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General Approaches 

• Interpolating polygon meshes 
– Amenta et al. 1998 

– Bernardini et al. 1999 

• Implicit function fitting 
– Hoppe et al. 1992 

– Curlesss et al. 1996 

– Ohtake et al. 2004 

– Turk et al. 2004 

– Shen et al. 2004 

– Kazhdan et al. 2006 



Method Overview 

• Input: Oriented point cloud 

• Method: Implicit surface representation 

– Implicit function = Smooth approximation of 
signed distance function 

• Output: Watertight, adaptive manifold surface 



Implicit Reconstruction 

• Given: Oriented point set 

 D = {…, (pi, ni), …} sampled from surface S 

• Compute implicit surface 

 S = {x | f(x) = 0}   

    with interpolating conditions 

 f(pi) = 0 and ∇ f(pi) = ni for all samples 



Approximating Scheme 

• Interpolating conditions 

 f(pi) = 0 and ∇ f(pi) = ni for all samples 

– Vulnerable to noise 

– Needs parametric families of functions with many 
degrees of freedom 

• Solution: Least Squares Energy (local) 
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2 +

𝑁

𝑖=1

𝜆1 ∇𝒇 𝒑𝒊 − 𝒏𝒊
2

𝑁

𝑖=1

 



Minimizing Data Energy 

𝐸𝐷(𝑓) = 𝜆0𝐸𝐷0(𝑓) + 𝜆1𝐸𝐷1(𝑓) 
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• Defines energy near data points {…, (pi, ni), …} 

• Minimize to approximate signed distanced 
function 

 

 

 



Defining non-local behavior 

𝐸(𝑓) = 𝐸𝐷(𝑓) + 𝝀𝟐𝑬𝑹(f) 
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• Defines energy far from data points 

• Tends to make ∇𝒇 𝒑𝒊  constant 

 

 

 

 



Linear Families of Functions 

Why linear functions? 

• Most have a unique solution 

• Can be computed by solving a system of linear 
equations 

 



Linear Families of Functions 

𝑓 𝑥 =   𝑓𝛼𝜙𝛼 𝑥 =  𝛷 𝑥
𝑡𝐹

𝑎 ∈𝛬

 

𝛬  = set of K elements 

F = K-dimensional coefficient vector  

K = chosen number of basis functions 

Popular smooth basis functions 
• RBFs (Carr et al. 2001) 
• Compactly supported BFs (Ohtake et  al. 2004) 
• Trigonometric polynomials (Kazhdan et al. 2005) 
• Basis splines (Kazhdan et al. 2006) 
• Wavelets (Manson et al. 2008) 



Choosing a function set 

• Small K 
– Example: polynomial basis functions 
– Straightforward solution: AF = b 
– Likely to get low quality results 

• Large K 
– Example: RBFs, trigonometric polynomials 
– Non-compact support  Dense A matrix  
– Compact support  Sparse A matrix  

• May still be complicated to compute regularization term 
• Solution: Hybrid FE/DF discretization with discontinuous 

gradient 



Independent Discretization 

• Hybrid FE/FD discretization 
– Trilinear interpolant for f(x) 
– Finite differences for ∇f(x) 
– Finite differences for Hf(x) 

• Non-homogenous quadratic energy 

– If f(x), ∇f(x) and Hf(x) can be written as homogeneous 
linear functions of parameters F 

𝐸 𝐹 = 𝐹𝑡𝐴𝐹 − 2𝑏𝑡𝐹 + 𝑐 

• Global minimum 
𝐴𝐹 = 𝑏 



Relation to Poisson Reconstruction 

• Both implement implicit reconstruction with 
interpolating conditions 

• Poisson Reconstruction: Implicit function is 
recovered by integration over the vector field 
   

∇f(x) = v 

  



Relation to Poisson Reconstruction 

Why SSD?  

• For ∇f(x) = v to be true need to impose constraint 
that integral over v is zero for all closed curves  

• SSD offering: Solve for f(x) in a single step by 
minimizing with respect to f(x) 

   ∇𝒇 𝒙 − 𝒗(𝒙) 𝟐𝑑𝑥𝑉
 

Which is equivalent to solving the Poisson equation 

Δ𝒇 𝒙 = ∇𝒗(𝒙) 



Relation to Poisson Reconstruction 

SSD Vector field formulation: Minimization of 
vector field energy 

 

 

 

 Dv(x) = Jacobian of vector field v(x) 

 Given ∇f(x) = v, follows that Hf(x) = Dv(x) 

 



Implementation 

• Iterative solver 

– Cascading multi-grid approach 

• Solve problem on coarser level 

• Use previous solution to initialize solution at next level 

• Iso-surface extraction 

– Dual marching cubes (Schaefer 2005) 

• Crack-free 

 



Complexity 

• Iterative solver (Conjugate gradients) 
– Cost/iteration: O(N) 

• N by N system 

• Number of non-zero entries per row is constant 

– Number of iterations: O(N^0.5) 

– Overall: O(N^1.5) 

• Hierarchical solver (Multigrid) 
– Cost/(hierarchy level): O(1) 

– Overall: O(N) 

 



Complexity 

• Empirically: Super linear growth  

• From “Screened Poisson Surface 
Reconstruction” by Kazhdan and Hoppe 2013 

 

 



Results: Inaccurate Normal Data 



Results: Non-uniform sampling 



Results 
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