1. Of 
ourse, only tetrahedraand triangles have any e�e
t on the data stru
ture.To go from Gi to Gi�1 we add the simplex �i to �Ki. If �i is a tetrahedron then add(�i) adds it tothe system. In the forward dire
tion this 
orresponds to removing an isolated node of Gi�1 to obtainGi. If �i is a triangle then an ar
 
onne
ting the two in
ident tetrahedra is added to Gi, resulting inGi�1. Using two find operations, we 
an test whether or not the two tetrahedra belong to the same
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omponent of Gi. If they do then no further a
tion is required. Otherwise, the two tetrahedra belongto two di�erent 
omponents of Gi, represented by two sets A 6= B in the system. These two sets aremerged by 
alling union(A;B). In the forward dire
tion this 
orresponds to splitting a 
omponent. The
ommuni
ation between the main algorithm, whi
h runs forward, and the 2-
y
le dete
tion me
hanism,whi
h runs ba
kward, is based on marks left with triangles �i that belong to a 2-
y
le of Ki. These arethe triangles that 
ause the exe
ution of a union operation.5 Algorithm DetailsAfter establishing the ingredients in se
tions 3 and 4, we put things together to obtain the algorithmin 
omplete detail. We do this only for d = 3 dimensions. Already in 4 dimensions we la
k an eÆ
ientalgorithm for dete
ting 2-
y
les, and we 
annot even 
ompute the 1-st homology group be
ause thisrequires dete
ting 1- and 2-
y
les. For the moment, assume that the input 
onsists of a triangulation ofS3 of whi
h the simpli
ial 
omplex of interest is a sub
omplex.The in
remental algorithm. Let T = f�1; �2; : : : ; �ng be a triangulation of S3, and for 0 � i � nde�ne Ki = f�1; �2; : : : ; �ig, as before. We assume that ea
h Ki is a simpli
ial 
omplex. The 
omplex ofinterest is K = Km, with m � n.The �rst phase of the algorithm marks every simplex, �i, that belongs to a 
y
le of the same dimensionin Ki. Ea
h vertex belongs to a 0-
y
le, so all verti
es get marked. To mark the appropriate edges wepro
ess the simpli
es in forward dire
tion and maintain a union-�nd stru
ture for K(1)i . An edge is markedi� it does not 
ause a union operation. For marking the appropriate triangles we pro
ess the simpli
esin ba
kward dire
tion, from �n down to �1. A union-�nd stru
ture representing the dual graph, Gi, of�Ki = T � Ki is maintained, and a triangle is marked i� it 
auses a union operation. Finally, the onlytetrahedron that belongs to a 3-
y
le at the time it is pro
essed is �n. This is the only tetrahedron thatgets marked.The se
ond phase 
ounts the marked and unmarked simpli
es and derives the betti numbers as simplesums of these numbers. This is done by s
anning the simpli
es on
e more, in forward dire
tion.b0 := b1 := b2 := b3 := 0;for i := 1 to m dok := dim�i;if �i is marked then bk := bk + 1 else bk�1 := bk�1 � 1 endifendfor.The only 
ase where we get b3 6= 0 is when K 
ontains all tetrahedra of T and thus is a triangulation ofS3. If K is imbeddable in R3 then K 6= T and we 
an drop b3 from the algorithm.The analysis. The verti
es, edges, triangles, and tetrahedra in T 
ause di�erent a
tions in the algorithm.Let �k be the number of k-simpli
es in T , for 0 � k � 3. Observe that 2�3 = �2 � �1 � 2�0. Sin
en = �0+�1+�2+�3 we have n � 3�2 and n � 6�3, that is, at least one third of all simpli
es are trianglesand at least one sixth of them are tetrahedra.It is 
lear that phase 2 of the algorithm takes only O(n) time. Similarly, the verti
es and the lasttetrahedron 
an be marked in time O(n). The forward pro
ess, whi
h marks edges, exe
utes a sequen
e
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ial Complexes on the 3-sphere 8of �0 add operations, 2�1 find operations, and at most �0 � 1 union operations. Using a standardimplementation of the union-�nd stru
ture this takes time O((�0 + �1)�(�0; �1)), where �(x; y) is theextremely slowly growing inverse of A
kermann's fun
tion, see e.g. [3℄. Similarly, the ba
kward pro
ess,whi
h marks triangles, exe
utes �3 add operations, 2�2 find operations, and at most �3 � 1 unionoperations. This takes time O((�3 + �2)�(�3; �2)). Re
all the 
ustomary notation �(x) = �(x; x).5.1 Let K be a sub
omplex of a triangulation T of S3, with jT j = n. The possibly non-vanishing bettinumbers of K, �0; �1; �2; �3, 
an be 
omputed in time O(n�(n)) and storage O(n).6 Algorithm ImprovementsIf K is a sub
omplex of a triangulation of S2 then no ba
kward 
omputation is ne
essary. Hen
e, thereis no need to 
onsider any of the simpli
es that do not belong to K. The result 
an then be improved totime O(m�(m)) and storage O(m). The following improvements are possible for 
omplexes imbedded inS3.Using depth-�rst sear
h. Consider the 
ase where the simpli
ial 
omplex is represented by a datastru
ture so that for a given � the simpli
es in
ident to � 
an be a

essed in 
onstant time. An exampleof su
h a data stru
ture is the adja
en
y-list representation whi
h is 
ommon for graphs. The nodes areelements of a linear array. An ar
 is given as an index pair, so the in
ident nodes 
an be found in 
onstanttime by array look-up. The ar
s in
ident to a node are represented by a linear list whose address is storedwith the node. Given a node it is thus possible to a

ess the in
ident ar
s in 
onstant time per ar
. Forour purpose it will be suÆ
ient to have an adja
en
y-list representation for T (1), the 1-skeleton of T , andfor G0, the dual graph of �K0 = T .Depth-�rst sear
h is a standard graph sear
h method that takes 
onstant time per ar
 (edge ortriangle) and 
an distinguish between ar
s that 
omplete a 
y
le and ar
s that 
onne
t to a new node,see e.g. [3℄. Using the data stru
ture for T (1) we 
an use depth-�rst sear
h to properly mark the edgesof T . Using the data stru
tures for G0 we 
an use depth-�rst sear
h to properly mark its triangles. Itis important to noti
e that the two depth-�rst sear
hes are not 
oordinated with ea
h other. Indeed, toa
hieve O(n) running time the sear
h of T (1) needs the freedom to visit the edges in any order it pleases.Similar for G0. Fortunately, every sequen
e in whi
h verti
es pre
ede edges, edges pre
ede triangles, andtriangles pre
ede tetrahedra is a �lter. In parti
ular, the sequen
e in whi
h the edges are ordered by howthey are visited by the sear
h of T (1) and the triangles are ordered in reverse by how they are visited bythe sear
h of G0 is a �lter. The betti numbers 
an now be 
omputed by traversing this �lter and 
ountingmarked and unmarked simpli
es as before. This leads to the following improvement of 5.1.6.1 Let K be a sub
omplex of a triangulation T of S3, with jT j = n, and assume the 1-skeleton andthe dual graph of T are given by their adja
en
y-list representations. Then the betti numbers of K
an be 
omputed in time and storage O(n).Remark. The improvement with depth-�rst sear
h sa
ri�
es the ability to pres
ribe the order of thesimpli
es. This ability is 
ru
ial for our appli
ation to alpha shapes dis
ussed in the next se
tion.Non-triangulated 
omplex 
omplement. Up until now, we have assumed that K = Km is a sub
om-plex of a triangulation of S3. Now, we relax this requirement and assume only K imbedded in R3 is given,
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ial Complexes on the 3-sphere 9and its 
omplement has no expli
it representation. One way to solve this problem is to �rst 
onstru
ta 
ompatible triangulation of the 
omplement. We refer to [2℄ for an algorithm that 
onstru
ts su
h atriangulation. What follows is a des
ription of another solution. For this, assume that K is representedso that for ea
h edge, e, the triangles in
ident on e 
an be enumerated in the order they wrap arounde, in 
onstant time per triangle. The data stru
ture used in [8℄ is an example of a representation thatsatis�es this requirement.Observe that the in
remental algorithm, as des
ribed earlier, uses a triangulation of the 
omplementof K only to mark triangles that belong to 2-
y
les. To do this without using a 
omplement triangulation,we build a multigraph M. Ea
h node of M is an ordered pair (t; s). t is a triangle of K and s 2 f+;�g
orresponds to one of the two sides of t. (t; s) is not a node of M if t is in
ident on a tetrahedron of Kon side s of t. A way to distinguish the sides of a triangle is its orientation. The edges of K are thenpro
essed. For any two 
onse
utive triangles t0 and t00 around an edge e, if t0 and t00 are not in
ident ona 
ommon tetrahedron of K, then (t0; s0) and (t00; s00) are joined by an ar
 of M. The values of s0 and s00follow from the orientations of t0; t00 and e. If e is in
ident on only one triangle t, then an ar
 joins (t;+)and (t;�). If e is in
ident on no triangle, no ar
 is introdu
ed by e. Observe that the 
omponents of M
orrespond to 
onne
ted surfa
e pie
es of jjKjj.The next step is to do a depth-�rst sear
h ofM. With no in
rease in time 
omplexity, the 
omponentsof M 
an be identi�ed. For ea
h 
omponent, the nodes in the 
omponent 
an ea
h be made to point toa representative node. This 
reates the sets for the union �nd data stru
ture, Mm, for M.We 
an now perform the reverse traversal of the �lter, starting with �m. Mm takes the pla
e of theunion-�nd data stru
ture for Gm des
ribed in se
tion 4. If a tetrahedron �i is pro
essed, a new set isadded to Mi with elements (t; s), t a triangle in the boundary of �i and �i on the s side of t. When atriangle �i is visited, if find((�i;+)) 6=find((�i;�)), then union((�i;+); (�i;�)) is performed and �i ismarked. Otherwise, �i is left unmarked.After this step, the algorithm 
an pro
eed as before. Note that if only the betti numbers of K are ofinterest, then �0(K) 
an be 
omputed by performing a depth-�rst sear
h of the 1-skeleton, K(1), of K. To
ompute �2(K), 
reate the graph N . The nodes of N are the triangles of K and two nodes are 
onne
tedby an ar
 if the triangles share an edge. Like K(1), the number of 
omponents of N 
an be 
omputed byperforming a depth-�rst sear
h. Then, it is 
lear that �2(K) is just the number of 
omponents of Mmminus the number of 
omponents of N . Finally, �1(K) is 
omputed using the Euler formula and thevalues of �0(K) and �2(K). We get the following result.6.2 Let K be imbedded in R3 and let m be the number of simpli
es in K. If for ea
h edge e 2 K,the triangles in
ident on e 
an be enumerated in the order they wrap around e in O(1) time pertriangle, then the betti numbers of K 
an be 
omputed in time and storage O(m). Also, the bettinumbers of all Ki in the �ltration 
an be 
omputed in time O(m�(m)) and storage O(m).7 Signatures for Alpha ShapesThe in
remental algorithm is useful espe
ially when the betti numbers of all simpli
ial 
omplexes in a�ltration need to be 
omputed. A 
ase when this happens is in the 
omputation of the betti numbersignatures for alpha shapes. A 
omprehensive dis
ussion of the family of �-shapes of a �nite point setis beyond the s
ope of this paper. As a substitute we refer the reader to papers on two-dimensional [7℄
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ial Complexes on the 3-sphere 10and three-dimensional [8℄ �-shapes. Computing betti numbers for �-shapes is our main motivation fordeveloping the algorithms in this paper.A brief des
ription of three-dimensional �-shapes. Let S be a �nite point set in R3, with jSj � 4,and let D = D(S) be its Delaunay triangulation, see e.g. [6℄. Provided the points are in general position,D is indeed a simpli
ial 
omplex. Commonly, it is de�ned so that its underlying spa
e, jjDjj, is the 
onvexhull of S. It is more 
onvenient for us to add a point \at in�nity" and 
onne
t it to all simpli
es on theboundary of the 
onvex hull of S. The resulting simpli
ial 
omplex is a triangulation of S3, whi
h wedenote by T .For ea
h non-negative real �, the �-
omplex of S is a sub
omplex of D and therefore also of T . The�-shape of S is the underlying spa
e of the �-
omplex. It is de�ned so that for � = 0 we get the pointset S itself, and for suÆ
iently large � we get the 
onvex hull of S, see [8℄. Although a shape is de�nedfor every non-negative real �, there are only �nitely many di�erent sub
omplexes of D and therefore only�nitely many di�erent �-shapes. It is 
onvenient to index the �-shapes and �-
omplexes by position.Let s be the number of di�erent �-
omplexes, denoted C1; C2; : : : ; Cs. For 1 � i � s, the �-shape that
orresponds to the i-th �-
omplex is Si = jjCijj. With in
reasing index the 
orresponding �-value alsogrows.For 
onvenien
e, de�ne C0 = ; and Cs+1 = T . The sequen
e C0; C1; : : : ; Cs+1 of simpli
ial 
om-plexes is a �ltration whi
h is a s
attered subsequen
e of the �ltration K0;K1; : : : ;Kn = T , whereKi = f�1; �2; : : : ; �ig, see [8℄. We assume that the simpli
es of T are ordered so that ea
h Ki is in-deed a simpli
ial 
omplex. For ea
h simplex �i 2 T , let �(i) be the smallest index ` so that �i 2 C`. Thismeans C�(i) is the smallest �-
omplex that 
ontains Ki, and C�(i) = Ki i� �(i) 6= �(i+ 1).Computing Signatures. The implementation of three-dimensional �-shapes reported in [8℄ in
ludesa small number of signature fun
tions that follow the evolution of the �-shape as � in
reases from 0 to+1. Let [s℄ denote the set f1; 2; : : : ; sg. By a signature fun
tion we mean a fun
tion f : [s℄ ! R thatmaps ea
h index ` 2 [s℄ to a value f(`) in some range R. For reasons of usefulness the fun
tion shouldbe de�ned so that f(`) expresses some property of the �-shape S`. For example, f(`) 
ould express a
ombinatorial property, su
h as the number of triangles bounding S`, or a metri
 property, su
h as thesurfa
e area of S`.In this se
tion we are interested in three topologi
al signature fun
tions that 
ount the number of
omponents, independent tunnels, and voids of S`. For 0 � k � 2 de�ne�k : [s℄ �! Zso that �k(`) is the k-th betti number of S`. The homology groups of S` and C` are the same, so�k(`) = �(Hk(C`)). Ea
h signature fun
tion, �k, is represented by a linear array, bk[1::s℄.We 
an now modify the algorithm of se
tion 5 to 
ompute the signature fun
tions �0, �1, and �2 of all�-shapes of S. Phase 1, whi
h marks the simpli
es, is exa
tly the same as in se
tion 5. The only 
hangein phase 2 is that for some values of i the 
omputed betti numbers need to be stored in the appropriateelements of the three arrays.b0[1℄ := b1[1℄ := b2[1℄ := 0;` := 1;for i := 1 to n dok := dim�i;
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ial Complexes on the 3-sphere 11if �i is marked then bk[`℄ := bk[`℄ + 1 else bk�1[`℄ := bk�1[`℄� 1 endif;if ` < s and �(i) 6= �(i+ 1) thenb0[`+ 1℄ := b0[`℄; b1[`+ 1℄ := b1[`℄; b2[`+ 1℄ := b2[`℄; ` := `+ 1endifendfor.Clearly, the asymptoti
 
omplexity of this algorithm is the same as of the algorithm in se
tion 5. Wethus obtain the main result of this se
tion.7.1 The signature fun
tions that map ` 2 [s℄ to the 0-th, 1-st, and 2-nd betti numbers of S` 
an be
omputed in time O(n�(n)) and storage O(n).8 Dis
ussionThis paper presents an in
remental method for 
omputing the betti numbers of a topologi
al spa
erepresented by a simpli
ial 
omplex. It is 
omplete and has an eÆ
ient implementation for simpli
ial
omplexes imbeddable in R3 or S3. The algorithm is an example of how algorithmi
 te
hniques developedfor graphs 
an be applied and extended to 
omplexes of dimension higher than one. It is to be hoped thatthis is a step towards a revived interest in algorithmi
 problems in algebrai
 topology. As demonstratedin this paper, these algorithms do not ne
essarily have algebrai
 
avor. Indeed, we see our algorithmas eviden
e that 
ombinatorial algorithms 
an outperform algebrai
 methods designed to solve the sameproblems.The O(n�(n)) time implementation of the three-dimensional algorithm has been 
oded and in
orpo-rated into a software pa
kage on alpha shapes. This is available via anonymous ftp from ftp�n
sa.uiu
.edu.Given a �nite point set in R3, the program 
omputes signatures, displayed as graphs of one-dimensionalfun
tions, that show the betti numbers of the evolving �-shape.The most interesting unanswered question 
on
erns data stru
tures that give a 
omplete and aneÆ
ient implementation of our in
remental method for simpli
ial 
omplexes not imbeddable in S3.Referen
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