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Cubic Splines

Given n + 1 control points, {py, ..., p,}, we define

n — 2 cubic polynomial functions {P, (u), ..., P,,_,(u)}
that jointly describe a curve that approximates /
interpolates the control points.

Plj(\u)

Each cubic function P, (u) is defined on the interval 0 <u <1
and is determined by the points p,_1, Px, Px+1, and pr42.
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Cubic Blending Functions

Blending functions provide a way for expressing th‘fe

functions P, (u) as a weighted sum of the four

control points Py_1, Pr, Pr+1. and Pry:
;

BF,(u)

1

\B% 1T

BF,(u

1t

BF;(u)

1

1

1

__________/I

Catmull-Rom Blending Functions (Cardinal with T = 1/2)
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Uniform Cubic B-Spline Blending Functions
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1 Pp(u) = BFy(u) - px—1 + BF1 (W) - px + BF2(W) - Pr+1 + BF3(u) - Pre+2 r
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Blending Functions

For spline curves, we need/want:

« Translation Equivariance:
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

e n-th Order Continuity:
0 = BF(1)
BF(0) = BF™(1)
BF'(0) = BF;'(1)
BF(0) = BF(1)
BF(0) =0

» Convex Hull Containment:
BF,(w), BF;(w), BF,(u), BF;(u) =0, forall 0 < u < 1.

* Interpolation:

BFy(0) 0 BFy(1) 0
BF,;(0) _1 and BF;(1) _0
BF,(0) 0 BF,(1) 1
BF;(0) O BF;(1) 0

1 Pp(u) = BFy(u) - px—1 + BF1 (W) - px + BF2(W) - Pr+1 + BF3(u) - Pre+2 r
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Weighted Averaging

Suppose we have values:
Vi, Vo, V3, and vy,

and (averaging) weights:
a,, ay, g3, and Ay, with (4] + (049) + a3 + dy = 1,
b1, B2, B3, and B, with 51 + 5, + B3 + B4 = 1.

We can express the weighted average of the v; as:

4 Vi 4 B
V

z a;V; = (a1 a, aj a4) V; zlgivi = (Vl Vy, V3 V4) gz

— - 3

1=1 2 1=1 ,84
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Weighted Averaging

If we have a matrix of values:

(a1 a; az Qau)
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Weighted Averaging

If we have a matrix of values:

multiplying on the left by (a; a, a; a,) gives:

(2 e

Vit V21 Vi1 Vgq z A;Vo;
Via Vo2 V33 Vg
(a1 ay az au) v v v v —
13 23 33 43
Vig Vo4 V3g4 Vyu AiV3i

... Arow vector whose entries are the

\_Wweighted average of the matrix’s columns. \Z FiVai /

T
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Weighted Averaging

If we have a matrix of values:

multiplying on the right by (8; 5, 85 B.) ' gives:

/Z ﬁj"jl\

Vig Va1 V31 Va1\ /Bi Z,ijjz

Vipg Vyu V3 Vao || [

Viz V3 V33 Vu3 || (s
Via Vaa V3a Vau/ \B, Bjvjs

... A column vector with entries that are the zﬁ'v'
\_Weighted average of the matrix’s rows. \ o 4/ )
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Simultaneously multiplying on the left by (a; a, as a;)
and on the right by (B8, B, B3 B.)' gives:

Vii V21 Va1 Va1\ /P
Viz Va2 Viz Vi |[ [
Viz V23 V33 Va3 [| B3
Via Va4 V3g Vyau/ \pB,

(@1 az az Qau)
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Is equal to 1.

(a1 ap as

Vi1

Ay)

Vo1

Weighted Averaging

V31

Simultaneously multiplying on the left by (a; a, as ab
and on the right by (B8, B, B3 B.)' gives:

Va1\ /P1 4
VI EDY
V4_3 ﬁS — ]ﬁl lj
Vaq L4 =

= The weighted sum of the v;;, weighted by «;p;.
Claim: This is a weighted average of the v;;:

To show this, we show that the total sum of the weights «;(;
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Weighted Averaging

Vi1t V21 V3q

(@1 az az ay)

Z @if; = Zal

I,j=1 =

4

\_ i=1

Simultaneously multiplying on the left by (a; a, as ab
and on the right by (B8, B, B3 B.)' gives:

Va1\ /P1 4
VI EDY
V4_3 ﬁS — ]ﬁl lj
Vaq L4 =

= The weighted sum of the v;;, weighted by «;p;.

Claim: Thisis a weighted average of the v;;:

<zﬁf)
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Spline Surfaces

A parametric curve is a function in one variable
& (u) associating a position to every value of u.

®(1/8)

@(0)
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Spline Surfaces

A parametric curve is a function in one variable
& (u) associating a position to every value of u.

A parametric patch/surface is a function in two

variables ®(u, v) associating a position to every pair
of values of (u,v). ®OD

®(1,2/3)

®(1,1/3)
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Spline Surfaces

We use four control points to define a cubic
polynomial P, (u) in one variable (0 < u < 1).

P, (u)

Pri1

Pi+2
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Spline Surfaces

We use four control points to define a cubic
polynomial P, (u) in one variable (0 < u < 1).

We use 4 x 4 control points to define a bi-cubic
polynomial P ;(u, v) in two variables (0 < u,v < 1).

-------------------- '- fmmmmmm ..
pk—'? 2 p,k,l+2 pk}l’Hz pl:;.’rZ,l—irz
- - , )
pk,’l,lﬂ LT p1f+2,1+1

Pinr °
.-"'-. k’




-
Spline Surfaces

We use four control points to define a cubic
polynomial P, (u) in one variable (0 < u < 1).

We use 4 x 4 control points to define a bi-cubic
polynomial P ;(u, v) in two variables (0 < u,v < 1).

A bi-cubic polynomial is a polynomial
which is cubic in each variable:
P(u,v) = auv3 +
+budv? + cuv? +
+du?v? + eulvd + fudvl +
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Spline Surfaces

Given n points, we fit a piecewise cubic curve
consisting of n — 3 segments to the points.

Po(u)
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Spline Surfaces

Given n points, we fit a piecewise cubic curve
consisting of n — 3 segments to the points.

Given n X m points, we fit a piecewise bi-cubic
surface, consisting of (n — 3) X (m — 3) patches to
the points.
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Spline Surfaces

We generate spline curves by using the blending |
function to compute the weighted average of the
control points.

We do the same for surfaces. =
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Cubic Blending Functions

Recall

For a cubic segment of a spline curve, we express

the spline curve in matrix form as:

Pr-1
Pk

Pr+1
Pr+2

Py(u) = (BFo(u) BF(u) BF(u) BF;w))

1 Pp(u) = BFy(u) - px—1 + BF1 (W) - px + BF2(W) - Pr+1 + BF3(u) - Pre+2 r
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Cubic Blending Functions

Recall

For a cubic segment of a spline curve, we express
the spline curve in matrix form as:

Pr-1 BFy(u) ! Pr-1
Pp(u) = (BFo(u) BFi(w) BF(u) BF3(”))<E£+1>(g2$> <II;:+1

Pk+2 BF3(u) Pk+2

Since the sum of the BF;(u) equals 1, this is a
weighted average of the control points.

)

1 Pp(u) = BFy(u) - px—1 + BF1 (W) - px + BF2(W) - Pr+1 + BF3(u) - Pre+2 r
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Cubic Blending Functions

If we are given a 4 X 4 array of control points, we

can define a bi-cubic spline patch similarly:

BFy(v) ! Pr-11-1 Pri-1 Pr+11-1 Pk+21-1 BFy(u)
BF;(v) Pr-1, Pk, Pr+1,1 Pr+2, BF;(u)
BF,(v) Pr-1,1+1 Pri+1 Pr+1i+1 Pr+21+1 || BF,(u)
BF;(v) Pr-11+2 Pri+2 Pr+1i+2  Pk+2i+2/ \BF3;(u)

Pk,l (u, U) —

Since, the sum of the BF;(u) equals 1, Py ;(u,v) is a
weighted average of the control points.
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Cubic Spline Patches

X3 7S
" <
(? Y%

Computing the value of the patch at a point (uy, vy)
amounts to:

1. Averaging the rows using the weights BF;(u,)

2. Averaging the result using the weights BF;(v,).

BFy(v) ! Pk-11-1 Pki-1 Pk+11-1 Pk+2,1-1 BFy(u)

P, (1) = BF;(v) Pr-1,1 Pk, Pk+1,1 Pk+2, BF; (u)
kIVEES T BE, (v) Pr-11+1 Pri+1 Prk+1i+1 Pk+20+1 || BF,(u)
BF;(v) Pr-11+2 Pri+2 Pr+11+2 Pk+2,142 BF;(u)
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Cubic Spline Patches

s s
£ 7S
N W AN
g S
< a i

Computing the value of the patch at a point (uy, vy)
amounts to:

1. Averaging the rows using the weights BF;(u,)

2. Averaging the result using the weights BF;(v,).
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Cubic Spline Patches

Computing the value of the patch at a point (uy, vy)
amounts to:
1. Averaging the rows using the weights BF;(u,)
2. Averaging the result using the weights BF;(v,).
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Cubic Spline Patches

BFy(v) ! Pr-11-1 Pri-1 Pr+11-1 Pr+2,1-1
BF;(v) Pr-1, Pk, Pk+1,1 Pk+2,

BF,(v) Pr-11+1 Pri+1 Pr+1i+1 Pr+2,1+1
BF;(v) Pr-11+2 Pri+2 Pr+11+2  Pr+2142

Pr,(u,v) =

Multiplying out the matrices we get:
Pk,l(u; U) = BF()(U,) . BFo(U) . pk—l,l—l + BFl(u) . BFo(U) . pk,l—l + ...
+ BF()(U) . BF]_(U) . pk—l,l + BF]_(U) . BF]_(U) . pk,l + ...

= Setting BF; ;(u, v) = BF;(u) - BF;(v) we get:
Pk,l(u; U) — BF(),O(’LL, U) . pk—l,l—l + BFl’O(u, v) . pk,l—l + ...
+ BFy (W, V) - Pr—1, + BF 1 (W, ) - Py + -




[ ,ﬁ"'«v,\
Cubic Spline Patches

BFy(v) T[/pk—l,l—ll Pri-1 Pr+1i-1 Pr+2,i-1 [/BFO(U)
P, (u,v) = BF;(v) (pk—u Pk, Pr+1, Pr+2,1 kBﬂ(u)

BF,(v) Pr-1,1+1 Pri+1 Pr+11+1 Pr+21+1 || BF,(u)
BF;(v) Pr-11+2 Pri+z Pr+1i+2  Pk+2i+2/ \BF3;(u)

Multiplying out the matri W t:
Py (u,v) =iBF0(u) - BFy(v) - pk—1,l—1|+ BF,(w) - BFy(v) * Py +

+ BF()(U) . BF]_(U) . pk—l,l + BF]_(U) . BF]_(V) . pk,l + ...
-|—...

= Setting BF; ;(u, v) = BF;(u) - BF;(v) we get:
Pk,l (u, v) :[BFO,O (u, U) ) pk—l,l—1]+ BF]_’O(U,, U) . pk,l—l + --.
+ BFo1(w,v) - Pr-11 + BF11 (W v) - Py + -
-I— ces
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Cubic Spline Patches

BF,(v) ! pk—l,l—l[ Pr,i-1 ] Pr+11-1 Pr+2,1-1
BF;(v) Pr-1, Pk, Pk+1,1 Pk+2,

BF,(v) Pr-11+1 Pri+1 Pr+1i+1 Pr+2,1+1
BF;(v) Pr-11+2 Pri+2 Pr+11+2  Pr+2142

Pr,(u,v) =

Multiplying out the matrices we get:
Py (u,v) = BFy(w) - BFy(v) - Pro1 i1 +BFL (W) - BFy(v) - Ppesq ]+ -
~+ BF()(U) . BFl(’l]) . pk—l,l + BF]_(U) . BFl(v) . pk,l + ...

= Setting BF; ;(u,v) = BF;(u) - BF;(v) we get:
Pk,l(u; V) = BFO,()(U, U) . pk—l,l—l +[BF1’O(U,, v) . pk,l—]]+ cee
+ BFo,1(w,v) - Pr-11 + BF11 (W, v) - Py + -
-I— e
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Cubic Spline Patches

BFy(V)\ ' /Pk-11-1 Pki-1 Pk+11-1 Pk+2,1-1

BF; (v Pr-1,1 Pk 1 Prk+1,1 Pk+2,1
b vy = [EE@) |l l

BF,(v) Pr-11+1 Pri+1 Pr+1i+1 Pr+2,1+1
BF;(v) Pr-11+2 Pri+2 Pr+11+2  Pr+2142

Multiplying out the matrices we get:
Pk,l(u; U) = BFn(u) ’ BFn(U) "Pr_11-1 + BF]_(’U,) . BFO(U) . pk,l—l + ...
HBFy(w) - BF;(v) - py_y J+ BFy(w) - BF;(0) - Py +

= Setting BF; ;(u,v) = BF;(u) - BF;(v) we get:
Py (1, v) = BFy (U, 1) - Pr—14—1 + BF1 oW, V) - Preyeq + -

HBFo1 (4, v) - Pr_ri |t BF 1 (W, ) - Prey + -




Cubic Spline Patches

BFRa(W)\ ' /Pr-11-1 Pri-1 Pr+1i-1 Prizi—1\ /BFo)
lBFJSVZl Pr-1, lpk,l lpk+1,l Pk+2, (Bﬂ(u)]

Pr,(u,v) =

BF,(v) Pr-1,1+1 Pri+1 Pr+1i+1 Pr+21+1 || BF,(u)
BF;(v) Pr-11+2 Pri+z Pr+1i+2  Pk+2i+2/ \BF3;(u)

Multiplying out the matrices we get:

Py, (u,v) = BFy(u) - BFy(v) - pr—11-1 + BFy(w) - BFy(v) - Py -1 + -
+ BFy(u) - BFy() - Pr_1,; HBFL(w) - BF,(v) - pjy J+ -+
_|_...

= Setting BF; ;(u, v) = BF;(u) - BF;(v) we get:
Py, (u,v) = BFyo(u,v) - Pr-11-1 + BF1 oW, V) - Pri—1 + -

+ BFy 1 (W, v) - Pr_1, HBF11(w,v) - P+
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Cubic Spline Patches

BFy(v)\ ' /Pr-11-1 Pii-1
BF;(v) Pk-1,1 Pk,

BF,(v) Pr-1,1+1  Pri+1
BF;(v) Pr-11+2 Pkl+2

Pr,(u,v) =

Pr+1,1-1
Pr+1,1

Pr+1,1+1
Pr+1,1+2

Pr+2,1-1 BFy(w)
Pr+2, BF;(u)
Prk+2,1+1 || BF,(u)
Pr+2,1+42/ \BF;(u)

Recall that we can write out blending functions as:
(BFo(u) BFi(u) BF(u) BF;(w))' = MsplineU

with UT = (u’® u® u 1) and Mgpjine the spline matrix.

This gives:

Prk-11-1 Pki-1
Pr-11 Pk,
Pr-11+1 Pki+1
Prk-11+2 Pki+2

Pk,l(ur V) = VTMérpline

 WithV" = @’ v?v1)

Pr+1,1-1
Pr+1,1

Pr+1,1+1
Pr+1,1+2

Pr+2,1-1
Pr+2,

Pr+2,1+1
Pr+2,1+2

MSpline U
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Cubic Spline Patches

BFy(v) ! Pr-11-1 Pri-1 Pr+11-1 Pr+2,1-1
BF;(v) Pr-1, Pk, Pk+1,1 Pk+2,

BF,(v) Pr-11+1 Pri+1 Pr+1i+1 Pr+2,1+1
BF;(v) Pr-11+2 Pri+2 Pr+11+2  Pr+2142

Py, (u,v) =

Recall that we can write out blending functions as:
(BFo(u) BFi(u) BF(u) BF;(w))' = MsplineU

Surface splines that are obtained from curve splines
in this way are referred to as tensor product splines.

-

Prk-11-1 Pri-1 Pr+11-1 Pk+2,1-1
Pr-11 Pk, Pr+1,1 Pr+2,1

Pr-11+1 Pri+1 Pr+11+41 Pr+2,1+1
Prk-11+2 Pri+2 Pr+1,1+2 Pr+2,142

with VT = (w3 v v 1).

Pk,l(u: V) = VTMérpline

MSpline U
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Cubic Spline Patches

We can choose our favorite spline curve (Cardinal;
uniform cubic-B, etc.) and use its blending functions
to define a spline patch:

Pr-11-1 Pri-1 Pr+11-1 Pr+2,1-1
= Pr-1, Pk, Pr+1,1 Pr+2,1
Py (w,v) =V
‘ Pr-11+1 Pri+1 Pr+1,1+1 Pr+2,1+1

Pr-11+2 Pki+2 Pr+11+2 Pr+2,1+2
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Overview
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Blending Functions

For spline curves, we want:

« Translation Equivariance:
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

e n-th Order Continuity:
0 = BF(1)
BF(0) = BF™(1)
BF'(0) = BF;'(1)
BF(0) = BF(1)
BF(0) =0

» Convex Hull Containment:
BF,(w), BF;(w), BF,(u), BF;(u) =0, forall 0 < u < 1.

* Interpolation:

BFy(0) 0 BFy(1) o
BF;(0) _1 and BF; (1) _0
BF,(0) 0 BF,(1) 1
BF;(0) O BF;(1) O

\_ Do tensor product splines satisfy these conditions? Y,
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Surface Spline Properties

Translation equivariance:

As with curves, we need the sum of the blending
functions BF; ;(u,v) to equal 1.

But since

BFL'J'(U, U) — BFL(U) . BF}(U)
iIf the BF;(u) are weighting functions that sum to 1, then
the tensor product functions BF; ;(u, v) also sum to 1.
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Surface Spline Properties

Continuity:
W.L.O.G. consider continuity along the yellow edge:
0= P1,1(1, v) — P2,1(0, v) VO <v< 1

U
0= Z Z B;;(1,v) - p;j — Z z B; ;(0,v) - Pis1,
Re-index the second term so that (().3) (1]3) 213) (3]3) (4.3)-
the control point indices match.
(0{2) (1{2) (2{2) (312) (4[2)
(O11) (1}1) (2{1) (3{1) (411)
\_ (0,0) (110) (240) (310) (4'9
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Surface Spline Properties

Continuity:

W.L.O.G. consider continuity along the yellow edge:
0= Pl,l(li v) — P2,1(0, v) VO <V < 1

U
:iiBU(l U) Pi;j — ZZBLJ(O U) Pi+1,)
i=0 j=0 =0 j=0
U

||
INGE
Mw

B (1,0) Py - 223 1, (0,0) by

i=1j=0

-
Il

o
~.
Il

o

Decompose the equation in terms of the control points shared by both patches.
p;j w/1<i<3and0<j<3
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Surface Spline Properties

Continuity:

W.L.O.G. consider continuity along the yellow edge:
0= Pl,l(li v) — P2,1(0, v) VO <V < 1
U

3 3 3
Z Bl,j(li v) - Pij — ZzBi,j(O; V) - Pi+1,j

i=0 j=0
U

B (1,0) Py - 223 1, (0,0) by

i=1j=0
U

[\/jw

o

,.
Il

o
-

||
INGE
[\/jw

i

Il
o
~.
Il
o

3 3 3 3 3
O=zBo,j(1,U)°po] 22 l](lxv)'pi,j zz i— 1']'(0,17)‘pi,j_ng,j(O;v)'pzl,j
j=0 = j=0

i=1j=0 i=1j=

Combine terms using the same control points.
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Surface Spline Properties

Continuity:

W.L.O.G. consider continuity along the yellow edge:
0= Pl,l(li v) — P2,1(0, v) VO <V < 1

3 3 3 3
ZZ B;;(1,v) - p;j — ZzBi,j(O» V) * Pis1,j
=0 j=0 i=0 j=0
3 3 4 3
ZZ B;j(1,v) -p;j — ZzBi—l,j(O: V) - Py
i=0j=0 i=1j=0
3 3 3 3 3 3
0= Boj(1,v) Poj+ Y Biyj(Lv) by - ZZ 17 (0.9) Py = ) Bs(0,0) By
j:O =1 ]:0 =1 =0 ]:0
3 3 3 3
0= Z Bo,(1,v) - o, + Z z Byj(1,v) = By ;(0,0)) - py z By ;(0,v) - s,
j=0 i=1j=0 j=0

J
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Surface Spline Properties

Continuity:
W. L 0.G. consider continuity along the yeIIow edge:

0_280](117) p0]+zz B;;j(1,v) — B;_ 1](017) “Pij — 233,(017) Py, j

i=1j=0

For this to be true for all control points p;;, we need:

o BO,]‘(].,U) — ngj(O,V) =0

o Blj(l,v) :BO]'(O,U) ® ®
' ! o3  apB ek 3B @)

> By,;j(1,v) = By ;(0,v)

o B3 (1,v) =B, ;(0,v) (0[2)

for all v € [0,1]

(4i2)

(Of1) (141) (2{1) (311) (441}

_ COROONNE ONINE ONINC!)
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Surface Spline Properties

Continuity:
W. L 0.G. consider continuity along the yeIIow edge:

0= ZBOJ(lv) p0]+zz B;;j(1,v) — B;_ 11(017) "Pij — 2331(017) Py, j

i=1j=0

For this to be true for all control points p;;, we need:

°|Bo,;(1,v) = B3,;(0,v) =0

o By;(1,v) = By, (0, )

(OT3) (113) (2T3) (3T3) (4T3)

T 1 0) = By, (0,) = 0
© Bg,jil 0.8+ G AN - D)
for all g
By(1) - B;j(v) = B3(0) - Bj(v) = 0
(]
Bo(1) = B3(0) = 0 K
Which is satisfied if the 1D B-spline is continuous! )
O

\_ o ® ® ®
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Surface Spline Properties

Continuity:
W. L 0.G. consider continuity along the yeIIow edge:

0= 230](1 v) pO]"'ZZ 11(1 v) Bl 1](0 17) pl] ZB?’J(O 17) p4]

i=1j=0

For this to be true for all control points p;;, we need:
o BO,j(l,U) — Bg}j(O,V) =0

o By;(1,v) = By,;(0,v)

] Bz:j (1,v) = 31:,' (0,v) (0{3) (1{3) (2{3) (3{3) (4]3)
c B3 i(1,v) = B, ;(0,v) Op 1y @ Gp @)
Similarly, the other continuity conditions for 2D B-splines
are satisfied if they are satisfied by the 1D B-spline!
More generally, if the 1D B-spline gives continuous | (@)
n-th order derivatives, so will the tensor-product.
\_ OO 0GP (40)
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Surface Spline Properties

Convex hull containment:
For convex hull containment we need the weights of the
blending function to be non-negative.
If the BF;(u) are non-negative, then since
BF; j(u,v) = BF;(u) - BF;(v)
the BF; ;(u, v) will also be non-negative.




-
Surface Spline Properties

Interpolation:
For the spline surface to interpolate, it must satisfy:

» BFL]_(O,O) BF1,2(0,1 — BF2,1(1,0) — BF2,2(1,1) = 1.

» All the other blending functions evaluate to 0 at the

end-points.
Recall that the spline curve is interpolating if:
» BF()(O) — BFz(O) —_ BFg(O) —_ O \¢ ®

03)  A3) 2P  GP3)
» BFo(1) = BF;(1) = BF;(1) =0
0)2)  (112) (312)

BFl,z(O;l) = BF;(0) - BF,(1) (0}1) (141) (3[1)
- 0o @0 @y
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Surface Spline Properties

We began by describing properties that we want
spline curves to satisfy:

o Translation equivariance

o Continuity

o Convex hull containment

o Interpolation

If the spline curve satisfies these properties, then so
will the tensor product spline surface!




Surface Spline Properties

We began by describing properties that we want |

spline curves to satisfy:
o Translation equivariance
o Continuity
o Convex hull containment

o |

If the
will th

M

As with curves, we can handle boundaries by:
 Ignoring them
* Doubling up

 Introducing cylindrical/toroidal periodicity

1€N SO

Surface Spline Demo



file:///C:/MyLib/bin/spline3DViewer.exe
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Outline

Spline Surfaces

Sweep Surfaces
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Sweeps

Given a 3D sweep curve S(8) and a 2D generating;
curve G(¢), define the sweep surface $(0, ¢) as the

sweep of C along H.:
G(¢) 5(6,9)

|

In this example, the sweep curve is used to translate
the generating curve:

5(0,¢) =S5(0) +G(¢)

We can define more
complex sweep surfaces.
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Example: Seashells

“Modeling Seashells,”

Deborah Fowler, Hans Meinhardt,

and Przemyslaw Prusinkiewicz,
Computer Graphics (SIGGRAPH 92),
Chicago, Illinois, July, 1992, p 379-387.

Fowler et al. Figure 7

- J
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Example: Seashells

s
—> <J-~.~
{:5
—
>
Generating Curve ?
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Example: Seashells

Angle: v
Radius: r(0) = et
Height: z(0) = et?

<E

If G(¢p) = (Gx(qb), Gy(qb)) is the generating
curve, we can try to represent the surface as:

S0, ¢) = S(6) + (G (¢), G, (¢),0) - 7(6)

> X

.shell
surface

z Fowler et al. Figure 1

J
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Example: Seashells

Sweep generating curve around helico-spiral axis

Helico-Spiral definition:
S(0) = (cos 6-r(0),z(8),sinb -r(@))

Angle: 0 A 5
Radius: r(0) = et <
Height: z(0) = et?

k- shell

This doesn’t rotate the generating | ™
curve around the axis of the helix!

If G(¢p) = (Gx(qb), Gy(qb)) is the generating l T

z Fowler et al. Figure 1

curve, we can try to represent the surface as:

S0, ¢) = S(6) + (G (¢), G, (¢),0) - 7(6)

J
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Example: Seashells

Angle: v
Radius: r(0) = e??
Height: z(0) = et?

Compute a local frame {1(0),v(08), w{(6)}
at each point on the sweep curve and

. . v .
describe the surface w.r.t. this frame: z  Fowler et al. Figure 1

S(0,0) = S(0) + (1(6) - Ge(®) +5(6) - G, ($)) - 7(6)

> X

shell
surface

J
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Example: Seashells

Sweef

Helico-

Angle:

Radius

u(0) and v(0) define the plane that
IS perpendicular to the curve H at 6

« w(0) is the curve tangent
* 1u(0) is the curve normal

« ¥(0) is the curve bi-tangent

Height:

Compute a local frame {1(0),v(08), w{(6)}

(perpendicular to u(0) and w(@))

AR /

at each point on the sweep curve and
describe the surface w.r.t. this frame:

S(8,0) = S(0) + (1(6) - G, (§) + 5(0) - Gy (¢)) - 7(6)

"""""

y A

d.. shell
surface

Fowler et al. Figure 1

J
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Example: Seashells

Generate different shells by varying parameters

Different helico-spirals

Fowler et al. Figure

>
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Example: Seashells

Generate different shells by varying parameters

Different generating curves

Fowler et al. Figure

>
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Example: Seashells

Generate interesting shells
with a simple procedural model!

Fowler et al. Figures 4’5’7j



file:///C:/MyLib/bin/seaShellViewer.exe
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