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Parameterization

Definition:
A parameterization of a surface S is a bijective
(diffeomorophic) map to/from a region QQcR?

from/to the surface S:
Q.S < Q




Parameterization

Definition:

For discrete surfaces, with vertices {x,,...,x,}, the
parameterization can be characterized by where

it maps the vertices:
Q% —> W =(U;,V;)

[Botsch et al., Polygon Mesh Processing]



Parameterization

Definition:
For discrete surfaces, with vertices {x,,...,x,}, the
parameterization can be characterized by where

it maps the vertices:
QX —> W =(U,V.)

Using barycentric coordinates the, map can be
extended to the interior of the 4~ ¢
triangles:

plaX +a X+ aX) = ap(X) +ap(X) +ap(X) sl

[Botsch et al., Polygon Mesh Processing]



Parameterization

Goals:

* The parameterization cannot self-intersect:
p(X) Fp(y) VX yeS|x#y

* The parameterization should minimally distort
the surface in mapping it from 3D to 2D.

[Botsch et al., Polygon Mesh Processing]



Tutte’s Theorem

Given a triangulated surface homeomorphic to a
disk, if the (u,v) coordinates at the boundary vertices
lie on a convex polygon, and if the coordinates of the
internal vertices are a convex combination of their
neighbors, then the (u,v) coordinates form a valid




Tutte’s Theorem (Implication)

Given a surface S and:

1. Constraints ¢(x;)=c; for all boundary vertices
x;€0S to lie on a convex polygon C,

2. Weights a; associated with every pair of

nelghbormg vertices x;€5° and x;€5 such that:
a; 20 and Za =1 Vl



Tutte’s Theorem (Implication)

Given a surface S and:

1. Constraints ¢(x;)=c; for all boundary vertices
x;€0S to lie on a convex polygon C,

2. Weights a; associated with every pair of

nelghbormg vertices x;€5° and x;€5 such that:
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Then the solutlon to the constrained system:
W =) oW, W, =¢C VX €0S

j;él

gives a valid parameterization.



Tutte’s Theorem (Implication)

Given a surface S and:

1. Constraints ¢(x;)=c; for all boundary vertices
x;€0S to lie on a convex polygon C,

2. Weights o; associated with every pair of
hat:

Then the solution to the constrained system:
W=D W, W, =C VX €05
J#i

gives a valid parameterization.



Harmonic Maps

Recall:

The Dirichlet Energy is a measure of the
“smoothness” of a map:

E(#) = [[Vs#(p)[ dp
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The Dirichlet Energy is a measure of the
“smoothness” of a map:

E(#) = [[Vs#(p)[ dp

S
Fixing the boundary, we can solve for the map ¢
which minimizes the energy.



Harmonic Maps

Recall:

The Dirichlet Energy is a measure of the
“smoothness” of a map:

E(#) = [[Vs#(p)[ dp

S
Fixing the boundary, we can solve for the map ¢
which minimizes the energy.

Since the “gradient” of the energy at ¢ is A0,

the minimizer can be found by solving:
Ap=0

#(X) =c(X) VX e oS




Harmonic Maps
Asp=0
¢(X) =c(X) VX eoS
In the discrete setting, we have the cotangent
Laplacian:

which gives the linear system:

Z LIJ ] Z Llj W| O \VIX e S 4‘
j#i j#i X; |
W, =C, VX €0S B




Harmonic Maps

> Liw,—> Liw,=0 VvxeS§

jil j?ﬁl

Re-writing this, we get:

ZLU ]

j#i

2b

which expresses the position of each w=(x;) as
the average of the positions of its nelghbors.

=W, VX €S’



Harmonic Maps

> Liw,—> Liw,=0 VvxeS§

jil j?ﬁl

Re-writing this, we get:

ZLU ]

j#i

2b

which expresses the position of each w=(x;) as
the average of the positions of its nelghbors.

=W, VX €S’

Note: Since the values of L; are not guaranteed
to be positive, Tutte’s theorem does not
guarantee that the parameterization is valid.



Harmonic Maps

In particular, if the triangulation is not Delaunay
then the associated entry in the cotangent
Laplacian will be negative:

a; +pfi >n < L; <0

4‘



Harmonic Maps

aij+,8ij > T <& Lij<0

Possible Fixes:

— Re-triangulate the mesh (using edge-flips) to
ensures that the triangulation is Delaunay
[Fisher et al., 2007]




Harmonic Maps

aij+,Bij >T & Lij <0

Possible Fixes:

— Re-triangulate the mesh (using edge-flips) to
ensures that the triangulation is Delaunay
[Fisher et al., 2007]

— Use weights that are guaranteed to be non-
negative, e.g. mean-value weights of Floater:

L. = . [tanﬁ

+tanﬁj
T ex U2 T 2 4“
<~




Conformal Maps

Goal:

To come up with a parameterization of the
surface S that preserves the angles.

[Global Conformal Surface Parameterization, Gu and Yau]



Conformal Maps

A (differentiable) mapping F:(Q2—= from one 2D
domain to another 2D domain is angle-
preserving if:

(dF (u),dF(v)) (u,v)

dF )ldF )] fuliv

[Botsch et al., Poly/}gon Mesh Procegsingi "



Conformal Maps
(dF (u),dF(v)) (u,v)
[dF @YldF ] [ufv]
This is equivalent™ to the statement that:

., cos@ sin@
dF_/I(—sine cosé’)

l.e. that locally, the map is a combination of a
rotation and a uniform scale.

[*Assuming orientation preserving] [Botsch et al., Poly/}gon Mesh Procegsing] "



Conformal Maps

., cos@ sin@
dF_/I(—sine cosé’)

This is can also be expressed as the condition
that equivalent to the statement that:

L
oF (oF
oy \ OX
where x and y are an orthonormal frame for Q.

£ i lin—

AR *¢ |

\k\Q/f_—"\ } = '

[Botséh et al., Pon’éon Nlesh Procegsingi




Conformal Maps

Goal:

Given a triangulated surface S and given a
parameterization sending vertex x; to w;, we
would like a measure of the extent to which the
map is angle preserving.



Conformal Maps

Given a triangulated surface S and given a
triangle T=(X,-,Xj,Xk)€5 with normal n, we can
define an orthonormal frame over T by setting X

to be the unit-vector: -

X =1
;=]

and setting Y to be the orthogonal

vector lying in the plane of T: ‘
Y=nxX X;

J
[Botsch et al., Polygon Mesh Processing]



Conformal Maps

Within the triangle T, the mapping can be
expressed with respect to the orthonormal basis
(X,Y) as:

[_Q\xj — x|~ b, —bw, +[x, = x|w,|

+ hw. ]+

¢(x, +uX +VY )=

[Botsch et al., Polygon Mesh Processing]



Conformal Maps

1 1
#(x +uX +vY)=w +TT|U[_ hw, + hwj]+ﬁv[—mxj —XiH—b)\Ni —bw; + X —XiHWk]

Taking the derivative, we get:

1
dgf, = ﬁ(_ i, -+ hw, | (b=[x, = x| W, —bw, +[x; = xJw, )

J
[Botsch et al., Polygon Mesh Processing]



Conformal Maps

1 1
#(x +uX +vY)=w +TT|U[_ hw;, +hw, ]+ﬁv[—mxj —XiH—b)\Ni —bw; + X —XiHWk]

Taking the derivative, we get:

1
dj. :ﬁ(_ i, -+ hw, | (b=[x, — [ W, —bw, + [, = w, )

Thus, we can measure the lack of conformality
by looking at the size of the difference:

o1 s (o)
50 =2 {w]

2

1 —
=3l (3 3ok~ x 5w+, x




Conformal Maps

2

)= 3w w )= 3ol = x bl w, 4 o

T T

Since the parameterization minimizing this
energy is invariant to translations and rotations,
an optimal solution by constraining the position
of (at least) two points on the mesh.

[Botsch et al., olygon Mesh Processing]



Conformal Maps

2

)= X et )=()6k = x o + =

Si
en
an
of (at least) two points on the mesh.

0 )
[Botsch et al., Polygon Mesh Processing]



Conformal Maps

2

)= X et )=()6k = x o + =

[Botsch et al., Iygon Mesh Processing]



