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Figure 1: Reconstructions of the Stanford BUNNY from raw scanner data at successively finer levels of the hierarchy, showing the surfaces
and visualizing the restriction of the implicit function to a 2D plane, for the different levels 3 < <.

Abstract

Many common approaches for reconstructing surfaces from point clouds leverage normal information to fit an implicit function
to the points. Normals typically play two roles: the direction provides a planar approximation to the surface and the sign
distinguishes inside from outside. When the sign is missing, reconstructing a surface with globally consistent sidedness is
challenging.

In this work, we investigate the idea of squaring the Poisson Surface Reconstruction, replacing the normals with their outer
products, making the approach agnostic to the signs of the input/estimated normals. Squaring results in a quartic optimization
problem, for which we develop an iterative and hierarchical solver, based on setting the cubic partial derivatives to zero. We
show that this technique significantly outperforms standard L-BFGS solver and demonstrate reconstruction of surfaces from

unoriented noisy input in linear time.
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1. Introduction

Reconstructing a surface from a point cloud sampling an unknown
surface remains a classical problem in geometry processing. For ro-
bust and efficient reconstruction, most recent approaches represent
the surface using an implicit formulation — a function f : R 5 R
whose level-set is the desired surface. The implicit function itself
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is typically defined as the minimizer of an energy that balances be-
tween fitting the input data and satisfying regularization constraints
such as smoothness. While such approaches have shown a remark-
able combination of efficiency and resilience to noise and outliers,
they often require the normals of the surface as input — information
that may not be provided with the data.
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When no normal information is provided, it is straightforward to
assign unsigned normals to the samples (e.g. via covariance analy-
sis). However, defining a globally consistent sign is challenging.
Previous implicit reconstruction approaches have addressed this
problem, broadly, in one of three ways: (1) Signing the normals
in a pre-processing step and then leveraging existing reconstruc-
tion techniques; (2) explicitly introducing signed normals as opti-
mization parameters within the reconstruction framework; and (3)
formulating the implicit function as an optimization that does not
require signed normals.

In this work we follow the third approach, directly reconstructing
the indicator function from point samples with unsigned normals.
Our work is motivated by the recent extension of Poisson Surface
Reconstruction (PSR) [KBHO06] to the case of manifolds with co-
dimension larger than one [KLAK23]. For the concrete case of co-
dimension 2, that work represents the space spanned by two nor-
mal frame vectors using the anti-symmetric matrix defined by their
alternating product — an encoding of the normal space that is inde-
pendent of the choice of framing vectors. In a similar fashion, we
start from samples with unsigned normals and take the outer prod-
uct. This results in a symmetric matrix that encodes the normal to
the surface independent of the sign of the normal vector. Similar
to PSR, this per-sample input is extended to a smoothly varying
matrix field, which is then used to define an energy that has the
indicator function as its minimizer.

As with other methods that do not assume oriented normals as
input, the energy is not quadratic and reconstruction does not re-
duce to the solution of a linear system of equations. Concretely,
“squaring” the PSR method leads to a quartic energy function that
is not necessarily convex and, consequently, it is more difficult to
obtain useful local minima. We develop an iterative and hierarchi-
cal approach for minimizing this energy. On each level, we use co-
ordinate descent, i.e., the cubic partial derivative is set to zero. We
demonstrate that this is significantly more effective than optimiza-
tion using black-box solvers such as L-BFGS.

Given the efficiency of the solver and the robustness to noise in-
herited from PSR, we obtain reconstructions of comparable quality
to those of existing state-of-the-art. The benefit, similar to PSR, lies
in solving on a hierarchical grid, yielding solutions at high resolu-
tion more efficiently compared to (CPU-based) implementations of
other methods.

Outline of the Paper We review related work on surface recon-
struction in section 2 and focus on the PSR framework in section 3.
We present the quartic energy resulting from “squaring” the PSR
formulation in section 4, where we also discuss the details of our
iterative, hierarchical solver. We compare to related work in sec-
tion 5 and conclude in section 6.

2. Related Work

In the following we review methods most closely related to our
approach, focusing on implicit surface reconstruction from unori-
ented samples. For other types of surface reconstruction that do not
require normals we refer to the literature [BTS 14,Dey06]. Though
all implicit reconstruction technique can be used to define oriented

normals at the input samples (e.g. by evaluating the gradient of the
implicit function), we distinguish between methods that sign nor-
mals, methods that solve for the signed normals, and methods that
reconstruct without estimating the signed normals.

2.1. Orienting Surface Samples

Typically, approaches assigning oriented surface normals to a
point-set proceed in two steps.

Unsigned Normals Given a point-set P C R3, an arbitrarily
signed normal, 7i : P — 2, is first estimated at each sample. In
the pioneering work of Hoppe et al. [HDD 92] this was done
using the smallest eigenvector of the local covariance matrix.
However, more robust estimation techniques have since been pro-
posed [MNO3,LCL 23,CPO05].

Signing Function Next, a signing function s: P — {—1,+1} is
found that makes the normals n = S - 7i globally consistent.

Binary Assignment A common approach for defining S is to build
a weighted graph G = (P,&,w) with vertices representing sam-
ples, edges (p, q) € £ connecting nearby samples, and edge weights
W(p,q) € [—1, 1] characterizing the correlation of neighboring nor-
mals 7i(p) and 7i(g). Given the graph, a consistent orientation is
obtained by solving for the function maximizing the correlation:

E(s)= w(p,q)-s(p)-s(q)-
(p.q)2E
This is an unconstrained binary quadratic programming problem
(discussed in detail by Schertler et al. [SSG17]), highlighting the
difficulty in reconstructing a surface from samples without orienta-
tion.

Different definitions of neighborhood and different heuristics to
tackle the global optimization problem have been suggested. Hoppe
et al. [HDD 92] define neighbors using nearest Euclidean dis-
tances and edge weights by the dot-product of the unsigned normals
w(p,q) = (ii(p),7i(q)). The optimization problem is made tractable
by replacing the graph with its minimum spanning tree. Then the
optimal solution is obtained by assigning an arbitrary sign to the
normal at a source vertex and propagating the sign to neighbors
by flipping the sign when the edge weight is negative. Because the
sign at a vertex is defined by the parity of sign flips along the path
from the source, and because the tree is acyclic, the sign function
is uniquely defined.

Konig and Gumhold [KG09] analyze and extend this and other
[XWH 03] previously defined flipping energies. There are a va-
riety of other constructions for both the graph and the edge
weights [HLZ 09,SBY11, GG07, MHZ 21], Recently, heuristics
for solving the optimization problem on graphs containing cycles
have also been suggested [SSG17,JBG19].

Stokes’ Theorem Also starting with unsigned normals and using
the nearest-neighbor graph, Gotsman and Hormann [GH24] use
an entirely different approach to sign the normals. They relate the
problem of consistently signing normals to Stokes’ Theorem. In
particular, they show that a soft assignment of signs can be obtained
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by starting with a set of vector fields and using those to define a sys-
tem of linear equations discretizing Stokes’ Theorem over the input
samples. Solving the system and clamping to {—1,+1} gives the
desired signing function.

2.2. Direct Normal Optimization

Starting with arbitrary normals, iterative Poisson Surface Recon-
struction [HWW 22] proceeds by iteratively invoking PSR to re-
construct a surface and using the computed surface to correct the
normal estimates. The correction is motivated by the parity test for
interior/exterior classification and the corrected normals are used in
the next iteration.

A different approach has been to leverage the linear relation-
ship between the indicator function c(p) of a surface and the area-
weighted normals (as characterized by the formula for the general-
ized winding number [BDS 18] and by the Gauss formula in po-
tential theory [LSW19]):

Ly -n(p) (1

clo~ -
p2P 4plq _pP

Formulating a quadratic objective on the quality of the estimated
indicator function (e.g. sample interpolation or smoothness) and
using the linear relationship between the normals and the indicator
function, the normals giving the optimal indicator function are ob-
tained by solving a linear system of equations [XDW 23,LWZ 24,
LXSW23].

Recently, Lin et al. [LSL24] proposed a variant that replaces
the linear solve with an approximate fixed-point iteration scheme.
Their approach still uses the linear relationship between the wind-
ing number and the normals but provides a solution amenable to a
GPU-implementation, resulting in faster reconstruction.

2.3. Direct Surface Reconstruction

Combinatorial Approaches Combinatorial approaches connect
the samples into a triangulation and often do not require normal
data, instead using the distances between points [Dey06]. Com-
pared to implicit methods, the interpolatory nature is prone to arti-
facts in the presence of noise. Concrete examples include the Ad-
vancing Front [CD04] and Scale Space [DMSL11] approaches.

Signing the Unsigned Similar to propagation-based approaches,
Mullen et al. [MdGD 10] solve for a sign field in order to sign
an unsigned distance function. Noting the quartic complexity of
the optimization problem, they propose a heuristic based on ray-
shooting to estimate a sign away from the data and a propaga-
tion technique to obtain a globally consistent sign field over the
3D domain. They recover a signed distance function from the un-
signed distance and sign information by minimizing a quadratic
energy. This idea has been extended to data with more noise and
outliers [GCA13].

Voronoi-based Variational Reconstruction Alliez et al. [AC-
STDO7] define an anisotropic Dirichlet energy measuring the align-
ment of the implicit function’s gradient with a symmetric matrix
field that encodes unsigned normal direction and reliability. The
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field is almost singular near the data and uniform away from it.
The function maximizing gradient alignment subject to a Bilapla-
cian constraint is found as the solution to a generalized eigenvalue
problem.

Variational Implicit Point Set Surfaces Huang et al. [HCJ19]
formulate the problem of surface reconstruction as an optimiza-
tion problem, asking that the points be close to the zero-level set,
the gradients at the points have unit length, and that the implicit
function minimize a smoothness energy. Interestingly, the global
problem of minimizing the smoothness energy and approximately
satisfying the positional constraints can be turned into an optimiza-
tion problem for the gradients. While the energy to be minimized
is quadratic, the unit-norm constraint makes this an optimization
problem on a Stiefel manifold, which is difficult to solve. As a re-
sult, the overall optimization problem has cubic complexity.

Neural Approaches Predictive neural models can be optimized to
estimate shape properties such as signed normals from raw points
[GKOM18, LFS 23] and generalize to unseen data. Neural net-
works are also successfully employed as parametric representations
of implicit functions, and architectures such as SIREN [SMB 20]
enable the fitting of functions as well as (higher) derivatives. Both
Divergence Guided Shape Implicits [BKG22] and Neural-Singular-
Hessian [WZX 23] build upon the SIREN architecture and pro-
pose custom loss functions for reconstruction based on properties
of signed distance functions — that the divergence of gradient is to
zero almost everywhere ([BKG22]) and that the Hessian is rank-
deficient near the surface ((WZX 23]).

3. Background

Our approach extends the earlier work of Poisson Surface Recon-
struction, replacing vector fields with symmetric matrix fields. We
review these before proceeding to the description of our method in
the next section.

Throughout, we will let W = [0, 1]3 be the domain over which
implicit functions are computed. (Samples are translated so that
the center of mass is at the center of the cube and rescaled to be
inside.) We use the notation [=]- C(@esp. | - ||?) to denote the inner-
product (resp. norm) on the space of scalar/vector/matrix-fields. For

example, for matrix fields M and N we have:
z

MNC=  M(p),N(p) pdp
W

(where we use the Frobenius inner-product as the inner-product on
the space of matrices).

3.1. Poisson Surface Reconstruction

Poisson Surface Reconstruction (PSR) [KBH06, KH13] is a state-
of-the-art method for reconstructing the (smoothed) indicator func-
tion of a solid M C W, given oriented samples of its boundary, M.

Volume to Surface PSR leverages the fact that, for any smooth-
ing kernel, the divergence theorem provides an expression for the
gradient of the smoothed indicator function as an integral over the
solid’s boundary. Concretely, letting € : W — R denote the indicator



4 0f 17

g

function, K : R%! R bethe smoothing kernel, amdi: M !

the surface normals: 5

r (K c)a)= o™ Kq(p) N(p)dp )

whereKq denotes the kernel centeredgiKq(p) K(p 0).

Numeric Integration Given a set of oriented sampleB, =

f(p;A)g R® & the approach approximates the right-hand-side

by a discrete summation
r (K c)(q)

a
(pA)2P

ap Ko(p) A V(Q) ®3)

with ap an estimate of the surface area associated with sample

Gradients to Scalars An approximation of the smoothed indicator

functionc is calculated as the function whose gradient best matches

the vector eldV, and evaluates to zero at the samples. It is com-
puted by solving for the functio@ minimizing:

E@)=kr & VK’+a & &%p):

(p;n)2P

4)
with a thescreening weight

Discretization PSR discretizes the problem by selecting a nite
function basid F; : W! Rg and expressing the indicator function
with respect to this basi§(p) = &4;x Fi(p). Settingx= fxg, the
energy in eq. (4) is minimized at satisfying the linear equation
(S+ aMP)x = b with Sthe stiffness matrixv” the mass matrix
de ned by the samples, anblthe (dual of the) divergence of the
estimated gradient eld:

Sj=tr Fir Fiys Mij= & Fi(p) Fj(p) bi=tr BVy:
(pim)2P
(5)

3.2. Symmetric Outer Products

Our goal is to use unsigned normals to de ne an energy whose

minimizer is the indicator function. A natural representation of un-
signhed normals is by their symmetric outer product, n n,
where the symmetric outer product of vectars 2 R3is:

vV w (VW +w V)=

This representation is independent of the sigmaind has linear
structure, allowing us to take weighted combinations when trans-
forming the unsigned normals into a symmetric matrix eld.

This representation of line elds via symmetric matrices, us-
ing the outer product to remove the sign ambiguity, is a well-

established technique in other contexts of computer graphics, such V(g V(q) =

as for non-photorealistic rendering [PZ07]. In the context of surface

reconstruction, it has been used in the anisotropic Dirichlet energy

of [ACSTDO7].

4. Method

At a point on an orientable surface, the unit normal provides a rep-
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space can be estimated from the local covariance, inside/outside
classi cation is a global property and hard to compute.

We show that the PSR framework can be extended to handle un-
signed normals by representing the target unsigned orientation with
a symmetric matrix eld. In particular, in this extension the global
problem of nding a consistent sign becomes part of the optimiza-
tion procedure.

4.1. Energy

Recalling that in PSR the target implicit functidhis related to the
vector eldV computed from the oriented samples via:
rc V;
we “square” both sides to de ne a quartic energy:
E@=kr&r & VvV Vk*+ad&(p)
p

Now we seek an implicit functiofi with the property that the sym-
metric product of its gradients matches a target tensor eld, while
still evaluating to zero at the input samples.

(6)

As with the formulation proposed by [MdGDO], our energy
is quartic in and its optimization is non-trivial due to the presence
of local minima. However, our approach differs in that our energy
encodes direction as well as sign. Furthermore, we propose a novel
technique for minimizing the energy.

4.2. Approximating the Target Tensor Field

To de ne the energy, we approximate the target teésorV, dis-
tributing the outer product of normals with a smoothing kernel as
in PSR, setting:

T@ & ap Ke(p) A i )
(pf)2P

A key property of this approximation is that it is invariant to the

sign of the normals. In particular, we use the standard approach of

estimating the normal line at a poiptby computing the small-

est eigenvector of the covariance matrix de ned by kimearest-

neighbors of the point. This de nes a unit normal at each sample

up to sign, the choice of which does not affect the de nitiorTof

Discussion Returning to the analytic formulation, the tensor eld
T de ned above can be viewed as a discretization of the integral:
z

T(q) = o Kq(p) N(p) N(p)dp: (8)
This differs from the outer product of the vector eld:
hZ i hZz i
Kq(p) N(p)dp Kq(p) N(p)dp :
™ ™ ©)

In particular, while the two are equivalent in the case that the sur-
face is at (i.e. the surface normals are constant) and the kernel is
scaled so that the integral & over the surface equals one, the
analytic integrals will be different in general.

An example of these elds is shown in Figure 2. In our approx-

resentation of the tangent space via perpendicularity and encodesmation, the ellipses are not singular near regions of high curva-

the local orientation of the surface by its sign. While the tangent

ture. Furthermore, the principal axes of these ellipses do not match
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the product of the univariate B-splines:

FRp) R0 R(p2) fR(pa):

Using this basis, we de ne the badi®l r FR r FRgfor
symmetric matrix elds. We note tha® [y is a piecewise multi-
quadratic function, th&® 3 = P}, and thaP}} is non-zero only if
FRandF § have overlapping support —i.ejlf Jj1 1.

In particular, it follows that the tensohd andB are sparse, with
O(R3) non-zero entries. The expected number of non-zero entries
in MP is O(R?) since the samples live on a co-dimension one sur-
face.

\4 vV Vv T

Figure 2: Smoothed gradient el®, the outer product eld/ Vv
and our approximation T. As highlighted, errors in the approxima-
tion are more pronounced at sharper features, where the matrices

Computing the System Coef cients The entries of the rank-4
of T are full-rank.

tensorM are obtained using nite-elements assembly — express-
ing the integral ovelV as the sum of integrals over the (at most
2%) grid cells on whichF R, F}, FR, andF R are simultaneously
supported. Using the fact that the functions are strictly polynomial

the (non-singular) direction of the true outer product. This can be within each cell, these integrals are computed in closed-form.

understood by considering the case of two adjacent, parallel, but
oppositely oriented planes withchosen to be a point equidistant For spacial ef ciency, we leverage the fact that the entries of
from both. In this case, the outer product of the integral will be zero, M are translation-invariant (away from the boundaries of the grid),
because the oppositely aligned normals cancel, while the integral ofand compactify the representation by using a stencil whose size is
outer products, computed by our approximation, will not. independent of grid resolution.

We believe that part of this can be mitigated by estimating the  For simplicity, we approximate the matrix eld : W! RS 3
extent to which the point-set is not co-planar around a sample andby a piecewise-constant eld whose value within a cell is obtained
using that to down-weight the contribution of the outer product of by evaluatingT at the cell center. Computing the coef cientsB®f

the sample's normal to the tensor — a direction we intend to pursue is then performed using nite-elements assembly as above.

in future work.

4.3. Discretization
As in PSR, we discretize by choosing a badts : W! Rg, ex-
pressing the indicator function in this basigp) = &;x Fi(p).
Settingx = f x;g, we get the energy (up to a constant):
EX= & % X % X Sju
ikl
24 % X Bj+adx x Mj
i i

(10)

whereS2 RN N N Nig 3 rank-4 tensor ar@2 RN Nis arank-2
tensor de ned as:

S”k|:trFir Fisr Fer Fry and Bij=trFir FjTy:

4.4. Implementation

Choosing a BasisWe discretize the space of functions using rst-
order B-splines centered at the nodes of a regular grid Rith

R Recells. Concretely, Iea‘tiR :[0;1]! R bethe 1D “hat” function
centered ai=R:

8
< sR (i 1) sR2[ 1i]

fRe= (+1) sR sR2[;i+1]
’ 0 otherwise

ing a grid node, the multivariate B-spline associated with rlode

© 2025 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.

In practice, we obtain the contribution of samg& P to the
matrix eld T using covariance analysis on the= 20 nearest
neighbors to obtain a sign-invariant tendor fi A and multi-
linearly distributing the tensdrto the 2 corners of the cell within
which p resides.

Relaxing the Solution Given an estimate for the solutiors f x g

we relax the solution by performing multiple Gauss-Seidel relax-
ations. Within each Gauss-Sidel iteration we iterate over the indi-
vidual coef cients, xing all but thel-th coef cient, and compute
the quartic polynomial irx;. (As we do not need the constant term,
the computation of the polynomial only requires considering coef-
cients X3, Xk, XL and entrieS§ kL, M|PJ , Bl whereJ, K, andL are
within the one-ring ol .)

We differentiate the quartic, compute the zeros of the derivative,
and sek; to the root at which the quartic polynomial is minimized.
By construction, this approach is guaranteed to monotonically re-
duce the energy.

Multigrid  For better convergence, and to avoid getting trapped in
local minima, we leverage a hierarchical solver. To this end, we use
the fact the space spanned by B-splines de ned ovéRarR R

grid is a subspace of the space spanned by B-splines de ned over a
2R 2R 2Rgrid. In particular, ifP is the prolongation matrix tak-

ing coarse scalar eld coef cients to ne scalar eld coef cients,
then the ne constraint8?R and coarse constrainBR are related
asBR= P> B P (Recall thaBR andB?R are rank-2 tensors.)

Similar to [KLAK23] this allows us to design a coarse-to- ne
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solver in which we initialize the system by computiBgat the Restricting our energy to a single coef cient gives a quartic poly-

nest resolutionR = 2 and successively restrict the constraint to nomial. (In contrast, due to the anti-symmetry of the matrix rep-

getthe constraints atlevdls ~ L. We then solve the system ina resentation, the restriction of the earlier approach is quadratic.)

coarse-to- ne manner, performing multiple passes of Gauss-Seidel We solve using an adaptive discretization, signi cantly improv-

relaxation at level, and then prolonging the estimated solution ing the performance of the solver. (Using an analogous dis-

to an initial guesx *1 at the next level. cretization, we believe the earlier method could similarly be ac-
celerated.)

At the coarsest resolutioh, we initialize the solution by setting
a node's coef cient to the distance of the node from the center of
the grid. This corresponds to the assumption that the reconstructed4.5. Regularization
surface should be centered around the centéf aftroduces a bias
that the normals of the reconstructed surface should be outward-
facing, and avoids the issue of the critical poinkat 0.

In our implementation, we would like the reconstructed surface to
be contained entirely within the unit cube so we seek a solwtion
that is constant along the bounddfW. A direct approach would
Figure 1 shows reconstructions of the Stanford bunny from raw be to x the value along the boundary to a constant. However, as
sensor data obtained at levél® f 3;:::;7g visualizing both the ~ we only know the solution up to scale we do not know what that
surfaces (top) and the restriction of the implicit functions to a 2D constant should be. Instead, we modify the energy by adding the in-
plane passing through the volume (bottom). tegrated squared norm of tkengentialcomponent of the gradient
of ¢ along the boundary. That is, we update the energy in eq. (10):

Adaptive Discretization Though a direct implementation would E()= +bax xj Dy (11)
useall the nodes of alR R R grid, this would result in an al- 1,
gorithm with a space/tlr_ne comp_lexny Q(Rg)' By comparison, whereb is the regularization weight arid is a rank-2 tensor with:
we expect the complexity of an input point cloud sampling a co- Z D E
dimension one manifold to have complextR?). Dy = pp T Fﬁ(p) pp T F?(p) dp

w

As our aim is to reconstruct the indicator functionwe lever- with on the proiection onto the tangent spaceaiVe note that the
age the observation from PSR that the piecewise-constant nature Pp proj g pace

- Lo tensor is sparse, with a non-zero entry at coef cignd) only if the
of the indicator function implies it can be accurately represented . . : .
by an adaptive hierarchy of functions in which only nodes in the intersection of the supports &fi andF j intersects the boundary:
proximity of the input are used to span the space of functions. In supfF )\ supdFj)\ TW86 ;:

articular: . . . . -
P Effects of the regularization are visualized in the 2D restrictions

We represent the implicit function as the linear combination of in g. 1, with grid values along the boundary all having the same
rst-order B-splines from across the different levels of the multi- ~ color.
resolution hierarchy (rather than just the B-splines at the nest
resolution, for the regular discretization)
We solve the system in a coarse-to- ne fashion, with the ner
levels of the hierarchy “correcting” for the residual constraints In this section we evaluate our approach. We start by considering
not satis ed at the coarser resolutions. run-time performance. Next we consider the solver itself, compar-
) ) ) ) ing it to the standard L-BFGS solver and discussing the problem
As with PSR, the hierarchical solver only requires a constant of |ocal minima. Finally, we present a number of reconstruction
number of iterations per level, so that the overall space/time com- regyts, comparing to existing approaches.
plexity of our adaptively discretized solver @(Rz). This can be
seenintable 1 and g. 3 which compare the running time and peak N all experiments, we estimate unsigned normals using the
memory utilization of the regular and adaptive discretizations as a covariance matrix computed from thle= 20 nearest neigh-
function of the number of levels in the hierarchy. As expected, us- bors. Unless otherwise noted, our hierarchical solver starts at

ing a regular solver, complexity increases by a factor of roughly 8 1evel L = 4 and solves up to level = 9. We use 512 Gauss-

creases by a factor of roughly 4. ations at all other levels. We use standard multi-coloring to par-
allelize the Gauss-Seidel relaxation. Nearest-neighbor computa-
And, as with PSR, we have found little difference in the qual- tjon is performed using th&D tree implementation in Trimesh2
ity of results. The primary difference being in regions where the [Rus20]. An implementation of our approach is available at
extracted level-set is far from the input samples. In such regions a github.com/mkazhdan/SymmetricPoissonReconstruction.
regular discretization tends to produce a smoother surface, due to
the use of re ned B-splines away from the samples.

5. Results

5.1. Performance

Comparison to Kohlbrenner etal. As in the work of Kohlbrenner Using a hierarchical solver with a xed number of relaxations per
et al. [KLAK23], we use vector products to de ne orientation and level, the cost of the solve is linear in the number of non-zero en-
solve a hierarchical system to obtain the geometry. However, our tries in the system matrix. As we use a rst-order B-spline basis to
implementation differs in two important ways. represent scalar functions, the number of non-zeros is proportional

© 2025 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.



M. Kohlbrenner, H. Liu, M. Alexa, & M. Kazhdan / Symmetrized Poisson Reconstruction 7 of 17
L=6|L=7]|L=8 L=9 L=10 iters.=512 | iters.=1024 | iters.=2048| iters.=4096
7 Time(s) 3.88 | 9093 | 43.16 | 34259 - L-BFGS | 45 10¢ 90 10° 33 10° 32 10°
~  Memory (MB) 205 541 | 2820 | 20190 - Ours 38 10° 26 10° 13 1P 49 10¢
< Time(s) 297 | 484 | 1222 | 46.85| 189.05 L-BFGS 49 (s) 103 (s) 194 (s) 464 (s)
=~ Memory (MB) 221 | 501 | 1630 | 6689 | 25444 Ours 15 (s) 26 (s) 49 (s) 117 (s)

Table 1: Runtime and peak memory usage for reconstructing the Table 2: Single-level tting error (top) and solver time in second
bunny from raw point data in 3D as a function of the nest level, L, (bottom) as a function of the number of iterations, for reconstruct-
using a regular (R) / adaptive (A) grid Results were obtained using ing a 2D point-cloud

an 12th Gen Intel(R) Core(TM) i9-12900K, 31 GB of RAM.

Single-level SolversWe start by considering a single-level solver.
Table 2 gives the tting error (top) and solver time (bottom) for
both methods. As the table shows, the L-BFGS algorithm does the
best job of reducing the tting error, signi cantly outperforming
ours. However, the table also makes it clear that even for the simple
2D problem, neither approach works well as a single-level solver,
as both fail to converge even after hundreds of seconds.

Hierarchical Solvers We also consider the effects of using a hier-
archical solver for computing the indicator function. As before, we
solve for the indicator function at levél= 8, but this time using

a hierarchical solver starting at a ledglwith 1 L L. We ex-
periment with both 512 and 4096 iterations at ldvednd continue
using 16 iterations at all other levels.

Figure 4 shows the tting error (left) and solver time (right), both
plotted on a logarithmic scale as a functionlofThe order of the
horizontal axes is reversed so that the solver becomes “more hier-
archical” moving from left to right. Note that fdr = L = 8, we

Figure 3: Absolute values (top) and relative increase (bottom) in reproduce the results from table 2.
time (left) and memory (right) in function of the maximum depth L

from 361k samples of the Bunny.

to the number of basis functions. As discussed in section 4.4, using
a resolution oR the reconstruction complexity (both temporal and
spatial) isO(R®) for the regular discretization ar@(R?) for the
adaptive one. Table 1 and g. 3 con rm the complexity, showing
the empirical performance for reconstructions at different resolu-
tions and highlighting the relative increase from the previous level.

Figure 4: Hierarchical solver tting error (left) and solver time

(right) as a function of the coarsest level of the hierardhy,
To assess our solver, we compare the quality and performance of

our approach to that of low-memory BFGS (L-BFGS) [LN89] as
implemented in the NLopt package [Joh07].

5.2. Comparison to L-BFGS

Examining the timing (right) we observe that the solvers become
more ef cient as they are more hierarchical. This is expected be-
cause the solve at the coarsest level uses signi cantly more itera-
tions than the solves at the ner levels. Additionally, we nd that
increasing the number of iterations at the coarsest level makes the
solver more computationally expensive.

Due to the slow running time of L-BFGS, we restricted our eval-
uation to the reconstruction of a 2D point cloud, solved at level
L = 8 (i.e. on a grid of resolution 256 256). We also exper-
imented with the preconditioned truncated Newton method with
restarting [DS83] and the method of moving asymptotes [Sva02],
but found them to be too slow. (For L-BFGS, we also experimented  Examining the tting error (left) we note that while the perfor-
with xing the number of gradients stored in memory, using a his- mance of the L-BFGS solver is not improved with the hierarchy (in
tory of between 5 and 20 gradients, but found that the default valuesfact, tting errorincreasesuniformly with decreaset, when using
used by the package worked as well.) 4096 iterations), our solver's error decreases as the coarsest level of
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