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Monte Carlo Integration



Probability

Definition:

The probability density function (PDF) p(x) of a
random variable X in a domain € describes the
relative likelihood for this variable to occur at a
given point in Q:

1. 0<p(x)

2. J, p(x)dx=1



Probability

Note:

Given any subdomain Dc(2, the probability of
the variable occurring within D is:

Pr{X e D}= j 0(X)dXx




Probability

Definition:

For a (1D) domain Q=[a,b] the cumulative
distribution function (CDF) P(x) of a random
variable X is the probability that a value from
the variable’s distribution is less than or equal

to so some value x: X
P(x) =Pr{X <x}= j p(x')dx’




Probability

Note:
Given a CDF on the domain Q—[a b], we have:

P(a) = j o(X)dx=0 P(b)= j p(x)dx =1




Probability

Note:
Given a CDF on the domain Q-[a b], we have:

P(a) = jp(x)dx -0 P(b)= jp(x)dx_l

And more generally:

dP

p(x) T dx




Probability

Definition:
Given a PDF p(x,,x,) on the domain €2,x€),, the

marginal density function of x, € €2, is obtained
by integrating out one of the dimensions:

p(x.) = [ POX, X,)dx,




Probability

Note:

The marginal density function is also a PDF
because it is non-negative and:

j p(x)dx, = | | p(x,%,)dx,dx =

02,Q,




Probability

Definition:

The marginal densities p, and p, are
independent if the probability distribution on

(),xC), is the product of marginal probability
distributions on €2,and €),:

P(X, X,) = p(X) P(X,)



Probability

Definition:

Given a PDF p(x,,x,) on the domain €2,x€),, the
conditional density function of x, (), given
x,€Q), is obtained by integrating out one of the
dimensions:

p(X; | X,

) — p(Xl’ X2)
p(,)




Probability

Note:

The conditional density function is a PDF
because it is non-negative and

p(xl’ XZ) p(Xl)
j p(x, | %)X, —j oy 0% = p(xl j P05 %), = =]

2




Probability

Definition:

Given a PDF p on a domain €2, the expected
value, E [f], of a function f is the average value
of the function over a distribution of values p(x)
over its domain:

Ep[f]zj f (x) p(x)dx

Q




Probability

Note:

For functions f, f,, and f, and constant c:
E,lc]= jcp(x)dx — CI p(x)dx =c



Probability

Note:

For functions f, f,, and f, and constant c:
E,lc]= jcp(x)ox — CI p(x)dx =c
E, [cf ]:jcf (x)p(x)ox:cj f(x) p(x)dx =cE,[f]




Probability

Note:
For functions f, f,, and f, and constant c:

Ep[c]:jcp(x)cx:cj p(x)dx =c
E, [cf ]:jcf (x)p(x)cx:cj f(X) p(x)dx = cE [ f]
E[f,+ ,]= [ (£.0x)+ £,0))p(x)dx = [ £,(x) p(x)dx+ [ f,(x) p(x)dx
=E,[f,]+E,[f,]




Probability

Note:

Given a probability distribution p on €2,x€),,
and given function f, on €2, and f, on €),:
E,[f+ 1= [J(£.00)+ £,06))p(x, %, )dx,dx,

QxQ,




Probability

Note:

Given a probability distribution p on €2,x€),,
and given function f, on €2, and f, on €),:
E,[f+ 1= [J(£.00)+ £,06))p(x, %, )dx,dx,

QxQ,

= [ £.00) [ pOG X,)ax,0% + [ £06) [ p(x, %, )dx,dx,
Q Q, Q, O




Probability

Note:

Given a probability distribution p on €2,x€),,
and given function f, on €2, and f, on €),:
E,[f+ 1= [J(£.00)+ £,06))p(x, %, )dx,dx,

QxQ,

= [ £.00) [ pOG X,)ax,0% + [ £06) [ p(x, %, )dx,dx,
Q Q, Q, O

= [ £00) p(x)dx, + [ £(%,) P, (x,)dx,



Probability
Note:

Given a probability distribution p on €2,x€),,
and given function f, on €2, and f, on ,:
L+ 1] H £, (%) + £,(%,))p(X, X, )dx,dx,

= [ £.00) [ pOG X,)ax,0% + [ £06) [ p(x, %, )dx,dx,
= [ £04) p.0x)dx, + [ () p, (%, )dlx,

= Epl[f1]+Ep2[f2]
where p, and p, are the marginal distributions.



Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

EL[f00)- £,00)]= [] £.00) F,06) PO, X, )dx,dx,

Q%€




Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Ep[fl(xl) ' fz (Xz)] = fl(xl) fz (Xz) p(X1’ Xz)dXdel

QxQ,

=[] £,00) P00t T, (x,) P (%,)lx,

QxQ,




Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Ep[fl(xl)' fz (Xz)]:

)

... fl(xl) f2 (XZ) p(X1; Xz)dxzdxl

XQZ

[ 1,0x) Py (x,)dx, F,(%,) p, (x,)dx,

Q%

Q,

= [ £.00) p(x)dx, [ £,06) p, (%) dlx,



Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Ep[fl(xl)' fz (Xz)]:

)

... fl(xl) f2 (XZ) p(X1; Xz)dxzdxl

XQZ

[ 1,0x) Py (x,)dx, F,(%,) p, (x,)dx,

Q%

Q,

= [ £.00) p(x)dx, [ £,06) p, (%) dlx,

= Epl[f1]' Epz[fZ]



Probability

Definition:

The variance, V [f], of a function fis the
expected deviation of the function from its
expected value:

Vp[f]: Ep{(f B Ep[f])zJ



Probability

Definition:

The variance, V [f], of a function fis the
expected deviation of the function from its
expected value:

Vp[f]: E, _(f - Ep[f])ZJ

—E,|[f?+E,[f]?-2E [f]f]




Probability

Definition:

The variance, V [f], of a function fis the
expected deviation of the function from its
expected value:

Vp[f]: E, :(f - Ep[f])ZJ

—E,|[f?+E,[f]?-2E [f]f]
- Ep:f2]+ Ep[f]z_ZEp[Ep[f]f]




Definition:

Probability

The variance, V [f], of a function fis the
expected deviation of the function from its

expected value:
V,[f]=E,

E[f]f

(f—E [£1f]

> 4 E,[f]?—2E [f]f]
:f{+E_f_—2E
2|+ E,[f] - 2E,[f

fE,[f:




Definition:

Probability

The variance, V [f], of a function fis the
expected deviation of the function from its

expected value:
V. [f]=E

( _

E [f]f
flE,[f:

E,[F1F)
> L E,[f] -2E [f]f]
_+E_f_—2E
[+E [P -2E,[f
|-E,[fT




Probability

Note:

For functions f and constant c:
v, et 1= [t |- Bl F =B, [ 2], [1F)=cv, [ ]



Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

V [+ f,]=E |(f,+ £, 2 |-E [f,+ 1, ]




Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Vp[f1+ fz]: Ep _(f1+ fZ)ZJ_ Ep[f1+ f2]2
—E,[f2+ t2+2f,8,]-E [f,+1,]




Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Vp[f1+ fz]: Ep_(f1+ fZ)ZJ_Ep[f1+ f2]2
—E,[f2+ t2+2f,8,]-E [f,+1,]
—E, |t2|+E, [t2]+2E [t]E, [f,]-(E, [f.]+E, [f.]f




Probability

Note:

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Vp[f1+ fz]: Ep_(f1+ fZ)ZJ_Ep[f1+ f2]2

—E,[f2+ t2+2f,8,]-E [f,+1,]

—E, |t2|+E, [t2]+2E [t]E, [f,]-(E, [f.]+E, [f.]f
—E _ff_—Epl[fl]z+Ep2[f22_—Ep2[f2]2




Note:

Probability

Given independent PDFs p, on Q, and p, on (2,,
and given functions f, on QQ, and f, on €,:

Vp[f1+ fz]: Ep _(f1+ fZ)ZJ_ Ep[f1+ f2]2
—E,[f2+ t2+2f,8,]-E [f,+1,]

= :flz:

=E :flz:

+ Epz[f22]+ 2E, [f,.

—E, [f,P+E, [f2

=V, [ ]+, [f,]

E, [fz]_(Epl[f1]+ Epz[fZ])Z
_Epz[fz]2



Probability

Definition:
Given a PDF p(x,,x,) on the domain €2,x€2, and
given a function f on Q,xQ),, the conditional

expectation over (2, given x, (), is:
Egl[f | Xl]: _[ f(xl’ Xz)' p(xz | Xl)dXZ

Q,




Probability

Definition:
Given a PDF p(x,,x,) on the domain €2,x€2, and
given a function f on Q,xQ),, the conditional

expectation over (2, given x, (), is:
Eo, [T 13]= [ (%) p(X, | X)dx,
Q,

Similarly, the conditional variance over €,
given x, (), is:
Vo, [ 1x]= [(F (% %) = ELT [%]F - p(x, | %,)dlx,

Q,



Probability

Egl[f | Xl]: J f(xl’ Xz)' p(xz | X1)dX2

Vgl[f | Xl]: j(f (X, ;(2)_ E[T | Xl])2 - p(X, [ x)dx,
Note: o

Voo [f1= Ea o [F21-(Eqa [f1f



Probability
Eo, [T 13]= [ £(x.%)- p(X, | X,)dx,

Vo, [f 1x]= [(F 06, %,) ~ELF %] - p(x, | %,)dx,
Note: e

Voo [f1=En o [f 21 (Eq 0 [f1f
— Egl [E92 [f ’ | Xl]]_ (Egl [EQZ [f | Xl]])z



Probability
Eo, [T 13]= [ £(x.%)- p(X, | X,)dx,

Vo, [f 1x]= [(F 06, %,) ~ELF %] - p(x, | %,)dx,
Note: e

Voo, [ F1= Eq o [f 21~ (Eqo [1f
— E, [Eo, [F21%]]- (Eq [Eq [ 1%]]F
= B [Ea [121x1]-Eq, Ea [ [XIF )+
o [ [ 11F |- (Eq [Ea [ 1]




Probability
Eo, [T 13]= [ £(x.%)- p(X, | X,)dx,

Vo, [f 1x]= [(F 06, %,) ~ELF %] - p(x, | %,)dx,
Note: e

Voo, [ F1= Eq o [f 21~ (Eqo [1f
— E, [Eo, [F21%]]- (Eq [Eq [ 1%]]F
= B [Ea [121x1]-Eq, Ea [ [XIF )+
o [ [ 11F |- (Eq [Ea [ 1]
= Eq Vo [f 1 x0]+ Ve, [Ea [ 1%]]




Monte Carlo Estimator

Definition:
Given a PDF p on domain Q2 corresponding to

random variable X, and given a function f on €,
the (n-th) Monte Carlo estimate of the integral

of f over Q) is:

18 (X,
0= 3k




Monte Carlo Estimator

Note:
The expected value of the estimate is:

E[1,]= 5{12 } nZE{ } fo(x)p(x)dx:if(x)dx

= P = N4y P(X)




Monte Carlo Estimator

Note:
The expected value of the estimate is:

E,[1.]= [ f(x)dx




Monte Carlo Estimator

Note:
The expected value of the estimate is:

]=j f (x)dx

The variance of the estimate is:

ROR el



Monte Carlo Estimator

Note:
The expected value of the estimate is:

E,[1,]= [ f(x)dx

The variance of the estimate is:

vp[ln]ziv{i}

n | P




Sampling

Challenge:

Given a random variable X on domain €2 with
PDF p, and given a bijective map F:Q—F(C2)
what is the PDF g of the random variable F(X)?

Q - F(Q)




Sampling

Challenge:

For a given domain Dc F(€2), we know that the
probability that F(x) is in D is equal to the
probability that x in F1(D).

F(D) O
» :

Q - F(Q)




Sampling

Challenge:

For a given domain Dc F(€2), we know that the
probability that F(x) is in D is equal to the
probability that x in F1(D).

Thus, the differential probability of choosing
the point F(x) is:

q(F(x))= ‘ Jp((xx))‘

F(D) O
» :

Q - F(Q)




=) P(X)
Sampling a(F ) Je ()

Definition:
A canonical uniform random variable ¢ is a
random variable that takes on all values in the
domain €2=[0,1] with equal probability:
1 xe|01
() ={ =L

0 otherwise




q(F ()= P

Sampling Je ()

Challenge:

Given a canonical uniform random variable &,

how do we generate a uniform random variable
in the range [a,b]?



=) P(X)
Sampling a(F ) Je ()

Solution:

We would like a function F:[0,1]—|[a,b] such
that the probability of choosing F(E) is 1/(b-a).



=) P(X)
Sampling a(F ) Je ()

Solution:

We would like a function F:[0,1]—|[a,b] such
that the probability of choosing F(E) is 1/(b-a).

Thus, we get:
1 Eyeqan) |
_— X) €[a,

~a _ =113 (%)
0 otherwise 0 otherwise

X €[0,1]

N




=) P(X)
Sampling a(F ) Je ()

Solution:

We would like a function F:[0,1]—|[a,b] such
that the probability of choosing F(E) is 1/(b-a).

Thus, we get:

L Eyeab) |
- X) e[a,

1h-a T =09
0 otherwise 0 otherwise

X €[0,1]

or in other words:
F'(X)=x(b—a) Vvxe[0]]



=) P(X)
Sampling a(F ) Je ()

Solution:

We would like a function F:[0,1]—|[a,b] such
that the probability of choosing F(E) is 1/(b-a).

Thus, we get:

L Eyeab) |
- X) e[a,

1h-a T =09
0 otherwise 0 otherwise

X €[0,1]

or in other words:
F'(x)=+(b-a) vxe[0l] m) F(x)=+(b-a)x+c Vxe[0]]



=) P(X)
Sampling a(F ) Je ()

Solution:

We would like a function F:[0,1]—|[a,b] such
that the probability of choosing F(E) is 1/(b-a).

Thus, we get:

L Eyeab) |
- X) e[a,

1h-a T =09
0 otherwise 0 otherwise

X €[0,1]

or in other words:
F'(x)=+(b-a) vxe[0l] m) F(x)=+(b-a)x+c ¥xe[0]]

_|(b-a)x+a
) F(x) _{(a_b)Hb} vx e[0,]]



q(F ()= P

Sampling Je ()

Challenge:

How about if we would like to generate a
random variable in the range [a,b] with PDF g7



=) P(X)
Sampling a(F ) Je ()

Recall:

Given F, the derivative of the inverse of F is:
1
F—l '
( ) FloF—l




q(F ()= P

Sampling Je ()
Recall:
Given F, the derivative of the inverse of F is:
1
Ft)=
F-t
This follows by the chain-rule:
(FoF?)=1
U
(For ) )=
U




Sampling Je ()
F) -
Challenge: R

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF




Sampling Je ()

A} 1
Challenge: (F?)= F'of -

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF

Integrating to get Q'(x)=qg(x):
1
Q'°F

F'=+




Sampling Je ()
F- 4
Challenge: T ELET

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF

Integrating to get Q'(x)=qg(x):
1 1
T —
QIOF FloF—l

= +Q'



F'=+

Sampling Je ()
F- 4
Challenge: T ELET

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF

Integrating to get Q'(x)=qg(x):

1 1 a .
O'F = CoE :iQ':>(F ):J_rQ




F'=+

Sampling Je ()
F- 4
Challenge: T ELET

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF

Integrating to get Q'(x)=qg(x):

1 1
= =+Q'=>(F 7 J=+Q'=> F ' =+Q+c
QIOF FloF—l Q ( ) Q Q




Sampling Je ()
F- 4
Challenge: T ELET

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:

Fros o

qoF

Integrating to get Q'(x)=qg(x):

1 1 A . )
F :iQ'oF == :iQ:>(F l):iQ:>F '=+Q+c=F =+(Q+c)”




Sampling Je ()
F- 4
Challenge: T ELET

How about if we would like to generate a
random variable in the range [a,b] with PDF g?

Solution:

In this case we get:




=) P(X)
Sampling a(F ) Je ()

Examples: F(§)={_ 2 (5)}

(Q-1)7"(¢)
If g(x)=cx” on the domain [a,b]

1. We normalize:
b

. 1
1=|g(X)dx=c——(b"* —a""*
;q() n+1( )
U
1 n+l
b RN+l 4ntl
[a(x)dx e

C




=) P(X)
Sampling a(F ) Je ()

Examples: ~()= {— Q —(12)1222}

If g(x)=cx” on the domain [a,b]

1. We normalize:
n+1 ’

q(X) — bn+1 n+1 X
2. Integrate to get the CDF: 1 1

n+1 ; X —a
Q(X) J. bn+1 n+ y dy = bn+1 . an+1




=) P(X)
Sampling a(F ) Je ()

~ Q™ ()
Examples: (&) —{_(Q_l)l(eg)}
If g(x)=cx” on the domain [a,b]

1. We normalize:

n+1 ’
q(X) = bn+1 . a.n+1 X
2. Integrate to get the CDF:

n+1 n+1

X ~—a

3. Invert the CDF:

_ ((bn+1 _ an+1)§ n an+1 )1/n+1\
F (5) <\_ ((bn+1 _ an+1 Xé _1)_|_ an+1 )1/n+1 (




q(F ()= P

Sampling Je ()
Examples: (&)= {_ Q _(12)122}
Uniform random samplesiin a hemi-sphere:
(@) = -

27T



q(F ()= P

Sampling Je ()
Examples: (&)= {_ Q _(12)122}
Uniform random samplesiin a hemi-sphere:
q(w) ~ o2

In terms of the spherical parameterization:
(6, $) = (sin @ cos ¢, sin Gsin ¢,cos )

this gives: .
siné

p(0,9) = a(D(8,4))J, (6, 9)| = o



q(F ()= P

Sampling Je ()
Examples: (&)= {_ Q _(12)122}
Uniform random samples in a hemi-sphere:
sin @
p(o, 9) =§

Recall:

The probability p(8,¢) is the product of the
marginal and conditional probabilities:

p(0,¢) = p(0)-p(#|0)




q(F ()= P

Sampling Je ()

Examples: F(S) :{_ (Q _%12?3}
Uniform random samples in a hemi-sphere:
siné
p(o, 9) =

T
The marginal probability of choosing Ois:

csin @

p(9) = j PO, $)d¢ = j—d¢ sin 0




q(F ()= P

Sampling Je ()

Examples: F(S) :{_ (Q _%12?3}
Uniform random samples in a hemi-sphere:
siné
p(o, 9) =

T
The marginal probability of choosing Ois:

*sin g

p(0) = j p(6, #)dg = j—d¢ sin 0

The condltlonal probablllty of choosing ¢@is:

p6.¢) 1
p(#0) = 0 2%




=) P(X)
Sampling a(F ) Je ()

Examples: (&)= {_ Q _(12)122}
Uniform random samples in a hemi-sphere:
siné
P(o, ) =

p(0)=sing  P($16)= -

Integrating, we get the CDFs:

P(0) = Tsin(e')de' =1-cosd P(¢|0)=0Q(g)= %



= )= _P(X)
Sampling a(F ) Je ()

Examples: (&)= {_ Q _(12)122}
Uniform random samples in a hemi-sphere:
siné
P(o, ) =
T
¢

P(6) =1-cos@ P(¢16) =Q(¢) =5

Inverting, we get:

0=—(P(&)-1) " =cos'g  ¢=(Q(5) -1 =27,



q(F ()= P

Sampling Je ()

Examples: F(e)= {— (Q —(12)152}

Uniform random samples in a hemi-sphere:
0 =cos & ¢ = 27&,

Note:

Even though this transforms uniform random
variables in [0,1]% to uniform random variables
on H?, the distribution does not preserve areas,
so stratification in [0,1]%> does not guarantee
stratification on H?.




Rejection Sampling

Challenge:

What happens when Q is complicated?




Rejection Sampling

Challenge:

What happens when Q is complicated?
Solution:

Generate samples in a simpler domain 22
and discard samples that are not in Q.




Rejection Sampling

Challenge:

What happens when Q is complicated?
Solution:

Generate samples in a simpler domain 22
and discard samples that are not in Q.




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?

Solution:

Find a simple PDF p and constant ¢
such that f<cp:




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?

Solution:

Find a simple PDF p and constant ¢
such that f<cp:

— Generate sample x with probability p




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?

Solution:

Find a simple PDF p and constant ¢
such that f<cp:
— Generate sample x with probability p

— Generate a uniform random value
Ee[0,cp(x)].




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?

Solution:

Find a simple PDF p and constant ¢
such that f<cp:

— Generate sample x with probability p

— Generate a uniform random value

c€[0,cp(x)]
— Keep x if E<f(x)




Rejection Sampling

Challenge:

How do we sample according to a function f
that is complicated (e.g. unknown PDF)?

Solution:

Find a simple PDF p and constant ¢

such that <cp:

\




Metropolis Sampling

To generate samples with probability
proportional to a function f>0:

1. Start with a random sample xe).




Metropolis Sampling

To generate samples with probability
proportional to a function f>0:
1. Start with a random sample xeQ).

2. Generate a random mutation x’ under the PDF
T(x — X').




Metropolis Sampling

To generate samples with probability
proportional to a function f>0:
1. Start with a random sample xeQ).

2. Generate a random mutation x’ under the PDF
T(x — X').

3. With probability a, set x=x".




Metropolis Sampling

To generate samples with probability
proportional to a function f>0:
1. Start with a random sample xeQ).

2. Generate a random mutation x’ under the PDF
T(x — X').

3. With probability a, set x=x".
4. Go to step 2.




Metropolis Sampling

Challenge 1:

Given the transition probability T, how should
we define the acceptance probability a so that
the distribution is proportional to f?




Metropolis Sampling

Solution:

Consider the case when there are only two
states, QQ={x;,x,}.



Metropolis Sampling

Solution:

Consider the case when there are only two
states, QQ={x;,x,}.

If the acceptance probability is set up correctly,
the probability of transitioning to x, should be
equal to the probability of choosing x;:

Py =P |Ts -(1-ay,) +T11] + PyrTy-ay

| |
Probability of starting with x;  Probability of starting with x,
and not mutating to x,. and mutating to x;.

with:

fi=10x), T, =T —>X;), a;=a(x >X;), a= L

f+f,

P = p(X;) =of,
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Metropolis Sampling

Solution:

Consider the case when there are only two
states, QQ={x;,x,}.

If the acceptance probability is set up correctly,
the probability of transitioning to x, should be
equal to the probability of choosing x;:
Pr= Py _T12'(1_a12)+T11] + P 'T21'a21
f1 = f1'“12_ f1 Tpp-ay,+ f1'T11 T fz Ty1- 8,
=1 -T,-f -Tya,+f-0-T,) + 1,-T,;-a,
0= _fl Ty, + fz Ty -8y
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Metropolis Sampling

Solution:

Consider the case when there are only two
states, QQ={x;,x,}.

Thus, the acceptance probability should satisfy:
f1 T -ay, = fz Ty -8y

Note that this ensures stationarity of p but
does not ensure convergence or uniqueness:

1. Uniqueness: Setting a,,=a,,=0 can converge to the
wrong solution (reducible).

2. Convergence: If T,,=T,,=0 and a,,=a,,=1, may not
converge (cyclic).




Metropolis Sampling

Solution:

Consider the case when there are only two

states, QQ={x;,x,}.

Thus, the acceptance probability should satisfy:
f1 T -ay, = fz Ty -8y

Assuming T,>0, we can get uniqueness and
convergence by setting:

f (Xz) 'T(Xz — Xl)j

a(x, > X,) = min[l,
f (Xl) 'T(Xl — Xz)
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Solution:

More generally, if the state space is discrete,
the probability of choosing state x; is:

j
p; =P Ty +p; {ZTJi °(1—aji)}+2 P - Ty -8y

1# | 1# |
| J )\ ] )

I I
Probability of starting with x; Probability of not starting as x,
and not mutating out. and mutating to x..
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More generally, if the state space is discrete,
the probability of choosing state x; is:
P;=P;-T;+p, {ZTJi °(1—aji)}+2 P; - Ty &

1# 1# j

f,=f, -[1—2Tjij+2 fTo--a,)+) f-T;-a

N 1# | 1# |

=t =2 T+ 2 f T =2 f - Tia+ 2 fi-Ty-a

1# 1% j 1# j 1# j



Metropolis Sampling

Solution:

More generally, if the state space is discrete,
the probability of choosing state x; is:

j
p; =P Ty +p; {ZTJi °(1—aji)}+2 P - Ty -8y

1# 1# j
f,=f, -[1—2Tjij+2 fTo--a,)+) f-T;-a
N 1# | 1# |
f,=f, —Z f-T, +Z f,-T, —Z f.-T;-a, +Z f,-T, -a;
1# | 1# | 1# ] 1# ]

D i Ti-a =2 - Ty-a

I j B



Metropolis Sampling

Solution:

More generally, if the state space is discrete,
the probability of choosing state x; is:
2 fTia =2 1 -Tya
E i#
which is satisfied if we ensure that:
1:j Ty-a; = f. T - Vi |
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Solution:

More generally, if the state space is discrete,
the probability of choosing state x; is:
2 fTia =2 1 -Tya
E i#
which is satisfied if we ensure that:
1:j Ty-a; = f. T - Vi |

This not only ensures that mutating p we get
back p, but also that repeatedly mutating and
PDF g we get a multiple of p.
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Metropolis Sampling

Challenge 2:

How should we choose the initial state x?
Solution (Burn In):

Run for many iterations and discard the initial
samples.



Metropolis Sampling

Solution:

More generally, we can think of Metropolis

sampling as taking some PDF p and mutating it
Into a new PDF g:
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Metropolis Sampling

Solution:

More generally, we can think of Metropolis
sampling as taking some PDF p and mutating it

Into a new PDF g:
o :Z p,-T;-a;
j
Setting M be the matrix M;=T.a;, and setting

p={p4,...p,} and g={q,,...,q,} this becomes:
q=Mp



Metropolis Sampling
q=Mp

Conditions on M:

1. Stationarity: Applying M to f we should get
back f: Mf=f. (f is an eigenvector of M with
eigenvalue 1).

2. Convergence: Repeatedly applying M to a PDF p
we should converge to something. (All
eigenvalues of M have magnitude <1.)

3. Uniqueness: That “something” should be a
scalar multiple of f. (All other eigenvalues of M
have magnitude <1.)




