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Key Questions

How to store the mesh?

Aim for efficiency in implementing subdivision rules

Zorin & Schroeder
SIGGRAPH 99
Course Notes W,




-
Polygon Meshes

Mesh Representations
o Independent faces
o Vertex and face tables
o Adjacency lists
Winged-Edge

@)




-
Independent Faces

Each face lists vertex coordinates

(x,?,! 3: 23)

(x‘l ’ Y1 ’ Z'l)
(X5, Yo, Zo) (X5, Vs, Zs)

FACE TABLE

F1 (x'l ’ y'l ’ Z'I) (x2! y2! 22) (XS! y3! 23)
F2 (."'(25I y2! 22) (X4, y4! 24) (XS! y3! 23)
F3 (."'(25I y2! 22) (XS! y5! 25) (x4! y4! 24)
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Independent Faces

Each face lists vertex coordinates

x Redundant vertices

(x‘l:! Y1: Z'l)

(x,?,! 3: 23)

(X5, Yo, Zo) (X5, Vs, Zs)

FACE TABLE

Fy

(X'I:- y'l',- Z'I) (x ’ y , £ (XS! y3! 23)
X5, Yo, Z )bx4,y4,z4ﬁ(x3,y3,zg)
H

(X5, Vs, Z5) (X4, Va4, Z4))
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Independent Faces

Each face lists vertex coordinates
x Redundant vertices

(x,?,! 3: 23)

(x‘l ’ Y1 ’ Z'l)
(X5, Yo, Zo) (X5, Vs, Zs)

FACE TABLE

F1 (X'I:- y'l',- Z'I) (x ’ y , £ (XS! y3! 23)
F2 [ (X0, Yo, Z )kx4, Y4, Z4§l()(3, Y3, Z3)
= Hf.. > X1, Ya, 24)

= Changing a vertex requires changing
\- the coordinates of each instance.
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Independent Faces

Each face lists vertex coordinates
x Redundant vertices
x No (efficient/precise) (X3, Y3, Z3)
vertex-adjacency info (X4: Vs> Z4)

(x‘l ’ Y1 ’ Z'l)
(X5, Yo, Zo) (X5, Vs, Zs)

FACE TABLE

F1 (x'l ’ y'l ’ Z'I) (x2! y2! 22) (XS! y3! 23)
F2 (."'(25I y2! 22) (X4, y4! 24) (XS! y3! 23)
F3 (."'(25I y2! 22) (XS! y5! 25) (x4! y4! 24)




-
Vertex and Face Tables

Each face lists vertex references

(x,?,! 3: 23)

(X1, ¥y, Z4)
(X5, Yo, Zo) (X5, Vs, Zs)

VERTEX TABLE EACE TABLE

V11X Y 4 Fq | vq Vo) Vs
(% ] |Fy (Valva] Vs

Vg X3 Yg Zg Fa [V2 [Vs (V4
ValXa Ya 4

Vg | X5 Y5 Zg
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Vertex and Face Tables

Each face lists vertex references
v’ Shared vertices

(x,?,! 3: 23)

(x‘l:! Y1: Z'l)
(X5, Yo, Zo) (X5, Vs, Zs)
VERTEX TABLE EACE TABLE
VilX1 1 4 Fol vy [va]vs
Vo X Yo Zo| Fo [VolVal Vs
V3 X3 Y3 Z3 Fa [V [Vs |V
ValXxa Yga Z,i' ° ° _4'
= Changing a vertex requires changing

- | the coordinates of a single point. | /
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Vertex and Face Tables

Each face lists vertex references
v’ Shared vertices

x No (efficient) adjacency info  Xs: Y3, Z3)

(x‘l:! Y1 ’ Z'l)
(X5, Yo, Zo) (X5, Vs, Zs)
VERTEXTABLE| | FACE TABLE
Vi|& Y 4 Fi|Vq Vo Va
V21 %2 Y2 22 Fo Vo Vg V3
V3|X3 Y3 23 F3|Vo V5 V4
ValXa Yqa 4y
V5| X5 Y5 Zsg
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Adjacency Lists

Store all vertex, edge, and face adjacencies
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Adjacency Lists

Store all vertex, edge, and face adjacencies
v’ Efficient adjacency info
x Extra storage
x Variable size arrays
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Adjacency Lists

Store all vertex, edge, and face adjacencies
v’ Efficient adjacency info

x Extra storage

x Variable size arrays
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Adjacency Lists

Store all vertex, edge, and face adjacencies
v’ Efficient adjacency info
x Extra storage

x Variable size arrays

{E}

VRN s

Can we store only some (fixed-size)
adjacency relationships and derive others? F2F
In general, redundancy creates

opportunity for inconsistency.
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Winged Edge

Adjacency encoded in edges
v" All adjacencies in 0(1) time 2
v Little extra storage | !
v’ Fixed-size records
v Supports polygonal faces
x Mesh assumed to be oriente

{Vy ¥

Each edge stores:
4 "wing” edges
2 vertices
2 faces
Each face stores:
1 (some) edge
Each vertex stores:
\ 1 (some) edge .
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Winged Edge

Vertex table:

o A reference to some incident edge

VERTEX TABLE

LAERSERATEAN I
Vo | Xo Yo Zo | g
V3| X3 Y3 Z3 | e3
Va|Xq4 Y4 Za ] es
V5| X5 Y5 Zs | o6

EDGE TABLE

S E L R L R L R
81|V V3 Files e> o4 o3
&2 | V1 V2| Ky e 1 e3 eg
e3| Vo V3|F Falep e5 &1 ey
gq | V3 Vy Foley e3 e7 e5
e5 | Vo Vq|Fo Fgleg eg eq o7
¢ | V2 V5| F3 é5 €p €7 &y
e7 V4 V5 F3 €4 ©5 g en
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Winged Edge

Vertex table:

o A reference to some incident edge
o Vertex positions (and other attributes)

VERTEX TABLE

EDGE TABLE

S

E

L R

ey
e
€3
€4
5
°g
e7

F1
Fi F2
Fo
Fo F3
F3
F3

e
e
€
e
€3
€5

e
e
€5
€3
g
€2

e
e
e
e7
¢4
e7

e3
eg
€4
5
e7
e7
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Face table:

Winged Edge

o A reference to some incident edge
o (And other attributes)

VERTEX TABLE

EDGE TABLE

S

E

L R

VX Y1 4
Vo |Xo Yo Ip
Vg | X3 Y3 I3
Va|Xq Yg Z4
V5 | X5 Y5 Z5

6
€3
€5
6

ey
e
€3
€4
5
°g
e7

F1
Fi F2
Fo
Fo F3
F3
F3
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Winged Edge

(Directed) Edqge table:

o References to Start and End vertices (orientation arbitrary)

VERTEX TABLE

V91X Yy 4y | &

Vo |Xo Yo Zp | g
V3| X3 Y3 Z3 |e3
Va|Xq Ya Z4 | &5

V5 | X5 Y5 I | eg
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Winged Edge

(Directed) Edqge table:

o References to Start and End vertices (orientation arbitrary)
o References to Left and Right faces

VERTEX TABLE FACE
TABLE

Vi|X Y9 4y | &

Vo | Xo Yo I | &g Fi|eq

V3| X3 Y3 Z3 |e3 Fole3

Vg |Xq Ya Zy |e5 F3|es

V5| X5 Y5 Zs5 | eg
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Winged Edge

(Dlrected) Edge table:

References to Start and End vertices (orientation arbitrary)
o References to Left and Right faces

o References to immediate Left and Right
edges coming out of the Start vertex

VERTEX TABLE EDGSE TPEBLEL FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V-| Vg
Vo | Xo Yo I | &g ey V1 Vo | Fy Fi | e
V3| X3 Y3 Z3 |e3 ez | Vo V3| Fy Fo|es
Va|Xq Ya Z4 | &5 eq | V3 Vg Fq|esg
V5| X5 Y5 Z5 | eg o5 | Vo V4| Fo F3
og | V2 V5| F3
97 V4 V5
\_ J
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Winged Edge

(Dlrected) Edge table:

References to Start and End vertices (orientation arbitrary)

o References to Left and Right faces

o References to immediate Left and Right
edges coming out of the Start vertex

o References to immediate Left and Right
edges coming out of the End vertex "

VERTEXTABLE EDGE TABLE S

S E L R LU
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| es eo
Vo |Xo Yo Zo | &g g |V Vo Fy &1 ©f
V3| X3 Y3 Z3 |e3 ez | V2 V3| Fy Folep e
Vg Xq Y Zg | &5 eq | V3 Vg Foleq eg
V5| X5 Y5 Z5 | eg e5 | V2 Vq|F2 F3les e

og | Vo V5| Fg o5 &o

_ i
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Winged Edge

Boundary edges:

o Have only one incident face

VERTEX TABLE

Vi|X Y9 4y | &
Vo | Xo Yo I | &g
V3| X3 Y3 Z3 |e3
Va|Xq Y4 Zy |65
V5| X5 Y5 Zs5 | eg

EDGE TABLE

S E L R L R L R

Vi Va Fi|es e> &4 e3
Vi Vo | F e 1 e3 &g
m Vo Vo | F 8> 65 €1 &4
V3 Vy QFz 81 €3 €7 &5
o5 | Vo V4 2@ o3 6 ©4 o7
m V2 V5 F e €5 ey ey
(7] Va V5®3 €4 €5 &g &g
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Winged Edge

Boundary edges:
o Have only one incident face

o Wing edges are defined as though
the boundary was also a face

Vi
€, v, e Vs
VERTEX TABLE EDGlSE TP;EBLEL . S E FACE
TABLE
V-l :’(1 Y'I Z'I € 29 V'| Vg F-|
V2 )(2 Y2 Z2 eg V'| Vz F-| 6 6 F-| 9
Vg | X3 Yg Z3 | e3 eg | Vo Va|F1 Foles &5 e Foles
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 ey Fq|esg
V5| X5 Y5 Zg | eg e5 | Vo Vg |Fo Fgle3 e e 97
en V2 V5 F3 e €5 ey ey
e7 V4 V5 F3 €4 €5 e ©g
- J
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Winged Edge (Example)

Find CCW edges adjacent to v,.

<

Note that given a vertex v on edge e:

o If v is the Start, the next CCW edge is on
the Left of e, coming out of the Start. °1

o Otherwise, it is on the Right of e,

coming out of the End. TP
2 v o Vs
VERTEX TABLE EDGlSE TP;EBLEL - S o E . FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| e 82 g4 @3
Vo |Xo Yo Zo | &g g |V Vo Fy &1 &1 €3 &g Fqleq
V3| X3 Y3 I3 |e3 e3 | V2 V3| F1 F2)e2 e5 &1 &4 | |F2|e3
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg
V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7
% (V2 V5| F3  |e5 e e7 &7
e7 V4 V5 F3 €4 €5 e ©g
- J
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Winged Edge (Example)

Find CCW edges adjacent to v,:
o Initialize: Choose the only edge coming out of v,
o Do: Iterate CCW around v, y

o While: Haven't cycled back to
the start edge

VERTEX TABLE EDGE TPEBLEL - S o E . FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| e 82 g4 @3
Vo |Xo Yo Zo | &g g |V Vo Fy &1 &1 €3 &g Fqleq
V3| X3 Y3 Z3 |e3 e3|Vo V3| Fy Folez e5 e eg| |Foles
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg
V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7
¢ | V2 V5| F3 é5 €p €7 &y
e7 V4 V5 F3 €4 ©5 g en
\§ J
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Find CCW edges adjacent to v,:

Winged Edge (Example)

o Initialize: Choose the only edge coming out of v,

VERTEX TABLE

EDGE TABLE

S E

L R

X1 Yy

Xo Yo

g

X3 Y3
X4 Y4
X5 Yg

€3
€5
€6

&
2
€3
€4
€5
6
&7

Vi Vs
Vi Vo
Vo V3
V3 Vy

F1
Fi F2
Fo
Fo F3
F3
F3

e
e
e
e7
¢4
e7

e3
eg
€4
5
e7
e7
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Winged Edge (Example)

Find CCW edges adjacent to v,:

o Do: lterate CCW around v,
» If v, is the Start...

» Otherwise...
VERTEX TABLE EDGETABLE 8 = E FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| Qo 82 @4 aq
Vo |Xo Yo Zo | &g g |V Vo Fy &1 &1 €3 &g Fqleq
V3| X3 Y3 Z3 |e3 e3| Vo V3|Fy Falez e5 e1 eq| |Fo|eg
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg
V5| X5 Y5 Zg | eg e | Vo Va|Fo F3leg eg eq4 o7
eg( V2 )Vs | F3 \25/)92 &7 &7
©7|Va Vs F3| %1 e5 e ¢
\ J
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Winged Edge (Example)

Find CCW edges adjacent to v,:

o Do: lterate CCW around v,
» If v, is the Start...

» Otherwise...
VERTEX TABLE EDGSE T.t:‘EEsLEL . s E FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| Qo 82 @4 aq
Vo |Xo Yo Zo | &g g |V Vo Fy &1 &1 €3 &g Fqleq
V3| X3 Y3 Z3 |e3 ez Vo V3| Fy Folep e5 &1 eg| |Foleg
Va|Xq Ya Z4 | &5 eq | V3 Vg Fole1 e3 e7 ep Fq|esg
Vs | X5 Y5 Zg | eg e5( Vo )Va|Fo Fa(e3)eg e4 o7
6 | V3 V5|F3  [®5 ep e7 ¢
97 V4 V5 F3 94 95 96 E‘:G
\ _J
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Winged Edge (Example)

Find CCW edges adjacent to v,:

o Do: lterate CCW around v,
» If v, is the Start...

» Otherwise...
VERTEX TABLE EDGlSE TP}«EBLEL - S o E . FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| e 82 g4 @3
V2 )(2 Y2 Z2 eg g | V1 Vo Fy & & 83 &g Fileq
Vg | X3 Yg Z3 | e3 &3 V2)V3 F1 Fo 92)95 e1 €4 Foles
Va|Xa Y4 Zy |es es (V3 V4| F2 | e3 e7 e5| (F3|es
V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7
en V2 V5 F3 e €5 ey ey
e7 V4 V5 F3 €4 €5 e ©g
- J
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Winged Edge (Example)

Find CCW edges adjacent to v,:

o Do: lterate CCW around v,
» If v, is the Start...

» Otherwise...
VERTEX TABLE EDGlSE TP}«EBLEL - S o E . FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Eg\ F-| Qo 82 @4 ﬁg\
Vo |Xo Yo Zo | &g e | Vi (Vg )F-| &1 €1 ©3 (95 Fqleq
V3| X3 Y3 Z3 |e3 e3|Vo V3|Fy Folep e5 e & | [Fa|es
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg
V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7
en V2 V5 F3 e €5 ey ey
e7 V4 V5 F3 €4 €5 e ©g
- J
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Winged Edge (Example)

Find CCW edges adjacent to v,:

o While: Haven't cycled back to
the start edge

VERTEX TABLE EDGlSE TP}«EBLEL - S N E . FACE
TABLE
V-l :’(1 Y'I Z'I e1 29 V'| Eg\ F-| Qo 82 @4 ﬁg\
Vo | Xo Yo Zo | eg e [ Vq (V2 |)Fy e1 e e3 (e )| [F1]e
V3| X3 Yg Z3 | e3 e3 (Vo V3| Fq Foles e5 e1 &7 | |Folea
Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg
V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7
% | V2 V5|F3  e5 e e7 &7
K e7 V4 V5 F3 €4 €5 e ©g j
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Winged Edge (Example)

Find CCW edges adjacent to v,:
o Initialize: Choose the only edge coming out of v,
o Do: lterate CCW around v, y

o While: Haven't cycled back to
the start edge

VERTEX TABLE EDGlSE TPEBLEL - S o E . FACE
TABLE

V-l :’(1 Y'I Z'I e1 29 V'| Vg F-| e 82 g4 @3

Vo |Xo Yo Zo | &g g |V Vo Fy &1 &1 €3 &g Fqleq

V3| X3 Y3 I3 |e3 ez |V2 V3| Fy F2lex e5 & &g |Foles

Va|Xq Ya Z4 | &5 eq | V3 Vg Foley e3 e7 e5 Fq|esg

V5| X5 Y5 Zg | eg e5 | Vo Vq|Fo Fgleg eg eq o7

Computation time proportional to the size of the output.
- (Independent of the size of the mesh.)
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Outline

* Representing Meshes

e Parametric Curves




-

Parametric Curves

Given a 1D control lattice

Compute a smooth curve passing
through/near the control points
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Parametric Surfaces

Given a 2D control lattice

Compute a smooth surface passing
through/near the control points

Courtesy of C.K. Shene

Very closely related to subdivision surfaces!

“Exact Evaluation Of Catmull-Clark Subdivision Surfaces at Arbitrary Parameter Values” [Stam, 1998]
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Goals
Some attributes we would like to have: -
o Local support e m = _ /' ™)
o Simple/predictable -~ - - - T //’
o Continuous AR e
/ ’ \ s ="
| | /
\ \
N // S
~ L ”’ ~ ~
DS
\
. . \
We satisfy these goals using: |
0 PleceW|s§ / S RN ,
o Polynomials / / S~
L =7 ‘
\ \
N o - ’)
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What is a Spline in CG?

Definition:

A spline is a piecewise polynomial function whose
derivatives satisfy continuity constraints across
curve boundaries.
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What is a Spline in CG?

Piecewise: the spline is a collection
of parametric curves segments joined
together.

Polynomial functions: each segment
IS a parametric polynomial curve.
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Parametric Curves

Definition:

A parametric curve in d-dimensions is defined by a

d coordinate functions in a single variable u giving
the position of a point on the curve at each u value:

O(w) = (x1(w), -, xq(w))

®d(u) = (cosu,sinu,u)
ap

Courtesy of C.K. Shene

Note:
A parametric curve is not
the graph of a function.




G0 \
( & /"’.‘/L’
= n £ &
erivatives
B B
@‘"“\} .S
ARG W)
G 2 ¢§9

For a curve ®(u) = (x(w),y(u)), the derivatives of
the curve coefficients at a point u,:

o' (up) = (x’(uo),y'(uo))
describe a tangent to the curve.

Note:
The direction of the derivative is

determined by the path that the
®'(up) curve traces out.
/ / The magnitude of the parametric
derivative is determined by the

tracing speed.

d(u)
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Polynomials

Definition:

A polynomial in the variable u is:

“An algebraic expression written as a sum of constants
multiplied by different powers of a variable.”

P(u)=apg+a; - u+a, -u>+-+a, u" =zak-uk
k=0
The constant a;, is referred to as the k-th coefficient

of the polynomial P.

A polynomial P(u) has degree n if (a,, # 0 and ) for
all k > n, the coefficients satisfy a; = 0.
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Polynomials

Definition:

A polynomial in the variable u is:

“An algebraic expression written as a sum of constants
multiplied by different powers of a variable.”

n

P(u)=a0+a1-u+a2-u2+---+an-u"=2ak-uk
k=0

A polynomial of degree n has
n + 1 degrees of freedom

|

With n 4+ 1 pieces of information about a degree-n polynomial,

Kshould have enough information to reconstruct its coefficients i)
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Polynomials (Matrices)

n
P(u)=a0+a1-u+a2-u2+---+an-u"=2ak-uk
k=0

The polynomial P can be expressed as the matrix
multiplication of:
o A row vectors containing the powers of u, and

o A column vector containing the coefficients:

an

An-1

p(u) — (un un—l ul uO) . :
ay
Ao
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Polynomials (1st Derivative Matrice

n
P(u)=a0+a1-u+a2-u2+---+an-u"=2ak-uk

RA
Il
=)

The derivative of the polynomial is:

n
P'(u)=a1+2'az-u+---+n-an-u”‘1:Z:k.ak.uk—l
k=1

= The derivative of polynomial P can be expressed
as a matrix multiplication (with the same column):

An

Pw=mn-u"!* (n-1-u»?2 - 1 0)-
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Polynomials (Matrices)

Example:

Given the values of P(u) at n 4+ 1 different locations:
Po = P(uo), . pn = P(uy)

! cn

an
po = (Ul - u8)'<5>,~-,pn=(uﬁ ug).<i>
Ao Ao

We can stack the rows into a linear system:

(2%) ul - u (%)
Dn ul* o ud/\ag

- J
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Polynomials (Matrices)

Example:

Given the values of P(u) at n 4+ 1 different locations:
Po = P(uo), . pn = P(uy)

!

aAn n
pO p— (ug ) u8 -< E )’...’pn p— (ug co e u’)(’)l) -( E >
Ao Ao

We can stack the rows into a linear system, and
invert to get the coefficients:

~1
Po ul -+ ug\ /%n A u o ug Do
Dn ul* o ud/\ag ag ult oy Pn

- J
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Examples:

Parametric Polynomial Curves

2 3
y(u) =u y(u)=u7—2 y(u)=u?—2u

x(w) = u \ \/

x(u) =—-—2u
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Parametric Polynomial Curves

Examples:
o When x(u) = u, the curve is the graph of y(u).

3
y(u) =u y(u)=u—2—2 y(u)=u?—2u

x(u) = \

x(u) =—-—2u
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Parametric Polynomial Curves

Examples:

o When x(u) = u, the curve is the graph of y(u).

o Different parametric equations
can trace out the same curve.

x(u) =

x(u)=—-=2

yw =u

u u’
y(u)=7—2 y(u)=?—2u

]

x(u) =—-—2u
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Examples:

o Different parametric equations
can trace out the same curve.
o As the degree gets larger,
the complexity of the x(u) = u
curve increases.

Parametric Polynomial Curves

o When x(u) = u, the curve is the graph of y(u).

yw =u

u? u3
y(w) =7—2 y(u) =?—2u

NV Y

x(u)=—-=2

x(u) =—-—2u
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Parametric Curves (in R?)

Goal:

Given a sequence of points, {py, -, pn} € R%, define a
parametric curve passing through/near the points
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Parametric Curves (in R?)

Direct Approach:

Solve for the d x m coefficients of a parametric polynomial
curve of degree m — 1, passing through the points.

Limitations:
No local control
As the number of points increases:
The dimension increases and the curve oscillates more
Requires inverting a large linear system

Polynomial Fitting Demo



file:///C:/MyLib/bin/spline2DViewer.V1.exe
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Piecewise parametric polynomials

Approach:

Fit low-degree polynomials to (overlapping) groups of
points so that the combined curve passes through/near
the points

fp1 ?p3 fps

*Po ;pz *Py

' P op3 '{ps * P1 ’ P3 ° * P, op3 © o *Ps3 e Ps

P, opz °p. *P, opz e e °p, 'op4 e opz op4




(’C"' 'Q; g
1 @

Piecewise parametric polynomials

Approach:

Fit low-degree polynomials to (overlapping) groups of
points so that the combined curve passes through/near
the points

Properties:
Local Control
A curve segment only depends on its group of points
Simplicity
Individual curve segments are low-order polynomials
Continuity/Smoothness
How do we guarantee smoothness?
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What is a Spline in CG?

Continuity:
In the interior of the parameterization domain, the
polynomial functions are smooth. )

Need the values and P,(w) u € [0,1]«—
derivatives to match
at the boundaries. gy

P,(u) u€e[0,1]+«——

-

P;(u) u € [0,1]«—=

P(w) = ) a;-u

s

-
\_




Continuity/Smoothness

Continuity:
When they meet, values/derivatives of the two curve
segments need to be equal.
o (CY: function is continuous

= P;(1) = P;;4(0) P, (1)<

o C': function is continuous and

1st derivatives equal N
= €Y and P{(1) =P/ ,(0)

o C2: function is continuous and P,(w)<

1st and 2"d derivatives are equal )

= C! and P;'(1) = P/.,(0) k

o C¥: function is continuous and ...  P3(w)-<

-
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Overview

* Representing Meshes

« Parametric Curves
o Hermite Splines
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Specific Example: Hermite Splines #°
Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions
o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

: /

Po
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Specific Example: Hermite Splines %'
Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions
o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

> J

Po
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Specific Example: Hermite Splines %'
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Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents
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points that interpolate positions and tangents.




-
Specific Example: Hermite Splines

Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

Because the end-points of adjacent curves
" | have the same position and derivatives,
N\ the Hermite spline is C! by construction. /
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Specific Example: Hermite Splines %

Let P (1) = (i (), vi(w)) with 0 < u < 1 be the
polynomial curve for the section between control

pOintS {pk’ik} and {pk+1’fk+1}'

P. tk
Boundary conditions are:
o Pr(0) = pg
o Prp(1) = Pr+1
o P(0) = T, Pr+1
o Pp(1) =ty Licr1

Solve for the coefficients of the polynomials x;, (u)
and y, (u) that satisfy the boundary conditions.

Note:
- Four constraints = we need a cubic polynomial. J
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Specific Example: Hermite Splines

Recall:
For a polynomial:
P.(u)=a-u>+b-u‘*+c-u+d
we have:
P.(u)=3-a-u’?+2-b-u+c

Using the matrix representation:

a
P.(w) = w3 u?® u 1)'(3) Prw=@-u? 2-u 1 0)’(
d

Qo T W

)

The coefficients a, b, ¢, and d are d-dimensional
vectors so that P, (u) is a function taking values in R¢.




a

/ ) b
P,(u)=@-u?> 2-u 1 0)- C
d

The values at the end-points are:

d
Pe=P(0)=(0 0 0 1)-(2)
d

P.(w) =3 u? u 1)'(

Q a T o
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Po(w) = w3 u? u 1) P,(u) = (3 u?

Q a T o

2-u 1 0):

)
L

Specific Example: Hermite Splines '

Nt O
L
d
C

The values at the end-points are:

d
P =P(0)=(0 0 0 1)-(2)
d

(P o T o pll V)

Prs1 =P (=01 1 1 1)-(
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Specific Example: Hermite Splines '

Po(w) = w3 u? u 1) PrwW =@ -u%2 2-u 1 0)-

Q a T o

Nt O
G
a
C

The derivatives at the end-points are:

d
Pr=P(0)=(0 0 0 1)-(2) t,=P.(0)=(0 0 1 0).<
d

)

o n T
\/

(P o T o pll V)

Prs1 =P (=01 1 1 1)-(




Po(w) = w3 u? u 1) PrwW =@ -u%2 2-u 1 0)-

Q a T o

The derivatives at the end-points are:

d d
Pk =P(0=(0 0 0 1)-(2) te=P0)=(0 0 1 o)-(i’)
d d
d
. , b
) tr =P(D =03 2 1 0)-<C>
d

(P o T o pll V)

Prs1 =P (=01 1 1 1)-(
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S
7S
WA
O

Combining into a single matrix gives:

[Pr 0 1

Pr+1

ty
\tk+1/

Q a T D

w o = O
N O = O

1 1
1 0
1 0
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[P

Pr+1
e

ty
\tk+1/

\

w o = O

NN O -, O

=

/)
oy
7]
=
&

OO R
QA T D

Inverting, we get:

|

QT o

H

0

1
0
3

0 0 1

N O =
_
SO R

)1

/pk

Pr+1
L

i1

\

/
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/)
oy
7]
=
&

/pk \ 0 0 0 1\ /a

Pt} 1 1 1 1|[Db

tx 10 0 1 0]|c

\€k+1/ 3 2 1 0/ \d
Inverting, we get:
a 0001‘1/pk\ 2 -2 1 1\ [Pk
bl [1 1 1 1 Pesr ] [ -3 3 -2 —1][Pkn
c/] |0 0 1 O t« | { o 0o 1 o]t
d 32 10 fkﬂ/ 1 0 0 0/ \&,,
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(PR o T o pll <V}
I
w
w
I
N
I
—
5]
~
+
=

Using the fact that:

Po(w)=@3® w2 u 1)

(PR o T o pll V)

We get:

2

— (1.3 2 —3
P.(w)=@® uw? u 1) 0
1

0 0/ \ &
boundary'info  /

\_ parameters
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] ),
D A
N P
(?4 s
Lo

—3 3 —2 1 Pr+1

\ 10 0 0/ )\Eu)

Multiplying out and rearranging terms, we get:
P.(u) = Qu® —3u? +1) - pg
+  (=2u® +3u®) - Pryq
+ (W -2ut+u)-t,
+ (u® —u?) - E>k+1




Specific Example: Hermite Splines %5

P.(u) = 2u3 —3u? + 1) - px + (—2u> + 3u?) - praq
+ @l —2ul 4wt + Wi —u?) thy

Setting:
o Hy(u) =2ud —3u? +1
o Hi(u) = —2u3 + 3u?
o Hy(u) =u—-2u?+u
o Ha(u) = u3 —u?

we can write P, (u) as:
P.(u) = Hy(w) - px + Hy (W) - Presr + Ha() -t + Hz (W) - Tyyy
\§ J
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Setting:
o Hy(uw) =2u3 —3u?+1)
o Hy(u) = —2u3 + 3u?
o Hy(u) =ud —2u®+u
o Hay(u) = u3 —u?

1&1 H,(u Iy H,(u) 1 Hj(u)

1 1 I —

> Blending Functions

_ Po(w) = Hy(w) - pr + Hy(w) - Pyq + Ho(w) - & + Ha(w) - teqq D
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Specific Example: Hermite Splines %'
Setting:

o Hy(uw) =2u —3u?+1 When u_= 0:

o Hyw)= —2u® +3u | T

o Hy(u) =u3—-2u®+u H,(w) =0

o Hay(u) = u3 —u? Hy(w) =0

So P, (0) = p,
E HO (U,) Hl(u I ]—]Z(u) H3(U)
: CJ 3\/1

_ Po(w) = Hy(w) - pr + Hy(w) - Pyq + Ho(w) - & + Ha(w) - teqq D
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Setting:
o Hy(u) =2u’ —3u*+1
o Hy(u) = —2u3 + 3u?
o Hy(u) =u’—2u*+u
o Hz(u) = u’ — u?

g Hy(u) Iy H (u

Specific Example: Hermite Splines %'

)
7,

When u = 1:
Hy,(u) =0
Hw =1
H,(u) =0
H;(u) =0

So P, (1) = Pr4q

1__

H,(u)

1__

H;(u)

(P

_ Po(w) = Hy(w) - pr + Hy(w) - Pyq + Ho(w) - & + Ha(w) - teqq D

——0
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Specific Example: Hermite Splines %'

Setting:

o Hy(u) = 2u3 —3u? +1
o Hy(u) = —2u3 + 3u?
o Hy(uw) =u—2u?+u

o Hay(u) = u3 —u?

E Hy(w)

H (u

When u = 0:
Hy(u) =0
Hi(u) =0
Hy(u) =1
Hy(u) =0

So P (0) = t;

q H,(u)

)
7,

\_ P, (W) = Hy(w) - py + Hi (W) - Prs1 + Hy(W) - G + H3 (W) - tpyy y
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Setting:

o Hy(u) =2u’ —3u*+1
o Hy(u) = —2u3 + 3u?

o Hy(u) =u’—2u*+u
o Hay(u) = u3 —u?

b Hy(w)

H (u

)
7,

When u = 1:
Hy(u) =0
Hi(u) =0
Hy(u) =0
Hy(u) =1

So P, (1) = E>k+1

1__

H,(u) Iy

H;(u)

\_ P, (W) = Hy(w) - py + Hi (W) - Prs1 + Hy(W) - G + H3 (W) - tpyy y

(P

——0
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Specific Example: Hermite Splines #

Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

Ps

.—1 Given the control points, how do we define

\_ Po the value of the tangents/derivatives? y
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   𝐏 k  ( u ) =  (     u 3   u 2  u  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )                𝐏 k ′  ( u ) =  (      3 ⋅ u 2  2 ⋅ u  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )


      𝐩 k =  𝐏 k  ( 0 ) =  (    0  0  0  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 → k =  𝐏 k ′ ( 0 ) =  (    0  0  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )    𝐩  k + 1   =  𝐏 k  ( 1 ) =  (    1  1  1  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 →  k + 1   =  𝐏 k ′  ( 1 ) =  (    3  2  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )


   𝐏 k  ( u ) =  (     u 3   u 2  u  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )                𝐏 k ′  ( u ) =  (      3 ⋅ u 2  2 ⋅ u  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )


      𝐩 k =  𝐏 k  ( 0 ) =  (    0  0  0  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 → k =  𝐏 k ′ ( 0 ) =  (    0  0  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )    𝐩  k + 1   =  𝐏 k  ( 1 ) =  (    1  1  1  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 →  k + 1   =  𝐏 k ′  ( 1 ) =  (    3  2  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )


      𝐩 k =  𝐏 k  ( 0 ) =  (    0  0  0  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 → k =  𝐏 k ′ ( 0 ) =  (    0  0  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )      𝐩  k + 1   =  𝐏 k  ( 1 ) =  (    1  1  1  1 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )     𝐭 →  k + 1   =  𝐏 k ′  ( 1 ) =  (    3  2  1  0 ) ⋅  (    𝐚   𝐛   𝐜   𝐝 )


   (     𝐩 k            𝐩  k + 1      𝐭 → k                𝐭 →  k + 1 ) =  (    0  0  0  1   1  1  1  1   0  0  1  0   3  2  1  0 )  (    𝐚   𝐛   𝐜   𝐝 )
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   (    𝐚   𝐛   𝐜   𝐝 ) =    (    0  0  0  1   1  1  1  1   0  0  1  0   3  2  1  0 )  − 1  (     𝐩 k            𝐩  k + 1      𝐭 → k                𝐭 →  k + 1 ) =  (    2  − 2  1  1   − 3  3  − 2  − 1   0  0  1  0   1  0  0  0 )  (     𝐩 k    𝐩  k + 1      𝐭 → k      𝐭 →  k + 1 )
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   (    𝐚   𝐛   𝐜   𝐝 ) =    (    0  0  0  1   1  1  1  1   0  0  1  0   3  2  1  0 )  − 1  (     𝐩 k            𝐩  k + 1      𝐭 → k                𝐭 →  k + 1 ) =  (          2  − 2        1        1   − 3        3  − 2  − 1         0        0        1        0         1        0        0        0 )  (     𝐩 k            𝐩  k + 1      𝐭 → k                𝐭 →  k + 1 )


   (    𝐚   𝐛   𝐜   𝐝 ) =  (          2  − 2        1        1   − 3        3  − 2  − 1         0        0        1        0         1        0        0        0 )  (     𝐩 k            𝐩  k + 1      𝐭 → k                𝐭 →  k + 1 )
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