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Overview

What is a Spline?

Specific Examples:
o Hermite Splines
o Cardinal Splines
o Uniform Cubic B-Splines

Comparing Cardinal and Uniform Cubic B-Splines
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What is a Spline in CG?

A spline is a piecewise polynomial function whosee
derivatives satisfy continuity constraints at curve

boundaries. p
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What is a Spline in CG?

A spline is a piecewise polynomial function whose
derivatives satisfy continuity constraints at curve
boundaries.

P1(1) =P, (0)
P; (1) = P;(0)

Pz(l) =P (0)
P;(1) = P3(0)-

n
Pk(U,) = Z Oakj - u’ with akj € ]Rd
]:
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Overview

Specific Examples:
o Hermite Splines




Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.
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Specific Example: Hermite Splines

Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

Because end-points of adjacent curves

— | have the same position and derivatives,

\_ Po the Hermite spline is C! by construction. y,
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Specific Example: Hermite Splines #"

Given the polynomial:
P.(u)=a-u>+b-u*+c-u+d
we can write its derivative as:
P,(u)=3-a-u*+2-b-u+c

Using the matrix representations:

a
P.(w) = w3 u?® u 1)'(3) Pw=@-u? 2-u 1 0)’(
d

Qo T W

)




Po(w) = w3 u? u 1) PrwW =@ -u%2 2-u 1 0)-

Q a T o

The values/derivatives at the end-points are:

d d
Pk =P(0=(0 0 0 1)-(2) te=P0)=(0 0 1 o)-(i’)
d d
d
. , b
) tr =P(D =03 2 1 0)-<C>
d

(P o T o pll V)

Prs1 =P (=01 1 1 1)-(
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Specific Example: Hermite Splines %
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n P
b
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Combining into a single matrix expression:

[Pe 1

Pr+1

ty
\tk+1/

w o RO
N O R O
=
Qn T o

1
0
0




Specific Example: Hermite Splines
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/pk\ 0 0 0 1\ /a

Pt} 1 1 1 1|[Db

tx 10 0 1 0]|c

€k+1/ 3 2 1 0/ \d
Inverting:
a 0001‘1/pk\ 2 -2 1 1\ [Pk
bl [1 1 1 1 Pesr ] [ -3 3 -2 —1][Pkn
c/] |0 0 1 O t« | { o 0o 1 o]t
d/ \3 210/ \tea) V1 0 0 0/ \Eu
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2 =2 1 1\ [Pk
3 -2 -1 Pr+1

0 0 1 0 ty
0 0 0/ \E

(P o T o plil -V
I
w

Using the fact that:

Po(w)=@3® w2 u 1)

(PR o T o pll V)

We get:

2 =2 1 1\ [P \

-3 3 -2 -1 Pr+1

0 0 1 0 ty

1 0 0o o0/\¢.,
M boundary'info  /

Po(u) = (w3 uw? u 1)

\_ parameters

Hermite




/ 2 -2 1 1 Px
-3 3 -2 -1 Pr+1

P.(w) =] @3 u? u 1) 0 0 1 0 £,
\ 1 0 0 0 Ty

Pre-multiplying to get blending functions:
Pr(w) = Hy(uw) - py + Hy(W) - Pry1 + Ho(w) - £ + Hy(w)

with:
o Hy(u) =2u® —3u?+1
o Hi(u) = —2u3 + 3u?
o Hy(u) =u—-2u*+u
o Hy(u) = u’ — u?




Pre-multiplying to get blending functions:
o Hy(uw) =2u3 —3u?+1)
o Hy(u) = —2u3 + 3u?

> Blending Functions
o Hy(u) =ud —2u®+u -
o Hay(u) = u3 —u? )
1%1 mw—"1  mw ' mw
i i —

_ Po(w) = Hy(w) - pr + Hy(w) - Pyq + Ho(w) - & + Ha(w) - teqq D
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Specific Example: Hermite Splines

Interpolating piecewise cubic polynomial, each
specified by:

o Start/end positions

o Start/end tangents

Iteratively construct the curve between adjacent end
points that interpolate positions and tangents.

Ps

| Given the control points, how do we define
Po the value of the tangents/derivatives?
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Overview

Specific Examples:
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Specific Example: Cardinal Splines %'
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Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines #"

Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines #"

Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines ‘%

Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines #"
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Specific Example: Cardinal Splines %
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Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines #"

Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.
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Specific Example: Cardinal Splines %'
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Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.

.p7

Pe

Ps

Because the end-points of adjacent curves
share the same position and derivatives,
\__®n, the Cardinal spline has C?! continuity.
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Specific Example: Cardinal Splines

Using Hermite splines, we have:

2 —2 1 1\ [Pk
—3 3 -2 -1 Pr+1
0o 0 1 0]tk

1 0, 0 0/\¢E,,

Pr(w) = (w® w? u 1)

M

Hermite
R
9%
t
k+1
| LA 2N P@N
Se < //
\/\/\
’ S
/7 ~ ~
// s ~ ~
/7
- // pk:l-.Z
ty = T(Pk+1 — Pr-1) ,

f}rc+1 = T(Pk+2 — Pk) .'/
\_ Pr-1 )
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Specific Example: Cardinal Splines %"

We can express the boundary constraints as:

/pk Pk
Pr+1 Pr+1
fk —\ T(Pk+1 — Pr-1)
\f,m T(Pr+2 — Pk)

= Using Hermite splines, we get:

2 -2 1 1 gk
-3 3 -2 -1 k+1
— (.,3 2 S

1 0 0 0/\t,,

M

Hermite




We can express the boundary constraints as:

/ P P 0 1 0 0\ /Pk-1
Pre+1 | Pr+1 [ 0 0 1 0[P«
ty | T(Pk+1 — Pr-1) | T | =71 0O 7 0/\Pkr+1
\fkﬂ T(Pr+2 — Pi) 0 —t 0 7t/ \Pk+2

= Using Hermite splines, we get:

2 -2 1 1 5"
-3 3 -2 -1 k+1
P.(u) = w3 u? u 1) 0 0 1 o]l &

1 0 0 0/\t,,

M

Hermite




We can express the boundary constraints as:

/ P P 0 1 0 0\ /Pk-1
Pre+1 | Pr+1 [ 0 0 1 0[P«
ty | T(Pk+1 — Pr-1) | T | =71 0O 7 0/\Pkr+1
\fkﬂ T(Pr+2 — Pi) 0 —t 0 7t/ \Pk+2

= Using Hermite splines, we get:

2 =2 1 1N/ 0 1 0 0\ /Pr-
3 3 —2 —1\[ o o 1 o)\[p«
Pl =G w* v Dl o o 1 oll2r 0 7 o)l Ppem
1 0 0 0/\0 =t 0 7/ \Prs2
MHermite
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Specific Example: Cardinal Splines

2 -2 1 1 0 1 0 0
P@=G v w DTy 5 7 o)l 0 1o bee
1 0 0 0 0 —1t 0 1/ \Pk+2

Multiplying, we get the Cardinal matrix representation:
—-T 2—7T T—2 T\ /Pk-1

2t 7T—3 3—-2t —1||( Pk
— 3 2

P.(w)=@® u? u 1) 0 . o Il pras
0 1 0 0/ \Pk+2

MCardinal
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Setting:
o Co(u) = —tu3 + 27u? — TU
o Ciw) =2 -1ud+ (T -3)u*+1
o C,(w)=({T—-2)u>+ B -20)u?+1u
o C3(u) = tu’ — Tu?

Fort=1/2:
1__ L

1 1 1 1

> Blending Functions

\ Pr(u) = Co(u) - pr—1 + C1 (W) - px + Co(u) - pr+1 + C3(w) - Pr+2
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Specific Example: Cardinal Splines ‘%

Setting:
o Co(u) = —tu3 + 27u? — TU
o Ciw) =2 -1ud+ (T -3)u*+1
o C,(w)=({T—-2)u>+ B -20)u?+1u
o C3(u) = tu’ — Tu?

> Blending Functions

J
Fort=1/2:
In the specific case that T = 1/2, these —

are called Catmull-Rom splines.

\ Pr(u) = Co(u) - pr—1 + C1 (W) - px + Co(u) - pr+1 + C3(w) - Pr+2




Interpolating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve through middle two
points using adjacent points to define tangents.

Py p; K

At the first and last end-points, you can:
* Not draw the final segments

* Double up end points

P  Loop the spline around J

.p7
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Overview

Specific Examples:

o Uniform Cubic B-Splines




Approximating piecewise cubic polynomial, each

specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.
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Specific Example: Uniform Cubic B-Splines
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2

Approximating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.
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Specific Example: Uniform Cubic B-Splines
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Iteratively construct the curve near middle two
points using adjacent points to define tangents.

‘p7

®p, J




Approximating piecewise cubic polynomial, each

specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.

‘p7

Py J




Approximating piecewise cubic polynomial, each

specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.

‘p7

Py J




SRR,
2

Specific Example: Uniform Cubic B-Splines
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Approximating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.
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Specific Example: Uniform Cubic B-Splines
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Approximating piecewise cubic polynomial, each
specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.
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Approximating piecewise cubic polynomial, each
specified by four control points.
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Specific Example: Uniform Cubic B-Splines
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Approximating piecewise cubic polynomial, each
specified by four control points.
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Specific Example: Uniform Cubic B-Splines

Using Hermite splines, we have:

2
— 3 2 _3
Po(w)=@3® w2 u 1) 0
1
,  (Pr-1 + 4Pk + Prs1)
pk - 6
, (P + 4Pk+1 + Pis2)
pk+1 - 6
> (Pr+1 — Pr-1)
t, =
2
> _ (Pr+2 — Pr)
tpt1 = 5

—2 1
3 =2
0 1
0 0
MHermite
p,@
Px
%, .

SRR,
2
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Specific Example: Uniform Cubic B-Splines

oy )
NG
Do

We can express the boundary constraints as:

pff Pr-1 + 4Pk + Pr+1
Pk+1 _ l Pr + 4Pk+1 T Pr+2
t, 6| 65(Pr+1— Pr-1)

Ek+1 65(Pr+2 — Px)
= Using Hermite splines, we get:

2 -2 1 1 ch
-3 3 -2 -1 Pr+1
Pk(u) (u u u 1) 0 0 1 0 £,

1 0 0 0

M

it

Hermite




SRR,
2

Specific Example: Uniform Cubic B-Splines

e A
NI
Do

We can express the boundary constraints as:

P Pr-1 + 4Pk + Pr+1 1 4 1 0\ /Pr-1
Pir1 | _ L[ Pe+4Prsr+Pisz | _1[ 0 1 4 1)\[Px

t, 6| 6s(Pk+1 — Pr-1) 6| —=3 0 3 0]\ Pr+1
s 6S(Pr+2 — Pr) 1 =3 0 3/ \Pk+2

= Using Hermite splines, we get:
2 -2 1 1 ch

-3 3 -2 -1 Pr+1
P — 3 2 -
k(u) w3 u? u 1) 0 0 1 0 £,

1 0,0 0

M

it

Hermite
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Specific Example: Uniform Cubic B-Splines
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We can express the boundary constraints as:

pff Pr-1 + 4Pk + Pr+1 1 4 1 0\ /Pr-1
Pi+1 | _ 1P+ 4Prr1tPrs2 | _1[ 0 1 4 1][Pk

t, 6| 65(Px+1— Pr-1) 6| —=3 0 3 0]\ Pr+1
s 6S(Pr+2 — Pr) 1 =3 0 3/ \Pk+2

= Using Hermite splines, we get:

2 —2 1 1 1 4 1 0\ /Pr-1
-3 3 =2 =111 o 1 4 1\ Pk
P =G v w D o o 1 olel=z o 3 ol prss
1 0 0 0 1 =3 0 3/ \Prsz
MHermite
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Specific Example: Uniform Cubic B-Splines

N 7%
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Po(w) = (w3 w? u 1)

-0 W N
OO WN
O R N R
SO R M
| -
I
_w O
w o
S W D =
w oo

Multiplying, we get the uniform cubic B-spline matrix
representation:

-1 -3 =3 1\ /Pk-1
1/ 1 -6 3 0]\[Px
P = 3 2 —
k=0 u w Vel 3 o 3 0| penms
1 4 , 1 0/ \Pk+2
MBlpline
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Specific Example: Uniform Cubic B-Splines

Setting the blending functions to:
o Bosz(u) = (M/e)u® + (/)u? — (Y )u + 1/,
o Biz(w) = (Y/)u® —u® +2/;
o Bys(u) = —(1/)u’ + (/)u* + A/ )u+ 1/
o Bys(uw) = (Y/e)u’

Iy By s(u) Iy By 3(u) I7 B, s (u) Iy B3 3(u)

S

1 1 1 1

Pr(u) = Bg3(u) - px—1 + B13(w) - px + B23(W) - Pr+1 + B3 3(W) * Pr+2




Approximating piecewise cubic polynomial, each

specified by four control points.

Iteratively construct the curve near middle two
points using adjacent points to define tangents.

At the first and last end-points, you can:
* Not draw the final segments

* Double up end points

Po |+ Loop the spline around

.p7
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Overview

Comparing Catmull-Rom (Cardinal with t = 1/2)
and Uniform Cubic B-Splines
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Blending Functions

Blending functions provide a way for expressing thﬂe

functions P, (u) as a weighted sum of the four
control points py_1, Pk, Pr+1, @nd Py 2!

i

1

1t

1

BF,(u) \B% I BRy BF3()
:1 :1 :1 e —
Cardinal Blending Functions (s = 1/2)
BF,w) 1 BF,) 1 BF,@ 1 BF,W
\_& /:

1

1

1

Uniform Cubic B-Spline Blending Functions (s = 1/2)

1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

Translation Equivariance:

o If we translate all the control points by the same vector q, the position of the new
curve at value u should be the position of the old curve at u, translated by q.

= Given control points {px_1, Pr, Px+1, Prx+2} and translation vector q:
Let P, (u) be the curve defined by {pyx_1, Px, Pk+1, Pr+2}-
Let Q, (u) be the curve defined by {q + px-1, 9+ Px, 4 + Pk+1,q4 + Pr+2}-

We want:
Qr(w) = q+ Pr(w)
= Expanding Q, (u), we have:

Qx(w) = BFy(w)(q + pi-1) + BFL(w)(q + pr)+ BF,(w)(q + prs1)+ BFs(W)(q + Prs2)
= (BFy(w) + BF,(uw) + BF,(u) + BF;(w))q + Py (u)

= To satisfy translation equivariance, we must have:

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P




-

Catmull-Rom Splines Uniform Cubic B Splines
[ o
° o i
/\)‘
o
(] ® o
BF,(u) ==’ + u’—ju BFy(u) == g +yu” —utg
BF(u)= Su’—u’+ +1 BR(u)= yu’— u’+ +3
BFz(u) :—;u3+2u2 +%u BFz(u) :—%Zf +%u2+;u +é
BF,(u)= Ju’—u’ BF,(u)= u’

‘l P, (u) = BFy(u) - px-1 + BF1(u) - px + BF,(W) - Pr41 + BF3(W) - Prs2
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Blending Functions

Properties:

Translation Equivariance:
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

Continuity:
o We need the curve P, ;(u) to begin where P, (u) ended.
= Taking the difference, we get:
0 = Pr11(0) — P (1)
= Expanding we get:
0= ( ~BFy(1))py-1
+ (BF, (0) — BFl(l)%pk
+ (BF;(0) — BF2(1) )Pg+1
+ (BF,(0) = BF5(1))P+2

+ (BF3(0) )Pk+3
= For this to be true for all control points {px_1, Px, Pk+1, Pk+2 Pr+3}, We must have:

BF;(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF3(1)

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

More Generally, for the spline to have continuous n-th

order derivatives, the blending functions need to satisfy:
0 = BF™ (1)
BF™(0) = BE™ (1)
BFE™(0) = BE™ (1)
BE™(0) = BE™ (1)
BFE(0) = 0
= For this to be true for all control points {px_1, Px, Pk+1, Px+2 Pr+3}, We must have:
0 = BF,(1)
BF,(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF;(1)
BF;(0) =0

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Catmull-Rom Splines Uniform Cubic B Splines
[ o
° o ¢
/\)o
o
o
* BF, __13 2 1 ¢ 1.3 .1 5 1 1
o(w) = —su’+ u—-u BFO(u)——gu +out —su+=
BF,(u) = §u3 —guz +1 BF,(u) = %u3 — u? +§
BFz(u)=—3u3+2u2+%u BFZ(u)=—%u3+§u2+%u+%
BF;(u) = %u3 —%uz BF;(u) = %u3
BFy(0) =0 BF,(1) =[0) BFy(0) = ¢ BF,(1) =[0)
BR(0) = 1. BR (1) =0 BF,(0) = £« B (1) =
BF2(0)=0\ BF,(1) =1 BF,(0) =1 v~ BF;(1) =3
BF,;(0) =(0) BF;(1) =0 2 6 1
BF;(0) =(0] BF;(1) =3

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Catmull-Rom Splines Uniform Cubic B Splines

BFé(u)=—%u2+2u—% BFé(u)z—%u2+ u—%
BF/(u) = %uz —5u BF/(u) = %uz —2u
BFz'(u)=—§u2+4u+% BFZ’(u)z—%u2+ u+%
BFj(u) = %uz —u BF;(u) = %uz
BF(0) = -3« BR() = ([ BF(0) = 3+ BRW=[
BFj(0) = 0+ BFi(1)=—; BF{(0) = 0+ BF{(1) = —
BFj(0)= 1 BF,(1)= 0 BF,(0) = %\ BF,(1)= 0
BF;(0) = (0] BF;(1) = 2 BF.(0) = (0 BFy(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Catmull-Rom Splines Uniform Cubic B Splines

o (]
BFy'(u) = —3u + 2 BFy(u)=— u+1
BF'(u)= 9u-—5 BF/'(u) = 3u-—2
BE)(w) = —9u + 4 BE)(W) = —3u+ 1
BF;'(u)= 3u-—1 BF;'(u)= u
BF;(0) = 2 BFy' (1) 4=1 BF;(0) = 1 BFy' (1) = @
BF{'(0) = -5 BF/'(1)= 4 BF{'(0) = -2 ‘Q: BF/'(1) = 1
BF)(0) = 4 @ BF; (1) = -5 BF;(0)= 1 BF;) (1) = -2
BF)(0) =(=1 BFY(1) = 2 BF(0) = (0] T BF/(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Comparison: Catmull vs. Uniform
Catmull-Rom Splines Uniform Cubic B Splines
BF)'(w) = —1
BF/"(w) = 3
BF;"(u) = —3
BF}'(w) = 1
BF!"(0) = —1 BFy"(1) =(=1)
BF!"(0) = BF/"(1) = 3
BFE"(O) = —3 BF;'”(l) = -3
BF}"(0) = BFY'(1) = 1

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

Translation Equivariance:
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

Continuity:
0 = BFy(1), BF,(0) = BF,(1), BF,(0) = BF,(1), BF,(0) = BF;(1), BF5(0) = 0

Convex Hull Containment:

o A point is inside the convex hull of a collection of points if and only if it can
be expressed as the weighted average of the points, where all the weights
are non-negative.

= BF,(u),BF;(u),BF,(u),BF;(u) =0, forall 0 <u < 1.

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Catmull-Rom Splines Uniform Cubic B Splines

° |
14 1 BF, (1) BF, (u)
BFy(u) F(u) 0 1
<% \ e : \:
. 1 i 1 !

s  srw )

/
i 6 1 ! —

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Comparison: Catmull vs. Uniform

Catmull-Rom Splines Uniform Cubic B Splines

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Blending Functions

Properties:

Translation Equivariance :
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

Continuity:
0 = BFy(1), BF,(0) = BF,(1), BF,(0) = BF,(1), BF,(0) = BF;(1), BF5(0) = 0

Convex Hull Containment:
BF,(u), BF,(w), BF,(w), BFs(w) = 0, forall 0 <u < 1.

Interpolation:
o We want the spline segments to satisfy:
P.(0) =pr and Pr(1) =prysq
= At the end-points, the blending functions satisfy:

BFy(0) o BFy(1) o
BF;(0) _1 and BF,(1) _0
BF,(0) 0 BF,(1) 1
BF;(0) O BF;(1) O

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P
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Catmull-Rom Splines

BF,(u) = —%u3 + u? —%u
BF,(u) = §u3 —guz +1
BF,(u) = —%u3 + 2u? +%u
_ 1 3_ 17
BF;(u) = U —su
BF,(0)=0| BF,(1)41

BF,(u) = —%u?’ +%u2 +%u +%

\ Pp(w) = BFy(w) - pr_y + BF; (w)

Pr+ B, (W) - Py + BFs(W) - Prya |
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Blending Functions

Properties:

Translation Equivariance :
BF,(uw) + BF;(u) + BF,(u) + BF;(u) = 1forall0 <u < 1.

Continuity: >Required
0 = BF,(1) Conditions
BFy(0) = BF;(1)
BF;(0) = BF,(1)
BF,(0) = BF5(1)
BF;(0) =0

_

Convex Hull Containment:
BF,(w), BF;(w), BF,(u), BF;(u) =0, forall 0 < u < 1.

Interpolation: Desirgple
BFy(0) o BF,(1) Conditions
BF1(O)_1 _
BE "0 ™ BR@)”
BF3(0) 0

J

‘l Py(u) = BFo(u) - px-1 + BF1(u) - px + BF, (W) - Pr+1 + BF3(w) - Pres2 P




Summary

A spline is a piecewise polynomial function whose
derivatives satisfy some continuity constraints
across curve junctions.

Looked at specification for 3 splines:
o Hermite
o Cardinal

: . . Approximating, convex-hull containment,
o Uniform Cubic B-Spline}-_hr "

}Interpolating, cubic, C?!

‘ Spline Demo (t = 1 — 21) ‘
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