Reconstructing Solid Models
from Oriented Point Sets:

FFT vs. Poisson

M. Kazhdan?, M. Bolitho?, R. Burns2,
H. HoppeV, K. DalalV, and A. KleinV

AJohns Hopkins University VMicrosoft (Research)

Reconstruction of Solid Models from Oriented Points Sets. Kazhdan (2005)
Poisson Surface Reconstruction. Kazhdan et al. (2006)

Multilevel Streaming for Out-of-Core Surface Reconstruction. Bolitho et al. (2007)
Unconstrained Isosurface Extraction on Arbitrary Octrees. Kazhdan et al. (2007)
Parallel Poisson Surface Reconstruction. Bolitho et al. (2009)

Screened Poisson Reconstruction. Kazhdan and Hoppe (2013)



Related Work

Three general approaches:
1. Computational Geometry

Boissonnat, 1984 Edelsbrunner, 1984
Amenta et al., 1998 Dey et al., 2003
2. Surface Fitting
Terzopoulos et al., 1991 Chen et al., 1995
3. Implicit Function Fitting
Hoppe et al., 1992 Curless et al., 1996
Whitaker, 1998 Carretal., 2001
Davis et al., 2002 Ohtake et al., 2004

Turk et al., 2004 Shen et al., 2004



Related Work

3. Implicit Function Fitting

— Use the (oriented) points to define a function that
is negative inside the shape and positive outside.
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Related Work

3. Implicit Function Fitting

— Use the (oriented) points to define a function that
is negative inside the shape and positive outside.

— Extract the zero-crossing iso-surface.
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Which Implicit Function?

Our goal is to reconstruct the simplest implicit
function characterizing the surface — the
indicator function:

1 if(x,y,2)eD
0 otherwise

Xo (X, Y,2) :{




Outline

 Two Approaches
— FFT: What can we compute?
— Poisson: What are we representing?
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What can we do with a set of oriented points?



Motivation

What can we do with a set of oriented points?
Divergence (Gauss’s) Theorem:

Given a vector field F and a domain D:
[ div(FXpydp=[_(F(p).A(p))dp

[ div(F kp) dp [_(F(p).i(p))dp



Motivation

What can we do with a set of oriented points?
Divergence (Gauss’s) Theorem:

Given a vector field ﬁnand a domain D:
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Motivation

What can we do with a set of oriented points?
Divergence (Gauss’s) Theorem:

Without explicitly knowing the volume,
with a set of oriented points we can
approximate volume integrals.
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Motivation

What can we do with a set of oriented points?
Divergence (Gauss’s) Theorem:

Without explicitly knowing the volume,
with a set of oriented points we can
approximate volume integrals.

h. N 2 W «

With enough volume integrals, we
should be able to flgure out the volume




Computing y,, (Step 1)

Computing the indicator function is equivalent
to computing its Fourier decomposition:

Zo(XY,2) = > o (l,m,n)e e

I,m,n



Computing y, (Step 2)

Computing the Fourier decomposition of the
indicator function is equivalent to computing a
set of volume integrals:

7o, m,n) = j 75 (X, y, 2)e 2 emnzdydydz

[0,1]°



Computing y, (Step 2)

Computing the Fourier decomposition of the
indicator function is equivalent to computing a
set of volume integrals:
7o, m,n) = j 75 (X, y, 2)e 2 emnzdydydz
[0.1F°

_ J' e—27zi (Ix+my+nz)dxdydz
D

since the indicator function is one inside of D
and zero outside.



Computing y, (Step 3)

Surface Integration

If ﬁ,mn(x,y,z) is any vector field whose divergence
is equal to the (/,m,n)-th complex exponential:

div( F )(x v,7) = e ~27(Ix+my-+nz)

Then the volume integral can be expressed as a
surface integral:

[embem mdxdydz = [(F,,(p),n(p))dp

D oD



Reconstruction Algorithm

Given a set of oriented point samples {(p;n;)}
 We approximate the Founer coefficients of y .

Zo(l,m,n) = Z< Fin (P, )
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Reconstruction Algorithm

Given a set of oriented point samples {(p;n;)}
 We approximate the Founer coefficients of y .

Zo(l,m,n) = Z< Fin (P, )

* To obtain the Fourler Decomposition:
Zo(%,Y,2) =D 7o, m,n)e

I, m,n

* From which we extract the iso-surface of y .

= {p|xo(p) =0.5

27 (Ix+my+nz)



Implementation

To implement, we must find vector fields whose
divergences are the complex exponentials:

div(ﬁlmn )(X, V,2) = a2z (Ix+my-+nz)



Implementation

To implement, we must find vector fields whose

divergences are the complex exponentials:
div(lflmn )(X, y,7) = g2 (bxemy-nz)

There are many of these:
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Implementation

To implement, we must find vector fields whose

divergences are the complex exponentials:
div(lflmn )(X, y,7) = g2 (bxemy-nz)

There are many of these:

- 0
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Implementation

To implement, we must find vector fields whose

divergences are the complex exponentials:
div(lflmn )(X, y,7) = g2 (bxemy-nz)

But there is only one vector field that commutes

with both translation and rotation:

(1)

m e—27zi(lx+my+nz)

n)

1
—27zi(|2 +m2+n2)

Fin (%, ¥, 2) =




Implementation

OO

N N

30° 45°

Does not Commute:

1
Iflmn (X, Y, Z) — : 1 1 e—27zi(lx+my+nz)
—27i(l+m+n) .

Commutes:

I
= 1 —27i(Ix+my+nz)
F_(X,V,2)= _ m g~ 7™
im (X,.2) 2m(|2+m2+n2)[n}




Implementation

- -~
. .

Does not Commute:

1
Iflmn (X, Y, Z) _ : 1 1 e—27zi(lx+my+nz)
—27i(l+m+n) .

Commutes:

—27zi(I2+m2 +n2)

|
Iflmn (X, Y, Z) — 1 [mJeZM(IHmymz)




Efficient Implementation

Explicitly summing over all the points to find
each Fourier coefficient would be too slow:

2 0m =Y (Fro ()



Efficient Implementation

Explicitly summing over all the points to find
each Fourier coefficient would be too slow:

2 (1,m,n) = Z<F.mn(p )n;)

However, because the fllter commutes with
translation this can be reduced to a convolution:

O(N>) - O(N3log N).



Properties

Advantages:
— Mathematical Correctness:
* For a sufficiently dense/uniform sampling, the
indicator function is guaranteed to be accurate




Properties

Advantages:

— Computational Simplicity:
e Splat *
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Properties

Disadvantages

* For an O(N?) reconstruction:
x Temporal Complexity: O(N3 log N)
x Spatial Complexity: O(N3)

On a machine with 4GB of RAM, reconstruction
resolutions will be limited to 5123 voxel grids.



Properties

Disadvantages

* For an O(N?) reconstruction:
x Temporal Complexity: O(N3 log N)
x Spatial Complexity: O(N?3)

% Resolution is not adaptive

»




Properties

Disadvantages

* Fa

To adapt the to the sampling density:
1. Weight the samples’ contribution.
2. Reconstruct more smoothly in

regions of sparser sampling.

7~




Properties

Disadvantages

* F3To adapt the to the sampling density:
¥'1. Weight the samples’ contribution.

x| 2. Reconstruct more smoothly in B
x Re regions of sparser sampling.

“ﬁThe fixed resolution precludes an
ﬁ, adaptlvely smoothed reconstructlon




Outline

 Two Approaches

— Poisson: What are we representing?



Motivation

What information about the indicator function
do a set of oriented points represent?



Motivation

What information about the indicator function
do a set of oriented points represent?
Indicator Function Gradient:
Because Y, is piecewise constant, its gradient
will be zero almost everywhere...
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Motivation

What information about the indicator function
do a set of oriented points represent?
Indicator Function Gradient:
... Which looks distinctively like the oriented
(inward-pcginting) surface samples.
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Motivation

W The gradient of the smoothed indicator
d¢function is equal to the vector field obtained

In by smoothing the surface normal field:
V(2o *F)a) = [F(a-p)No(p)dp

A n
z_z F(q—p)n,
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Approach

We reconstruct by solving for the indicator
function whose gradient is most similar to the

vector field N represented by the samples:
7o = arg mfinHVf - N“



Approach

We reconstruct by solving for the indicator
function whose gradient is most similar to the

vector field N represented by the samples:
7o =arg mfinHVf - N“

This can be done by:

1. Computing the divergence of N
2. Solving the Poisson equation:

Yo = A_l(V- N)



Implementation

Given the Points:

* Set up an octree
 Compute vector field

e Compute indicator function

e Extract iso-surface



Implementation: Adapted Octree

Given the Points:

* Set up an octree
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Implementation: Vector Field

Given the Points:

 Compute vector field

— Define a function space
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Implementation: Vector Field

Given the Points:

 Compute vector field

— Splat the samples
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 Compute vector field
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Implementation: Vector Field

Given the Points:

 Compute vector field

X

— Splat the samples




Implementation: Vector Field

Given the Points:

 Compute vector field ML ¥
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— Splat the samples




Implementation: Indicator Function

Given the Points:

 Compute indicator function
— Compute divergence




Implementation: Indicator Function

Given the Points:

 Compute indicator function

— Solve Poisson equation

| AL




Implementation: Surface Extraction

Given the Points:

e Extract iso-surface

P

[iT<Tmlm]




Properties

Advantages:
— Solving over an octree, reduces both the space and
time complexity of the reconstruction algorithm:

e Space: O(N3) — O(N?)
* Time: O(N3log N) — O(N?)
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Properties

Advantages:
— We can adapt the octree to the sampling density
to better handle non-uniform samples

NN




Properties

Advantages:
— Sorting the octree nodes by x-index, we can design
a streaming and parallel implementation.

output stream input stream

active point set

S —— !
% f sweep-direction

Pajarola, 2005



Properties

Advantages:

— Sorting the octree nodes by x-index, we can get a
streaming and parallel implementation.
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Properties

What is the difference between the FFT and
Poisson solvers?



Properties

What is the difference between the FFT and
Poisson solvers?

— The convo

operatort
field and t

Fin (%,¥,2) = —272{('2 +m? + nz)]

ution kernel in the FFT approach is the
nat computes the divergence of a vector

nen applies the inverse of the Laplacian.
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Inverse Laplacian Divergence



Properties

What is the difference between the FFT and

Poisson solvers?
— Alternatively, the equivalence of the normals with
the gradient of the indicator function derives from

the Divergence Theorem.

0 OF
&(ZD*F)(q)z&(q—p)dp

= [V-(F,00)a- p)dp

D

= [(F,0,0)(a— p)N(p)dp

oD

= [F(g-p)N,(p)dp

oD




Outline

e Results



res=643 res=1283 res=2563
tris=11,900 tris=49,556 tris=200,692
time=0:01 time=0:03 time=0:17



Results (Noise / Related Work)

9.1
1§

Original RBF Reconstruction MPU Reconstruction FFT Reconstruction
res=2563 res=2563 res=2563
tris=200,000 tris=205,000 tris=177,000
time=24:10 time=2:14 time=0:16

points=100,000 points=100,000 points=100,000



Memory Usage: FFT vs Poisson

=#=Fast Fourier Transform
=f=Poisson

0 100,000 200,000 300,000 400,000 500,000 600,000
Triangles



Michelangelo’s David

Effective Resolution: 20483

Projected FFT Recon:

Time: ~6hrs
Memory: 512GB

Poisson Recon:

216x10° points (4.8 GB)

Time: ~2.5hrs
Memory: 4.4GB
Triangles: 22 million



Michelangelo’s David

216x10° points (4.8 GB)




Michelangelo’s David

216x10° points (4.8 GB)




Michelangelo’s David

216x10° points (4.8 GB)




Streaming Poisson Results

Res. Running
Time

256 0.53

0.50

512 0.68

0.65

1024 1.20

1.05

2048 3.33

2.65

4096 12.6

N/A

8192 32.3

N/A

Out-of-Core (Streaming) Reconstruction
In-Core Reconstruction




Streaming Poisson Results

In-Core Reconstruction Out-of-Core (Streaming) Reconstruction
Peak Mem: 4.4 GB (Depth 11) Peak Mem: 0.8 GB (Depth 13)




Observed Speedup
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Conclusion

Two different interpretations of the input samples:

— FFT: Samples as a tool for volume integration — informs
how we handle non-uniform sampling

— Poisson: Samples as the gradient field — supports the
design of an efficient solver.




Conclusion

We can robustly reconstruct surfaces in a
memory footprint smaller than:

— The total memory used

— The size of the input point set

— The size of the output surface

using a streaming and parallel, linear-
time algorithm.

Points (1x10°) 24 GB
Triangles (1x109) 18 GB
Total Memory 242 GB

Working Memory 2 GB
Time (12 cores) 886 min







