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Abstract

This paper presents a novel approach to the reconstruction d geometric models and surfacesfrom given sets
of points using volume splines. It results in the representation of a solid by the inequality f(x,y,z) = 0.
The volume spline is based on use of the Green's function for interpolation of scalar function values of a
chosen “ carrier” solid. Our algorithm is capable of generating highly concave and branching objects automat-
ically. The particular case where the surface is reconstructed from cross-sections is discussed too. Potential
applications of this algorithm are in tomography, image processing, animation and CAD for bodies with

complex surfaces.

1. Introduction

There are a number of applied problems that require
interpolation or smoothing of large arrays of randomly
measured points of a surface. The main sources of such
data are physical measurements taken by scanning an
object from different viewing directions. Scattered points
arise also in mathematical simulation, for examplein the
solution of the problem of plastic shape formingt.

This paper presents a novel approach using volume
spline technique for interpolating scattered data. It re-
sults in a function representation of a solid by an in-
equality f(x,y,z) = 0, with the surface defined by the
implicit equation f(x,y,z) = 0. No preliminary infor-
mation about topology of the object is needed. Only
Cartesian coordinates of points are used in the recon-
struction. The particular case where cross-sections of
the object are given is discussed too. The volume splines
are based on the Green's function and interpolate scalar
function values of a chosen “carrier” object.

The main motivation of our approach is to generate
afunction representation of the reconstructed solids for
visualization, inspection and transformation. This repre-
sentation was shown in?-4 to be useful for applying var-
ious kinds of transformations: set-theoretic operations,
offsetting, blending, projection, sweeping, metamorpho-
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sis and hypertexturing. The main drawback is that this
representation is computation time consuming. We de-
liberately discuss here parallel implementation and give
time performance evaluation of the proposed algorithm.

2. Other Works

We give here a brief overview of several works dealing
with related problems, such as scattered volumetric data
interpolation, polyhedral and implicit surfaces fitting
scattered sets of points, and reconstruction of surfaces
from planar contours.

Vasilenko in his monograph® considers theoretical is-
sues of spline functions and their practical applications.
In particular, a spline function of several variables is
described that interpolates scattered data for spaces of
various dimensions.

A detailed overview of the techniques for extracting
three-dimensional geometries from volume data can be
found in®. The report contains a comparison of methods
of interpolation of scattered volumetric data. The com-
parison is based upon the test functions and the data
sets. For three-dimensional data, domain samples of the
data are represented as {(P;, F;) :i=1,...,N} where P,
are 3D coordinates, and F; is a dependent data vari-
able. The compared methods are the modified Shepard's
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method, volume splines, multiquadrics, the volumetric
minimum norm network, and localized volume splines.
Global functions methods, such as volume splines and
multiquadricslead to dense systems of equations and are
limited to moderate size data sets. The minimum norm
network and localized volume splines methods can be
applied to processing vast data sets, but do not provide
a global analytic description, which causes difficultiesin
applications.

An interesting approach to the problem of generat-
ing a polyhedral surface model from a point-sampled
volume data set has been proposed in’. The technique
starts with a simple model that is already topologically
closed, and performs a deformation of the model based
on a set of constraints, so that the model grows to fit
the object. This is a relaxation process that minimizes
a set of constraints. This approach alows the branch-
ing problem to be handled without difficulties, but the
reconstructed object has to be topologically simple - in
fact, homeomorphic to a sphere.

Hoppe et al.8 describe an algorithm for the recon-
struction of a polyhedral surface from an unorganized
set of points. The algorithm is based on the idea of
determining the zero set of an estimated signed distance
function.

Sclaroff and Pentland® describe a hybrid implicit/
parametric method based on modal deformations and
displacement maps. Sample points have to be one-to-one
projected to an initial ellipsoid surface. This imposes
restrictions on the shape of the reconstructed implicit
surface.

Surface design and computer graphics use mostly
parametric curves and surfaces, but lately an increas-
ing attention has been given to geometric design using
implicitly defined algebraic curves and surfaces. To fit
a surface model to given points, Bajaj et al.1% solve a
constrained minimization problem for some distance cri-
teria. They use an algebraic surface defined implicitly by
a single polynomial equation.

Muraki! proposes to apply a “blobby” model to fit
scattered points. This model describes an isosurface of
a scalar fidd produced by a number of potential field
generating primitives. The number and location of the
primitives are found by minimization of an “energy
function”. This method is extremely computationally
expensive.

A number of researchers have investigated the prob-
lem of reconstruction of surfaces from cross-sectional
datal?4, The main difficulty in these algorithms is that
data are presented as polygonal contours. To connect
them into surface polygons is a very difficult combina-
torial problem. The surface generated by the triangula-
tion method depends heavily on the choice of the nodes

for each contour. The main problem of this approach is
the case where different numbers of contours appear in
different cross-sections.

A generalized model, called the homotopy model, was
presented by Shinagawa and Kuniil® to reconstruct sur-
faces from cross-sectional data of objects. Homotopy
is used for the reconstruction of parametric surfaces
with the help of the toroidal graph representation. The
paperl® presents a homotopy sweep technique. The ho-
motopy is parametrized by two scalar-valued functions
to control the transition from one contour to another
and the scaling of the cross-sectional shapes. A prob-
lem here is that in the homotopy model al pointsin a
contour have their corresponding points in the adjacent
contours; therefore, a transformation (or mapping) that
defines the correspondence of the points must be fixed.

Let us summarize here the main difficulties that we
found mentioned in the papers and encountered in our
own experience:

¢ volume interpolation requires heavy calculations;

e reconstruction of a polyhedral surface representation
of topologically complex objects from scanned data
involves nontrivial problems of tiling and correspon-
dence of points in adjacent contours;

o description and handling of branching and highly
concave structures;

e choice of an appropriate representation for solid ob-
jects.

Here we are interested in the representation of com-
plex objects by continuous functions of three variables
for subsequent geometric processing rather than for vi-
sualization alone.

The next section provides basic information about
our approach to reconstruction from scattered points.
Section 4 deals with reconstruction from contours. In
Section 5, we present experimental results and in Sec-
tion 6, some discussion.

3. Reconstruction from Scattered Points

Let us start with the formulation of the problems. Let
be an n-dimensional domain of arbitrary shape that
contains a set of points {P; = (x,x5...,x}) : i =
1,2,...,N}. We assume that the points P; are distinct
and lie on or near the surface of an unknown solid.
The goal of the reconstruction isto find a smooth func-
tion f(x) where x = (x1,x,...,%,) that approximately
describes the solid and its boundary surface.

We represent solid objects by the inequality
f(x1>x2"'-yxn) = 0
The function f must have negative values at the points
outside the solid, positive values at interior points, and
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zero values on the boundary surface. Therefore, the
surface of the object is defined, in the three-dimensional
case, by the implicit equation f(x,y,z) = 0. Thisis very
convenient for defining simple surfaces like the sphere,
the ellipsoid, the torus and others. Two conjunct bodies
can be described in terms of set-theoretic union. Analytic
representations of set-theoretic operations in the form
of so caled R-functions have been studied by Rvachevl”
(see also2 and a survey inl8),

The genera idea of our approach is to introduce a
carrier solid with a defining function f. and to construct
a volume spline U interpolating values of the function
fe in the points P;.. The algebraic difference between U
and f. describes a reconstructed solid. The algorithm
consists of two steps. At thefirst step, we introduce
a carrier solid object which is an initial approximation
of the object being searched. In the simplest case, it
can be a ball. Then the carrier function values {r; =
fd{P):i=1,2,...N} are caculated at al given points.
At the second step, these values are approximated by
the volumetric spline derived for random or unorganized
points. The problem of finding the interpolation spline
function

U(p) e wi(Q)

where W3 is the set of all functions the whose squares
of al derivatives of order < m are integrable over R,
so that

U(P,-)=ri, i=1,...,N,
and

1
/ 3 %(D“u)z dQ — min
A i

Joal=m

where m is a parameter of the variational functional, is
considered in detail in5,

The Green's function for the operator T*T where

{m!
Tu= &D“u
a!

has the form
N _ ) Ix=PJ* " n|x — P, neven,
Gm,n(xs Px) = { HX— Pi;’Zm—n, n Odd
where

" 172
Ix— Py = {Z(x,- - xﬂ :

j=1
For 2D and 3D geometric applications (n=2,3 and
m=2), the spline has the form

N+k
Ux) = digilx, P))

i=1

where

g%, P;) = Guu(x, Py), i=
gn+1(%, Pr) =1,
gnri+i Py =x;, j=1,...,k—1,
k=n+m—1)!/nlm— 1)

1,...,N,

If among the points Pi,.... Py there are k points with
the property that for any predefined set of vaues there is
exactly one polynomial of n variables of degree< m—1
that takes these values at these points, then the problem
has a unique solution. If m =n =2, then k = 3, and it
is sufficient to find three points not lying in a straight
line.

The minimization of the functional results in the fol-
lowing system of N+k linear algebraic equations (SLAE)
for the spline coefficients 4;:

A rt

Az 2

A N N
A =

AN+l 0

/N2 0

ANk 0

where 4 = (4;;) is the matrix with the entries

Ay =g(P,P;), i<N+k j<N,is#j
A; =0, i< N,

Ai;=gj(P,P)), i<N,N<j<N+k,
Ajj =0, i>N,j>N.

The only problem here is operating with the dense
matrix of size N with zero diagonal elements. This ma-
trix is symmetric, but not positive definite. The system
may be solved by the Householder method described
in1®, As the coefficients are found, the spline can be re-
stored. The choice of this spline is due to the following
reasons:

e it wasderived specialy for the case of scattered points;
e it provides C*-continuity if k <2m—n.

Similar splinesfor 2D case (known as thin plate splines)
were constructed in?” without the use of Green's func-
tion.

The zero set of the function
f(x9y’z) = U(x’yaz) _fc(x’yaz)
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for n = 3 approximates the unknown surface, and the
inequality f(x,y,z) = 0 represents the unknown solid.

In practical applications the number of points can
rise drastically, which limits the applicability of this ap-
proach. In the case of agreat number of points the spline
restoration is very time consuming. One possible way of
saving calculation time is the use of parallel computing.
A parallel agorithm for volume splines and its perfor-
mance evaluation were considered in®. Results shown
in Table 1 demonstrate that the spline approximation
problem for a complex surface undergoes parallelization
very well on the network of transputers INMOS T800.

4. Reconstruction from Contours

The method of volume splinesis limited to sets of data
of moderate Sze because the time of caculation de-
pends on N3 operations. In many cases, contour points
or planar cross-sections are given. The idea of sweeping
a 2D closed contour to create a 3D solid object is well
known; however, as Hui notes in?, a major deficiency
of the sweep representation isits being restricted by the
type of 2D closed contours and the sweep trajectories
being used. We do not discuss here the point member-
ship classification algorithms for reconstruction of an
object from contours because function representation of
a solid solves the problem automatically. The approach
proposed here alows us to use two-dimensional con-
tours of arbitrary shapes for reconstructing 3D objects.
It helps to decrease the number of random points used
for the construction of SLAE and to save computation
time. In addition, this algorithm can easly be paral-
lelized. Perallelizing of this algorithm by sharing data
between processors can improve computation perfor-
mance practically in direct proportion to the number of
Processors.

To reconstruct an object from contours, we apply
the above algorithm to each cross-section, using two-
dimensional “carriers’ and spline functions of two vari-
ables U(x,y). Suppose the resultant functions Fi(x, y)
and Fy(x,y) represent cross-sections belonging to the
planes z = z; and z = z, respectively. Intuitively, it
is clear that transition and scaling between the cross-
sectional shapes can be defined using interpolation or a
homotopy map

F(x,y,2) = (1 = gz))F1(x,y) + g(z)Fa(x,y)

where g(z;) = 0 and g(z;) = 1. Note that this method
produces a connected surface if the areas Fy(x,y) = 0
and F(x,y) = 0 have nonempty intersection.

In the case of linear interpolation, g(z) = (z—z;)/(z2—
z1). This well-known method of classical analytical ge-
ometry has been applied by Liming® in aircraft design.
A more complex form, proposed in'6, is a rational poly-
nomial function. To provide a more smooth transition

between several cross-sections, one-dimensional spline
interpolation along the z-axis can be applied.

Representation of surfaces by sections mainly uses
families of parallel dices. On the other hand, some med-
ica imaging systems hardly guarantee parallelism of
sections®. In this case, we need to interpolate orien-
tational matrices that determine the spatial positions
of the sections. Methods for representation of orienta-
tional matrices and of smooth interpolation in the set of
all orientational matrices are fundamental problems of
computer animation, and several methods of interpola-
tion using quaternions are discussed in?*. In this section
we discuss two methods for constructing orientational
matrices.

Sometimesthe motion of cross sectionscan be defined
in terms of angular velocities. Let y, y, and y; be the
direction cosines of the x-axis of the fixed coordinate
systemin a coordinate system bound with the solid, and
(w1, wy,@3) the coordinates of the instantaneous vector
of angular velocity w(t) in this coordinate system. We
assume that we know a sequence of values of w(t), and
we need to construct a smooth matrix valued function
M(t) such that M(z) is the orientational matrix for all t,
where t depends on the coordinates (x, y, z} of the solid.
If we know the t dependency of (x,y,z), we may solve
this problem by numerical integration of the system of
differential equations®

71+ Wy — w3y =0
P2+ iy —wpy =0
P34+ w173 — w3y =0

with the first integral
T=y 413+ =1
and initial conditions
Vlo =, ”/20 = oy’ V3° = 01310

where a,° are the entries of the orientational matrix in
the initial state. We assume that we have a sequence of
orientational matrices in which every matrix is close to
the previous one, and we define t by the formula

T di+d;

where d; and d» are the distances from the point to the
cross-sectional planes.

t

An orientational matrix has nine entries, and after
computation of the entries in the first column we can
compute the other six entries.

Let us now discuss the second agorithm for inter-
polation of a sequence of orientational matrices Mi,
i=1,...,k. Assume that we can definet as above. If we
use linear interpolation, then the orientational matrix
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Number of Time of Use of
processors performance processors(%)
(sec)
1 180.2 99.9
2 90.5 99.4
3 62.5 96
6 327 92

Table 1: The time of solution of the SLAE (400 x 400)

may be written as

M(1) = exp(tIn(M) + (1 — 1) In(Mi11)).

For both interpolation algorithms we assume that
the origins of the moving coordinate systems are or-
dered, say, according to their z-coordinates in the initial
frame. The interpolation of orientational matrices al-
lows sections to be calculated through given points by
the application of inverse maps.

5. Examples of Data Restoration

We have experimented with reconstruction of objects
from data sets obtained from several different sources.

5.1. Fobos Surface Reconstruction

942 points randomly located in the surface of Fobos
were used for reconstruction.

The calculations were performed on six transputers
T800. The estimation showed that the error of recon-
struction of the surface does not exceed 3%. The time
characteristics are shown in Table 2. Asiit is clear from
Table 2, solution of the system of linear algebraic equa-
tions is the most time-consuming operation. Table |
exhibits the high rate of parallelization obtained for the
problem of solving the system of linear equations.

5.2. Concave Contour Reconstruction

59 points in Figure 2a with Cartesian coordinates (x,y)
were used to reconstruct an object by our algorithm.
The reconstructed 2D “solid” is shown in Figure 2c.
Generadly, a section may consist of several contours.

Number of points 184 | 377 | 628 | 942

Matrix formation 3.0 11 30 66

Solution of SLAE 6 42 192 | 633

Calculation of 10000
surface nodes 38 70 113 | 167

Table 2: Time characteristics of calculation of the Fobos
surface (time in sec.)

Figure 1: Fobos surface reconstruction

Figure 2d shows the result of a section reconstruction
from 67 points shown in Figure 2b; here the points form
two closed contours.

5.3. Branching Structures

Figure 3 shows a three-branch solid that was recon-
structed using the cross-sectional approach.

5.4. Reconstruction of a Solid From Nonparallel
Sections

The surface of a bent and twisted block shown in Fig. 4
was reconstructed from 50 nonparallel planar sections,
using linear interpolation of orientational matrices as
described above.

5.5. Numerical Error Estimate

Numerical error estimation is very important for com-
parison of various scattered data interpolants because
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(© (d)

Figure 2: Concave contour reconstruction

Figure 3: Branching structure

Figure 4: Example of restorationfrom nonparallel cross
sections

Figure 5: Reconstructed (a) and deformed cube (b)

visual evaluation of the result is not sufficient for an
appraisal of the algorithm. To compare, some numerical
measure of the error of the approximation found for a
test function is needed; we used the root mean square
measure of error for the test function:

F(x,y) = radius* — (x — x0)? — (y — yo)* + noise(x, y)
where

noise(x, y} = s(x, y)s(y, x),
s(p,q) = amplitude - (s1(p) + s2(p, q)),
s1(p) = sin(a(p)),

a(p) = frequency - p,

s2(p,q) = m%udg sin (22} + phase - s1(q)) ,

radius=8.0, (xo,y) = (5.0,5.0), amplitude=2.0, fre-
quency = 0.8, and phase = 1.0.

The normalized approximate range of this function
over the domain {(x,y) :0<x <10 0 <y < 10}
is [0.0,8.4]. We used 2500 nodes for restoration of this
function. The defining functions of 50 planar vertical
slices were combined by using linear interpolation. The
RMS error is 0.02 for 469 random test points. The RM S
for reconstruction of the same shape with triangular
Gregory patches is 0.0172. We would like to note that
numerical experiments did not show a dependency of
accuracy of restoration on the choice of the “carrier”
function.

6. Conclusions

We have studied the possihility of use of scattered and
cross-sectional data for the reconstruction of solids de-
scribed by functions of three variables. The new method
is based on the spline interpolation of values of a scalar
field generated by a “carrier” function. Our algorithm
can generate highly concave objects and multiple con-
tours in one dlice of data automatically. The algorithm
automatically handles branching problems and under-
goes parallelization easily. This method can be used for
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reconstruction and rendering tomographic data. In ad-
dition, this technique alows generation of complicated
objectsthat can be easily further modified by application
of set-theoretic operations.

We intend to concentrate our future research on the
deformation of a carrier solid. Figure 5a shows an exam-
ple of a cube reconstructed from 90 artificially generated
random surface points. In the reconstruction of the cube
we used the R-union of two spheres as a carrier solid.
Figure 5b shows the deformed cube. The deformation
was produced by changing the initial distance between
the spheres in the carrier solid keeping the spline func-
tion unchanged. We hope to control a plastic or elastic
structure like a human face via local changes of acarrier
function. Deformations of reconstructed solids by alge-
braic sums and space mapping using the volume splines
introduced as above may be of interest too.
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