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Abstract
In thispaperwepresenta novelapproach to thesurfacereconstructionproblemthat takesasits inputanoriented
point setandreturnsa solid, water-tight model.Theideaof our approach is to useStokes' Theoremto compute
thecharacteristicfunctionof thesolid model(thefunctionthat is equalto oneinsidethemodelandzero outside
of it). Speci�cally, we provide an ef�cient methodfor computingthe Fourier coef�cients of the characteristic
functionusingonly thesurfacesamplesandnormals,wecomputethe inverseFourier transformto get back the
characteristicfunction,andweuseiso-surfacingtechniquesto extract theboundaryof thesolidmodel.
Theadvantage of our approach is that it providesan automatic,simple, and ef�cient methodfor computingthe
solidmodelrepresentedbya pointsetwithoutrequiringtheestablishmentof adjacencyrelationsbetweensamples
or iteratively solving large systemsof linear equations.Furthermore, our approach can be directly applied to
modelswith holesandcracks,providinga methodfor hole-�lling andzipperingof disconnectedpolygonalmodels.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling

1. Intr oduction

Reconstructing3D surfacesfrom point samplesis a well
studiedproblemin computergraphics.Theability to recon-
struct suchsurfacesprovides a methodfor zipperingsam-
ples obtainedthroughscanning,�lling in holesin models
with degeneracies,and re-meshingexisting models.While
therehasbeenmuchwork in this area,we provide a novel
approachthatis basedon basiccalculus,providing a simple
methodfor reconstructingsolid modelsfrom orientedpoint
sets(point sampleswith associatednormals).

Our approachtakesadvantageof thefactthatanoriented
pointsetsampledfrom thesurfaceof asolidmodelprovides
preciselyenoughinformation for computingsurface inte-
grals.Thus,by formulatingthesolutionof thesurfacerecon-
structionproblemin termsof volumeintegrals,wecanapply
Stokes' Theoremto transformthevolumeintegralsinto sur-
faceintegralsandcomputea discreteapproximationusing
theorientedpoint samples.

In practice,our approachprovides a methodfor recon-
structinga water-tight model from an orientedpoint set in
threeeasysteps:(1) Thepoint-normalpairsaresplattedinto
a voxel grid. (2) The voxel grid is convolved with an inte-
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gration�lter . (3) Thereconstructedsurfaceis extractedasan
iso-surfaceof thevoxel grid.

The advantageof our approachis its simplicity: Splat-
ting the orientedpoint samplesinto the voxel grid can be
donewithout necessitatingthe establishmentof adjacency
relations betweenthe samples.Convolving with a �lter
can be ef�ciently performedusing the Fast Fourier Trans-
form [FFTW]. And �nally , standardmethodssuchas the
MarchingCubesalgorithm[LC87] canbeusedto extractthe
reconstructedsurface,returninga triangulationthat is guar-
anteedto bewater-tight.

Figure1 demonstratesour methodfor an orientedpoint
setobtainedby samplingthesurfaceof adinosaurhead.The
original modelis shown on the left, thesamplesareshown
in themiddle,andthereconstructedmodelis shown on the
right. Note that even thoughthe pointsweresampledfrom
a modelwhich wasnot water-tight, (thereareholesin the
eyes,thenostrils,andthemouth)ourmethodsucceedsin re-
turningaseamlessmeshthatcloselyapproximatestheinput
data,accuratelycapturingthe�ne modeldetails.

Ourmethodaddressesthesurfacereconstructionproblem
by approximatingintegrationby adiscretesummationanda
direct implementationof our methodassumesthat thesam-
plesareuniformly distributedover the surfaceof a model.
However, in many situations,the input samplesarenot uni-
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Figure1: Theinitial model(left),anon-uniformsamplingofpoints
fromthemodel(middle),andthereconstructedwater-tight, surface
obtainedusingour method(right).

formly distributed. To this end, we also presenta simple
heuristicmethodthatassignsa weightto eachpoint-normal
paircorrespondingto thesamplingdensityaboutthesample.
We show thatthis heuristicprovidesa robustmethodfor as-
signingweightsthatapproximatetheregionalsamplingden-
sity allowing for thereconstructionof surfacesfrom samples
thatarenot uniformly distributed.Figure1 shows anexam-
ple of the useof this method:Though,the samplesarenot
uniformlydistributedoverthesurfaceof theoriginaltriangu-
lation, with densersamplingin regionsof highercurvature,
ourweightingmethodassignsthecorrectweightsto thesam-
plesandthereconstructedsurfacecloselyapproximatesthe
inputsamplein regionsof bothdenseandsparsesampling.

The remainderof this paperis structuredas follows: In
Section2 wereview previouswork in surfacereconstruction.
Wepresentourapproachin Section3 andprovideresultsand
discussionin Section4. Finally, weconcludein Section5 by
summarizingour resultsanddiscussingpossibledirections
for futureresearch.

2. RelatedWork

The importanceof the surfacereconstructionproblemhas
motivated a large body of researchin computergraphics
andpreviousapproachescanbebroadlygroupedinto oneof
threecategories:(1) Methodsthataddressthesurfacerecon-
structionproblemthroughtheuseof computationalgeome-
try techniques,(2) methodsthat addressthe surfacerecon-
structionproblemby directly �tting a surfaceto the point
samples,and (3) methodsthat addressthe surface recon-
structionproblemby �tting a 3D functionto thepoint sam-
plesandthenextractingthereconstructedsurfaceasaniso-
surfaceof theimplicit function.

In general, the computationalgeometry based meth-
ods proceed by computing either the Delaunay trian-
gulation of the point samplesor the dual Voronoi di-
agram and using the cells of these structures to de-
�ne the topological connectivity betweenthe point sam-
ples [Bo84, EM94, ABK98, AC� 00, ACK01, DG03]. The
advantageof thesetypesof approachesis thatthecomplexity
of thereconstructedsurfaceis on theorderof thecomplex-
ity of theinputsamples.Moreover, for many of theserecon-
structionmethods,it is possibleto boundthequality of the
reconstructionif the samplingdensityis known. However,
thesemethodssuffer from two limitations:First,they require
thecomputationof theDelaunaytriangulationwhichcanbe

inef�cient for large point samples.Second,thesemethods
tendto performlesseffectively whenthepoint samplesare
notuniformly distributedover thesurfaceof themodel.

Surface�tting methodsapproachthereconstructionprob-
lem by deforminga basemodel to optimally �t the input
samplepoints [TV91, CM95]. Theseapproachesrepresent
thebaseshapeasacollectionof pointswith springsbetween
themandadapttheshapeby adjustingeitherthespringstiff-
nessesor thepoint positionsasa functionof thesurfacein-
formation.As with thecomputationalgeometricapproaches,
thesemethodshavetheadvantageof generatingasurfacere-
constructionwhosecomplexity is on theorderof thesizeof
the input samples.However, thesemethodstend to be re-
strictive asthe topologyof the reconstructedsurfaceneeds
to bethesameasthetopologyof thebaseshape,limiting the
classof modelsthatcanbereconstructedusingthismethod.

The third class of approachestaken in reconstruct-
ing surfaces uses the point samples to de�ne an
implicit function in 3D and then extracts the re-
constructedsurface as an iso-surface of the function,
[HD� 92, CL96, Wh98, CB� 01, DM� 02, OBS04, TO04].
The advantageof thesetypes of approachesis two-fold:
First, the extracted surface is always guaranteedto be
water-tight, returninga model with a well-de�ned interior
andexterior, andsecond,theuseof animplicit functiondoes
not place any restrictionson the topological complexity
of the extracted iso-surface, providing a reconstruction
algorithmthatcanbeappliedto many different3D models.
In general,this type of approachhas the limitation that
the complexity of the reconstructionprocessis a function
of the resolutionof the voxel grid, not the output surface,
and many of theseapproachesuse hierarchicalstructures
to localize the de�nition of the implicit function to a thin
region aboutthe input samples,therebyreducingboth the
storageandcomputationalcomplexity of thereconstruction.

3. Approach

The goal of our work is to provide a methodthat takesas
its input anorientedpoint setsampledfrom thesurfaceof a
modelandreturnsawater-tight reconstructionof thesurface.
Our approachis to constructthe characteristicfunction of
thesolid de�ned by thepoint samples– thefunctionwhose
valueis oneinsideof thesolid andzerooutsideof it – and
thento extracttheappropriateiso-surface.

To computethe characteristicfunction of the solid we
computeits Fouriercoef�cients. In practice,onewouldcom-
pute the Fourier coef�cients by integrating the complex
exponentialsover the interior of the model. However, by
Stokes' Theorem,we canexpressthis volumeintegral asa
surfaceintegral, only usinginformationaboutthepositions
andthenormalsof pointson theboundary. Sincethis is pre-
cisely the informationprovided asthe input to our method
we have suf�cient informationto computetheFouriercoef-
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�cients of thecharacteristicfunction,allowing usto usethe
inverseFouriertransformto computeits values.

We begin our discussionby reviewing Stokes' theorem.
Next, weprovideamethodfor expressingeachof theFourier
coef�cients of the characteristicfunction in termsof a sur-
faceintegral.Then,weprovideanef�cient methodfor com-
putingtheFouriercoef�cients anddescribeamethodfor se-
lecting the iso-value to be usedfor the iso-surfaceextrac-
tion. Finally, we provide a simple heuristicfor addressing
theproblemof non-uniformlysampledinputdata.

3.1. Stokes' Theorem

Stokes' Theoremis an extensionof the FundamentalThe-
oremof Calculuswhich providesa methodfor expressing
the integral of a functionover the interior of a region asan
integral over theregion's boundary. In our work, we will be
consideringaspeci�c instanceof Stokes'Theoremknown as
the DivergenceTheoremor Gauss's Theorem. Speci�cally,
if M � R3 is a three-dimensionalsolidand~F = (Fx;Fy;Fz) :
R3 ! R3 is a vector-valuedfunction,theDivergenceTheo-
remexpressesthevolumeintegral asasurfaceintegral:

Z

M
Ñ� ~F(p)dp =

Z

¶M
h~F(p);~n(p)i dp

whereÑ� ~F = ¶Fx=¶x+ ¶Fy=¶y+ ¶Fz=¶z is thedivergence
of ~F and~n(p) is thesurfacenormalat thepoint p.

Our approachis motivated by the observation that if
f ~pi ;~nig � M is a uniformly sampledpoint set,the volume
integralcanbeapproximatedusingMonte-Carlointegration:

Z

M
Ñ� ~F(p)dp �

jMj
N

N

å
i= 1

h~F(~pi);~ni i :

In thenext section,we show that thesurfacereconstruction
problemcanbereducedto thecomputationof volumeinte-
grals.Using theabove Monte-Carloapproximation,we can
computethesevolumeintegralsasa summationover a set
of surfacesamples,providing a methodfor reconstructing
surfacesfrom orientedpoint sets.

3.2. De�ning the Fourier Coef�cients

To reconstructa surfacefrom a setof samples,we will �rst
constructthecharacteristicfunctionof thesolidmodel.This
is afunctionde�ned in 3D whosevalueis equalto oneinside
the solid andzerooutside.Oncethe characteristicfunction
is obtained,we canobtainthe surfaceby usingiso-surface
extraction.Insteadof computingthe characteristicfunction
directly, we �rst computeits Fourier coef�cients and then
computetheinverseFourierTransformof thesecoef�cients.
Thoughlessdirect, this approachis easyto implementbe-
causethe Fourier coef�cients can be expressedas volume
integralsandhencecanbecomputedfrom anorientedpoint
setwith aMonte-Carloapproximationof Stokes' Theorem.

Ourgoalis to computethecharacteristicfunctionby com-
puting its Fourier coef�cients. Speci�cally, if M is a solid
modelandcM is its characteristicfunction,wewould like to
computethecoef�cients:

ĉM(l ;m;n) =
Z

R3
cM(x;y;z)e� i(lx+ my+ nz)dxdydz

=
Z

p2M
e� i(l px+ mpy+ npz)dp:

(Note that since the function cM is equal to one inside
the model and zero outside, integrating the complex ex-
ponentialsagainst the characteristicfunction is equivalent
to computingthe integral of thesefunctionsover the solid
model.) Using the DivergenceTheorem,we know that if
~Fl ;m;n : R3 ! R3 is a functionsuchthat:

�
Ñ � ~Fl ;m;n

�
(x;y;z) = e� i(lx+ my+ nz)

thevolumeintegral canbeexpressedasthesurfaceintegral:

ĉM(l ;m;n) =
Z

M
e� i(l px+ mpy+ npz)dp =

Z

¶M
h~F(p);~n(p)i dp

where~n(p) is theunit normalof thesurface¶M at p.

Sincethe input to our algorithmis an orientedpoint set,
we can computethe Fourier coef�cients of the character-
istic function usinga Monte-Carloapproximation.Speci�-
cally, giventhepointsf ~p1; : : : ;~pNg with associatednormals
f~n1; : : : ;~nNg, weset:

ĉM(l ;m;n) =
1
N

N

å
j= 1

h~Fl ;m;n(~p j );~n j i :

In orderto be ableto evaluatethe above summationex-
plicitly, we needto choosethefunctions~Fl ;m;n whosediver-
gencesareequalto the complex exponentials.Perhapsthe
mostdirectway to do this is to set~Fl ;m;n to bethefunction:

~Fl ;m;n(x;y;z) =

0

B
@

i
l+ m+ ne� i(lx+ my+ nz)

i
l+ m+ ne� i(lx+ my+ nz)

i
l+ m+ ne� i(lx+ my+ nz)

1

C
A :

Thelimitation of thistypeof functionis thatit is anisotropic,
treatingdifferent directionsdifferently. Thus, the obtained
characteristicfunctiondoesnot rotatewith themodel.

To avoid this problem,weusefunctions~Fl ;m;n thatdonot
dependon thealignmentof thecoordinateaxis:

~Fl ;m;n(x;y;z) =

0

B
@

il
l2+ m2+ n2 e� i(lx+ my+ nz)

im
l2+ m2+ n2 e� i(lx+ my+ nz)

in
l2+ m2+ n2 e� i(lx+ my+ nz)

1

C
A : (1)

Figure 2 demonstratesthe differencesin the characteristic
function obtainedusing the different ~Fl ;m;n for individual
point sampleswith different normal orientations(left and
middle) anda point setconsistingof 100 points randomly
distributedover theboundaryof thesquare.Themiddlerow
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Figure 2: Characteristic functionsobtainedfrom a point with a
90� degreenormal(left), a pointwith a 60� degreenormal(middle),
anda point setsampledfromtheboundaryof a square (right). Re-
constructionsareshownusingthefunctions~Fl ;m;n whosecoordinate
functionsare equal (middle)and functionsde�ned by Equation1
(bottom).Pointswith positivevalueare drawnin white, pointswith
negativevaluein black, andpointswith zero-valuein gray.

shows the characteristicfunction obtainedusing the func-
tions ~Fl ;m;n whosecoordinatefunctions are equal. In this
case,theanisotropicnatureof thefunctionresultsin charac-
teristic functionsthatdo not rotatewith thenormals,result-
ing in a non-uniformdistribution of noisein thereconstruc-
tion of the square.In contrast,the characteristicfunctions
obtainedusingEquation1 (botom)rotatewith the normals
andgive riseto a smootherreconstruction.(Theuniqueness
of thefunctions~Fl ;m;n is discussedin theAppendix.)

OneshouldnotethatcomputingtheFourierCoef�cient of
thecharacteristicfunctionusinga Monte-Carloapproxima-
tion of Stokes' Theoremde�nes all theFourier coef�cients
of thecharacteristicfunctionexcepttheconstantorderterm.
Thus,theobtainedfunctionis well de�ned up to anadditive
constant.Furthermore,in thecasethat we do not know the
samplingdensity(i.e. thesurfaceareaassociatedwith each
samplepoint), the resultantcharacteristicfunction is only
well de�ned up to amultiplicativeconstant.

3.3. Computing the Fourier Coef�cients

While themethoddescribedin theprevioussectionprovides
a direct way for obtaining the Fourier coef�cients of the
characteristicfunction, it requiresa summationover all of
the input samplesto computea single Fourier coef�cient.
Thus, in the casethat both the numberof input samples
andthereconstructionband-widtharelarge,explicitly com-
puting the summationbecomesprohibitively slow. In this
section,we show that this summationcanbe expressedas
a convolution so that the Fast Fourier Transformcan be
usedto computethecharacteristicfunctionef�ciently . Con-
sequently, if N is the numberof input samplesandb is the
reconstructionband-width,usingtheFFT for surfacerecon-

structionwe obtain a reconstructionalgorithm with com-
plexity O(b3 logb+ N), (ascomparedto the O(b3N) com-
plexity of theexplicit summationapproach).

Our approachis to representthe orientedpoint setby a
gradient�eld which is almosteverywherezeroexceptat the
samplelocations.At theselocationsthe valueof the gradi-
ent �eld is equalto the normalof the correspondingpoint
sample.Speci�cally, weset~N : R3 ! R3 to bethefunction:

~N(~p) =
1
N

N

å
j= 1

d~p j
(~p)~n j

whered~p is theKroneckerDeltafunctioncenteredat~p. The
advantageof this representationis that its Fourier coef�-
cientsare closely relatedto the Fourier coef�cients of the
characteristicfunction. Speci�cally, if we set~l = (l ;m;n)
thenthe~l-th Fourier coef�cients of the characteristicfunc-
tion andthe~l-th Fouriercoef�cients of thegradient�eld are:

ĉM(~l ) =
i

Nk~lk2

N

å
j= 1

e� ih~l ;~p j i h~n j ;~l i ~̂N(~l ) =
1
N

N

å
j= 1

e� ih~l ;~p j i~n j :

Thus,the~l-th Fourier coef�cient of the characteristicfunc-
tion canbe obtainedby multiplying the~l-th Fourier coef�-
cientof thegradient�eld by i=k~lk2 andtakingthedotprod-
uctwith thevector~l :

ĉM(~l ) =
i

k~lk2
h~̂N(~l);~l i :

(Notethat,by abuseof notation,~̂N(~l ) is a 3D complex vec-
tor, obtainedby computingthe Fourier coef�cients of each
of thecoordinatefunctionsof ~N independently.)

In practice,we implementthis reconstructionof thechar-
acteristicfunctionby “splatting” thesamplenormalsinto a
voxel grid, (whereeachvoxel storesa 3-vector) and then
convolving the “splatting” function with a �lter ~F whose
(l ;m;n)-th Fouriercoef�cient is:

~̂F(l ;m;n) =
i(l ;m;n)

(l2 + m2 + n2)
:

This is an extendednotion of the standardconvolution. In
general,convolving thepoint sampleswith a �lter resultsin
a function that is the sumof the �lters centeredat eachof
thesamplepoints.Theresultof our extendedconvolution is
a summationof �lters thatarenot only centeredat thesam-
ple pointsbut alsoalignedwith thenormals.Intuitively, this
meansthat the reconstructionof the characteristicfunction
is performedby taking functionsshown in the bottomrow
of Figure2, translatingthemto alignwith thesamplepoints
androtatingthemto alignwith thenormals.

One can view this reconstructionof the characteristic
function asan integration.Speci�cally, we know that inte-
grationactson thecomplex exponentialsby:

Z
eikqdq =

� i
k

eikq
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so that integrationis equivalentto convolution with a �lter
whosek-th Fourier coef�cient is � ik=kkk2. In this context,
multiplicationof the~l-th Fouriercoef�cient of ~N by i~l=k~lk2

canbeviewedasanintegrationof thesurfacegradient�eld
– a vector�eld which pointsin the directionof the surface
normalsat the surfacepointsand is zeroeverywhereelse.
Integrating this gradient�eld, we obtaina function that is
constantalmosteverywhere,with asharpchangein valueat
thesamplepointssothatpointsinterior to themodelall have
the sameconstantvalue ci and points outsideall have the
sameconstantvalueco, with co 6= ci . (Wemake thenormals
inwardfacingsothatthevalueof thecharacteristicfunction
is largerinsidethemodelandsmalleroutside.Thisgivesrise
to thechangein signof theintegration�lter .)

3.4. Extracting the Iso-Surface

In order to extract an iso-surface from the characteristic
function, we needto choosean appropriateiso-value.We
describetwo waysin which thiscanbedone.

First, we canusethe fact that the characteristicfunction
hasa valueof oneinsidethe solid anda valueof zeroout-
sideof it. Thismotivateschoosinganiso-valueequalto 0:5.
Since,asdiscussedin theprevioussection,thecharacteristic
functionis only de�nedupto anadditiveconstant,wewould
�rst needto computetheconstantordercoef�cient, or solid
volume.(This canbe done,for example,by usinga func-
tion suchas ~F0;0;0(x;y;z) = (x;y;z)

3 :) However, this type of
approachhastwo limitations:First, it assumesthatthesam-
pling densityis givensothattheambiguityin themultiplica-
tive scalefactorof the characteristicfunction hasbeenre-
solved.Second,andmoreimportant,this methodfails to be
robust in thecasewhentheinput pointsaresamplesfrom a
modelthatis notwater-tight. In thiscase,thecomputedvol-
umewill vary with thetranslationalalignmentof thepoints
andtheshapeof thereconstructedsurfacewill dependonthe
coordinateframeof inputsamples.

Instead,wecancomputetheaveragevalueof theobtained
characteristicfunctionat thesamplepositions~p j . Sincewe
would like the input points to lie on the reconstructedsur-
face,we simply setthe iso-valueequalto this average.The
advantageof this approachis that it providesa robust iso-
surfacingvalueevenin thecasethatinputpointsareobtained
from amodelthatis not-water-tight.

3.5. Non-Uniform Sampling

In our approach,we computethecharacteristicfunctionby
usingStokes' theoremto transforma volumeintegral into a
surfaceintegral.Wethenapproximatethesurfaceintegralby
a discretesummationover pointsdistributedon thesurface
of themodel.In orderfor theapproximationto berobust,the
distributionof samplepointsneedsto beuniform.However,
in many applications,thesamplesmaybenon-uniform.

In the casethat the samplingdensityabouteachpoint is
given,we canaddresstheproblemof non-uniformityin the
standardmanner– weighingthe contribution of eachsam-
plepoint to theoverall integralasa functionof thesampling
density. Speci�cally, weassignaweightto eachsamplethat
is the reciprocalof the regional samplingdensityandpro-
ceedasbefore:(1) We scaleeachnormalby the weight of
its sampleandsplattheweightednormalsinto a voxel grid,
(2) weconvolvethevoxel grid with theintegration�lter , and
(3) we extract the iso-surfaceat the iso-valueequalto the
weightedaverageof theiso-functionat thesamplelocations.

For thecasethatwe do not know thesamplingdensitya
priori, weproposeasimpleheuristicfor assigningweightsto
the samples.Our approachis basedon the observation that
the 3D function obtainedby summingGaussianscentered
at eachof thesamplepointshasthepropertythat thevalue
of thefunctionis proportionalto thelocal samplingdensity.
Thismotivatesthefollowing approachfor assigningweights
to the samples:We “splat” the samplesinto a voxel grid –
addinga valueof oneto eachvoxel whosepositioncorre-
spondsto the position of a sample– and convolve with a
Gaussian�lter . Wethenassignaweightto eachsamplepoint
~p whichis thereciprocalof thevalueof theconvolutionat~p.
Sincethevalueof theconvolution at a point is proportional
to the local samplingdensity, the reciprocalis proportional
to thesurfaceareaassociatedto thepoint,providing theap-
propriateweightingfor theMonte-Carlointegration.

While this methodis easyto implementandwe �nd that
it workswell in practice,we stressthat it is only a heuristic
asit assignsaweightthatis inverselyproportionalto the3D
samplingdensity, not thesamplingdensityover thesurface.

4. Resultsand Discussion

In ordertodeterminehow well ourmethodworksin practice,
we ran our reconstructionapproachon orientedpoint sets
obtainedby samplingtriangulatedmodelsandcomparedthe
obtainedreconstructionwith the initial model.Speci�cally,
we designedour experimentsto evaluatethe quality of the
reconstructionasa function of the numberof samples,the
band-widthof thereconstruction,thepresenceof holesand
missingdata,non-uniformsampling,andtheadditionof po-
sitionalandnormalnoise.

4.1. Experimental Results

To evaluatetheeffect of samplesizeandband-widthon the
quality of the reconstruction,we obtainedsamplesby ran-
domlychoosingpointsonthesurfaceof theStanfordBunny,
wherethe probability of choosinga positionfrom within a
speci�c trianglewasproportionalto theareaof the triangle
(as in [OF� 01]) andthe normalof the point wasset to the
normalof thetrianglefrom whichthepositionwassampled.
Theoriginalmodelis shown in Figure3, with aninsetshow-
ing thattheoriginalmodelhasholesin its baseandtherefore
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Figure 3: The original modelfrom which the test sampleswere
obtained.Theinsetshowsa view of thebaseof themodel,indicating
that themodelis notwater-tight.

Figure4: Reconstructedsurfacesof theStanford bunnywith differ-
ent numbers of surfacesamples(N) and different band-widths(b).

doesnotde�ne asolidvolume.Theresultsof reconstruction
experimentsatdifferentsamplesizes(N) anddifferentband-
widths(b) arepresentedin Figure4 andTables1 and2.

As Figure 4 indicates,our methodreturnsa model that
approximatestheinputandsmoothly�lls in theholeswhere
datais missing.The imagealsoshows that the accuracy of
reconstructionincreaseswith samplesizeandband-width.

b = 32 b = 64 b = 128

N = 1000
T= 12;384
s= 0:16

T= 51;112
s= 1:07

T= 206;448
s= 8:05

N = 10;000
T= 11;952
s= 0:18

T= 49;776
s= 1:11

T= 201;804
s= 8:04

N = 100;000
T= 11;880
s= 0:52

T= 49;508
s= 1:44

T= 200;668
s= 8:60

Table 1: ThesizeT, in triangles,andcomputetimes, in seconds,
for reconstructionof theStanford bunnyasa functionof thenumber
of samples(N) andband-width(b).

b = 32 b = 64 b = 128 Error

N = 1000 0:43% 0:30% 0:29% RMS
3:11% 2:35% 2:37% Maximum

N = 10;000 0:32% 0:12% 0:06% RMS
2:42% 1:17% 0:68% Maximum

N = 100;000 0:31% 0:10% 0:04% RMS
2:33% 0:70% 0:37% Maximum

Table 2: Thedistance, asa percentage of modelsize, of theinitial
modelfromthereconstructedsurfaceasa functionof thenumberof
samples(N) andband-width(b).

Thecomputationalcomplexity andthecomplexity of the
reconstructedsurfacesaredescribedin Table1. Becauseour
reconstructionalgorithmrunsin O(b3 log(b) + N) time and
becausethetrianglecountis quadraticin thesamplingreso-
lution, we �nd thatdoublingtheband-widthresultsin com-
putationtime that is roughlyeight timeslargeranda recon-
structedmodelwith four timesthenumberof triangles.Ad-
ditionally, the tablehighlightsthe fact the limiting factorin
thereconstructionis thecomputationof theforwardandin-
verseFouriertransforms,sothatchangingthenumberof in-
put samplesdoesnotmarkedlyaffect computationtime.

To evaluatehow well our methodreconstructsthe sur-
faceof the model,we randomlysampledthe initial model
at100;000pointsandcomputedthedistancefrom thesetest
pointsto the reconstructedmodels.Table2 givesthe accu-
racy of thereconstructedmodelsshown in Figures4 in terms
of the root meansquare(RMS) andmaximumdistanceof
thesemodelsfrom thetestpoints(with thedistancegivenas
a percentageof the voxel resolution).As expected,the ta-
ble indicatesthat thequality of thereconstructionimproves
whenthesamplesizeandreconstructionband-widtharein-
creased.Thetablealsoshows that theRMS errorsdoesnot
exceedthe sizeof a voxel and,whenthe surfaceis recon-
structedatsuf�ciently highresolution,themaximumerroris
alsosmallerthana voxel. Thus,our methodprovidesa fast,
water-tight reconstruction,with sub-voxel accuracy. (Note
thatsincethebunny modelhasholes,water-tight reconstruc-
tions mustintroducesurfacepatchesthat arenot presentin
theinitial model.As a result,symmetrizingtheerrormetric
by samplingpointson thereconstructionandmeasuringthe
distanceto the initial model would result in an inaccurate
measureof reconstructionaccuracy.)

To evaluatetherobustnessof our methodin thepresence
of larger aberrations,we ran our algorithmon an oriented
pointsetthatwasuniformly sampledfrom partof amodelof
humanhead.Figure5showsthesurfacefromwhichthesam-
plesweretaken(toprow) andthereconstructionreturnedby
our method (bottom row). In this experiment,the sample
sizewasset to N = 100;000 and the reconstructionband-
width wassetto b = 128.Although the input samplesonly
comefrom afractionof thesurface,the�gure showsthatour
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Figure 5: Reconstructedsurfacesof a humanfaceusingsamples
froma 3D model.Viewsof theoriginal modelare shownin thetop
row. Viewsof thereconstructed,water-tight modelare shownin the
bottomrow.

methodreturnsa solid model that accurately�ts the input
sampleswhile providing a reasonablereconstructionof the
surfacein theregionswherenosamplescouldbeprovided.

Figure6 showsthereconstructionsfor apointsetthatwas
uniformly sampledfrom thesurfaceof thetoesof Michelan-
gelo's David model (N = 100;000, b = 128). The initial
modelis shown ontheleft, with acrackbetweenthe�rst two
toesresultingfrom thescanner's inability to seetheregion.
Usingourmethodto reconstructthesurfaceof themodelby
assigninguniformweightsto eachsamplepointgivesriseto
thesurfaceshown in themiddlecolumn.While this surface
accuratelyapproximatesthedataandresultsin awater-tight
reconstruction,it introducesa topologicalhandleconnect-
ing the �rst two toes.By assigningweightsto the samples
thatareinverselyproportionalto theregionalsamplingden-
sity, asdescribedin Section3.5, weobtainanew reconstruc-
tion (right column)thatgivesmoreweightto thepointsnear
theboundaryof thecrack.This forcesthereconstructionto
maintainthe surfaceorientationnearthe missingdataand
resultsin a reconstructionthatdoesnothave thetopological
artifactintroducedwhenuniformweightsareused.

To evaluatethe performanceof our methodin the pres-
enceof non-uniform sampling,we generatedan oriented
pointsetby randomlysampling100;000pointsfrom thesur-
faceof the “Happy Buddha”model,Figure7(a), wherethe
probability of choosinga point was a function of the sur-
facecurvature.An imageof the point set is shown in Fig-
ure7(b), with sparsesamplingin low curvatureregions(e.g.
the stomachand the baseof the pedestal)and densesam-
pling in high curvatureregions.Figure 7(c) shows the re-
constructionobtainedusinguniform weightingwhich over-
integratesthehighcurvatureareas,resultingin apoorrecon-
structionin planarregions.In contrast,Figure7(d) showsthe
reconstructionobtainedwhenwe useour weightingmethod
to assignweights to the samples.As the �gure indicates,

Figure6: ThetoesofMichelangelo'sDavidmodel(left) andthere-
constructionsobtainedusinguniformweights(middle)andweights
thatare inverselyproportionalto thesamplingdensity(right).

Figure 7: Reconstructionsfroma non-uniformpoint set.Theini-
tial Buddhamodel(a), the point setsampledas a functionof sur-
facecurvature(b), thereconstructedsurfaceobtainedusinguniform
point weighting(c), andthesurfacereconstructedusingour weight
assignmentmethod(d).

the reconstructionscloselyapproximatesthe initial surface
(Figure7(a)), indicatingthat thoughour weightassignment
methodis a heuristic,it givesa goodapproximationto the
truesamplingdensityandresultsin robustreconstructions.

Finally, to testhow well ourmethodperformsin thepres-
enceof noise,we sampleda cow modelat 100,000points
and addednoise to both the position and normal of each
sample.Noisewasaddedto eachsampleby randomlydis-
placingthepositionby a�x eddistanceandrandomlychang-
ing thedirectionof thenormalby a �x edangle.Therecon-
structedcow modelsareshown in Figure8. Therows show
thechangein thereconstructedmodelasthepositionalnoise
is increasedandthecolumnsshow thechangeastheangular
noiseis increased.Theresultsin theimageindicatethatour
reconstructionmethodis robust in thepresenceof bothpo-
sitionalandangularerror. In particular, the�gure showsthat
ourmethodreconstructsall but thefeaturesof themodelthat
aresmallerthanthe displacementsize.For example,when
a displacementvalueof 1/32-ndof the boundingradiusis
used(right column),the body of the cow is reconstructed,
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Figure8: Reconstructionsof a cowmodelwherevaryingamounts
of noisewereaddedto thepositionandthenormalsof thesamples.

but thelegsandhorns,whosewidthsaresmallerthesizeof
thedisplacement,canno longerbereconstructed.More im-
portantly, theseresultsshow thatourmethodremainsrobust
in the presenceof signi�cant normalerror. This is particu-
larly importantin practicalsettings,becausethoughthepo-
sitionsof thesamplepointsmaybeaccuratelyobtainedwith
3D scanners,the normals,which aredifferentialproperties
of thesurface,areoftenmorenoisy.

4.2. Discussion

4.2.1. Memory Requirements

Onelimitation of our approachis its memoryrequirements.
If we would like to obtaina high detail reconstructionof a
model,it is necessaryto generatea largevoxel grid. Speci�-
cally, if we would like to reconstructa modelat band-width
b it is necessaryto perform forward and inverseFFTs on
a 2b� 2b� 2b voxel grid. Assumingthat the valuesof the
voxelsarestoredat �oating pointprecisionthis impliesthat,
giventhememorylimitationsof commoditycomputers,our
methodcannotreconstructa surfuceusinga voxel grid with
resolutionlargerthan512� 512� 512.

4.2.2. Translation, Additi vity, and Noise

An importantfeatureof ourmethodis thatit commuteswith
translationandis additive. That is, (1) the implicit function
obtainedfrom a translatedpoint set is equalto the transla-
tion of the implicit function obtainedfrom the initial point
set,and(2) theimplicit functionobtainedfrom theunionof
two subsetsis equalto thesumof theimplicit functionsob-
tainedfrom eachsubsetindependently. A propertythatany
suchmethodsatis�esis thatif wecanmodelthenoiseacting
onthesamplesby aprobabilitydistribution,thentheimplicit
functionobtainedfrom noisysampleswill approximatethe

convolutionof thenoisemodelwith theimplicit functionob-
tainedfrom noise-freesamples.For example,if thesampling
noiseis Gaussian,the reconstructedcharacteristicfunction
of the noisy sampleswill approximatea smoothedversion
of thecharacteristicfunctionof thenoise-freesamples.As a
result,thesurfacereconstructedfrom sampleswith Gaussian
noisewill resembleasmoothedversionof theinitial model.

4.3. Comparison to RelatedMethods

Our methoddiffers from muchof thepreviouswork in sur-
facereconstructionin thatthe�tting of thereconstructedsur-
faceto the samplesrequiresa simple global optimization.
Speci�cally, due to the additive natureof the reconstruc-
tion process,we �t the characteristicfunction to the sam-
ple pointson a point-by-pointbasiswithout consideringthe
proximityof adjacentpoints.Then,toextracttheiso-surface,
we optimizeby simply settingtheiso-valueequalto theav-
erageof thecharacteristicfunctionat thesamplepoints.

In orderto evaluatetheeffectsof our globaloptimization
on the accuracy of retrieval, we comparedthe reconstruc-
tions obtainedusing our methodwith the reconstructions
obtainedusing Radial BasisFunctions[CB� 01, RBF] and
Multi-Level Partitionof Unity Implicits [OB� 03, MPU].

To comparethesemethodsweranthereconstructionalgo-
rithm onpointsetsobtainedfrom water-tight modelsof ahu-
manpelvisandtheArmadillo Man. In the �rst experiment,
thepoint setswerenon-uniformlysampledfrom thesurface
of themodelandin thesecondexperiment,thepointswere
uniformly sampledfrom the surfaceof the modelandthen
noisewasaddedto the samplesprior to the reconstruction.
Theresultsof ourexperimentsareshown in Figures9 and10
andthe complexity andaccuracy of the reconstructionsare
describedin Table 3. In both experiments,the points sets
consistedof N = 100;000samplesandthesurfaceswerere-
constructedataband-widthof b= 128.Theaccuracy of are-
constructionwasmeasuredby uniformly sampling100,000
pointsfrom boththeinitial modelandthereconstructedsur-
faceandcomputingthedistancesof thepointssampledfrom
the initial surfaceto the reconstructedsurfaceandthe dis-
tancesof thepointssampledfrom thereconstructedsurface
to theinitial surface.

The resultsfrom the pelvis experimentdemonstratethat
all three methodsreturn accuratereconstructionsof the
model,despitethe non-uniformity in the samplingandthe
largegenusof themodel.Furthermore,astheresultsin Ta-
ble3 indicate,eventhoughouroptimizationstepis asimple
averagingoperationthat resultsin fasterreconstruction,the
lack of explicit local optimizationsdoesnot give rise to a
lessaccuratereconstruction.Thusour methodreturnsa re-
constructionthat hasthe sameresolutionand accuracy as
competingreconstructionsbut runsin lesstime.

Thedifferencein theapproachesbecomesampli�ed in the
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Figure9: A non-uniformsamplingof pointsfromthehumanpelvis
(a) and the reconstructionsobtainedusingRadialBasisFunctions
(b), Partition of Unity Implicits (c), andour method(d).

Figure10: Thearmadillo-manmodel(a) andreconstructionsfrom
a noisy point sampleobtainedusing Radial BasisFunctions(b),
Partition of Unity Implicits (c), andour method(d). Theinsetshows
a magni�cation of themodel's face, showingthat thelocal natureof
previousreconstructionapproachesresultsin noisyreconstructions.

Armadillo Man experimentwhennoiseis addedto thesam-
ples. In the resultsof this experiment,the local optimiza-
tionsof theRadialBasisFunctionandPartitionof Unity ap-
proachesgive rise to surfacesthat strive to interpolatethe
samplesandarethemselvesnoisy. In contrast,the additive
natureof our method(asdescribedin theprevioussection)
gives rise to a surfacereconstructionthat averagesout the
noiseandreturnsa surfacethat resemblesa smoothedver-
sion of the initial modelandis, on average,abouttwice as
accurateasthereconstructionof thecompetingmethods.

The local natureof theoptimizationsin theRadialBasis
FunctionandPartition of Unity approachesis furtherhigh-
lited by thetiming resultsin Table3. Sincetheinputsamples
arenoisy, the iterative local optimizationsconverge lessef-

Model Time Tris. RMS Max

RBF 5 : 23 302K 0:10% 2:19%
Pelvis MPU 0 : 39 288K 0:12% 3:37%

Ours 0 : 12 289K 0:11% 1:85%

RBF 24: 10 200K 0:13% 0:50%
Armadillo MPU 2 : 14 205K 1:16% 12:71%

Ours 0 : 11 176K 0:07% 0:67%

Table 3: A comparisonof the reconstructiontime (min:sec),the
trianglecount,andtheaccuracyof thereconstructionsof thepelvis
and Armadillo Man modelsusing Radial BasisFunctions,Multi-
LevelPartition of Unity Implicits,andour method.

�ciently , making the Radial BasisFunctionreconstruction
run � ve timesslower andthePartition of Unity reconstruc-
tion run threetime slower. In contrast,theef�ciency of our
method,which only performsa singleaveragingoptimiza-
tion, is not affectedby the noisein the data,returningan
accuratereconstructionin thesameamountof time.

5. Conclusionand Futur eWork

In this paperwe have presenteda novel method for re-
constructingseamlessmeshesfrom orientedpoint samples.
Ourmethoddiffersfrom pastapproachesin thatit leverages
Stokes'Theoremto provideamethodfor surfacereconstruc-
tion that doesnot requirethe establishmentof topological
relationsbetweenadjacentpoints and involves no implicit
parameter�tting. Consequently, weprovideasurfacerecon-
structionmethodthat is bothsimpleandef�cient. We have
shown that the methodis robust andcanbe usedto recon-
struct the surfaceof 3D solids in the presenceof missing
data,non-uniformsampling,andnoise.

In the future,we would like to considerusinga method
akin to PolyCube-Maps[TH� 04] to decomposethe input
samplesinto a collection of regionally localized subsets.
This would enableus to run our methodon eachof the
subsetsindependently, allowing us to overcomethe mem-
ory bottleneckthatrestrictstheresolutionof reconstructable
detail.We expectthat theadditive natureof our reconstruc-
tion processshouldfacilitatethistaskby providing amethod
for stitchingtogetheradjacentreconstructions.
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Apppendix

To reconstructasurfacefrom anorientedpointset,wecom-
putetheFouriercoef�cients of thecharacteristicfunctionby
approximatingsurfaceintegrationbyaMonte-Carlosumma-
tion. To do this we needto de�ne complex vectorfunctions
whosedivergencesareequalto thecomplex exponentials.

In this appendix,we show that althoughtherearemany
complex vectorfunctionswhosedivergencesareequalto a
givencomplex exponential,if wewould like thereconstruc-
tion to satisfytwo simpleproperties,thesevectorfunctions
have to be unique.In particular, we show that if we would
like thereconstructionprocessto satisfy:

� Thecontributionof apoint to thereconstructedimplicit is
independentof thecontributionof any otherpoint,and

� The reconstructioncommuteswith translationand rota-
tion (translationsand rotationsof the point set result in
correspondingtranslationsandrotationsof theimplicit)

thenthevectorfunctiongiving rise to the~l-th Fouriercoef-
�cient canonly be:

~F~l (~q) =
�

i~l=k~lk2
�

e� ih~l ;~qi :

To prove this,we recall thatgivena point setf ~pi ;~nig, the
~l-th Fouriercoef�cient of theimplicit functionis de�nedby:

F̂(~l ) = å i

D
~F~l (~pi);~ni

E
:

Sinceweassumethatthecontributionof any pointis inde-
pendentof any otherpoint,it suf�ces toprovetheuniqueness
propertyfor thecasewhenthepoint setconsistsof a single
orientedpoint f ~p;~ng.

The condition that the reconstructedfunction commutes
with translationimplies that if F̂(~l ) is the~l-th Fourier co-
ef�cient of the reconstructionobtainedusing the oriented
point f ~p;~ng, then e� ih~l ;~p0i F̂(~l ) is the~l-th Fourier coef�-
cientof thereconstructionobtainedusingtheorientedpoint
f ~p+ ~p0;~ng. Sincethis mustbe true for any normalvector
~n, it follows that the function ~F~l (~p) canbe factoredas the

product~F~l (~p) = ~G(~l)e� ih~l ;~pi with ~G(~l ) 2 C3.

Moreover, sincethedivergenceof ~F~l (~p) hasto beequalto

e� ih~l ;~pi , it follows that� ih~G(~l );~l i = 1. Thus,weknow that:
~G(~l) = i~l=k~lk2 + ~l? (2)

where~l? is avectorperpendicularto~l .

Sincewe alsowant the reconstructionto commutewith
rotation,this implies that if F̂(~l ) is the~l-th Fourier coef�-
cientof thereconstructionobtainedusingtheorientedpoint
f ~p;~ng, thenF̂(R(~l )) is the~l-th Fouriercoef�cient of there-
constructionobtainedusingtheorientedpoint f R(~p);R(~n)g,
for any rotationR.

Thus,in orderfor thereconstructionprocessto commute
with rotation,thefunction~G(~l ) mustsatisfytheproperty:

R(~G(~l )) = ~G(R(~l )) :
Clearly, the function ~G(~l) = i~l=k~lk2 satis�es this property.
On the otherhand,if we take R to be a rotationaboutthe
vector~l , we get R(~G(~l )) = ~G(~l). Thus, it follows that~l?

(in Equation2) mustbe zero,andhencethe only function
satisfyingtranslationandrotationcommutativity is:

~F~l (q) =
�

i~l=k~lk2
�

e� ih~l ;~qi :
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Figure 11: A reconstructionof theStanford bunnymodelfrom range scans:Someof the initial scansof themodel,obtainedfromdifferent
view points,are shownin (a). Thecompletepoint set,obtainedby merging thescans,is shownin (b). Thereconstructedsurfaceis shownin
(c). Anda visualizationof thesurface, obtainedby mappingthenormalcoordinatesto RGBis shownin (d). Notethat althoughtheoverlapof
differentscansresultsin a non-uniformdistribution of points,our weightingschemecorrectlyassignssamplingdensitiesto the input points,
resultingin an accurateand smoothreconstructionof thesurface(as demonstratedby thesmoothvariation of normalsseenin (d)). (Model
courtesyof Stanford UniversityComputerGraphicsLaboratory.)
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