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Math Review

Polynomials:

Let P(x) be a polynomial of degree d
P(x)=a, +a,X+---+a,x"
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Math Review

Polynomials:

Let P(x) be a polynomial of degree d
P(x)=a, +a,X+---+a,x"

Claim:

If d Is odd, the polynomial P(x) must have at least
one real root.
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Math Review

Polynomials:

Let P(x) be a polynomial of degree d:
P(x)=a, +aX+---+a,X°

Proof:

Consider the sign of ag:

o

If &, IS positive:
» AS X—»-00: P(X)—-0
» AS X— 0. P(X)—> o

P(x) = x> -10x—7

~_




-

Math Review

Polynomials:

Let P(x) be a polynomial of degree d:
P(x)=a, +aX+---+a,X°

Proof:

Consider the sign of ag:

o

(0]

If &, IS positive:
» AS X—-00: P(X)—-0
» AS X— 0. P(X)—> o
If a4 Is negative:
» AS X—-00; P(X)— o0
» AS X— o0: P(X)—-00

P(x) =—x°

+ X% +13x+12




-
Math Review

Polynomials:

Let P(x) be a polynomial of degree d
P(x)=a, +a,X+---+a,x"

Proof:

In either case, the value of P(x) changes signs so
It must have a zero-crossing somewhere.
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Eigenvectors:

Given a vector space V and an invertible linear
operator A, If v is an eigenvector of A with
eigenvalue A then v is also an eigenvector of A

with eigenvalue 1/A.
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Math Review

Eigenvectors:

Given a vector space V and an invertible linear
operator A, If v is an eigenvector of A with
eigenvalue A then v is also an eigenvector of A

with eigenvalue 1/A.

Since AA is the identity we have:
v=A"@v
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Math Review

Eigenvectors:

Given a vector space V and an invertible linear
operator A, If v is an eigenvector of A with
eigenvalue A then v is also an eigenvector of A

with eigenvalue 1/A.

Since AA is the identity we have:
v=A"@v
- A" Qv

\_ >
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Math Review

Eigenvectors:

Given a vector space V and an invertible linear
operator A, If v is an eigenvector of A with
eigenvalue A then v is also an eigenvector of A

with eigenvalue 1/A.

Since AA is the identity we have:
v=A"@v
~AlQv-

1
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Eigenvectors:

Given a vector space V and an invertible linear
operator A, If v is an eigenvector of A with
eigenvalue A then v is also an eigenvector of A

with eigenvalue 1/A.

Since AA is the identity we have:
v=AA"v

4

—v=Alv
A

\_ 2/




-

Math Review

Orthogonal Transformations:

For a real inner-product space, an orthogonal

transformation iIs a linear transformation
preserving the inner product.

2
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Math Review

Orthogonal Transformations:

For a real inner-product space, an orthogonal

transformation iIs a linear transformation
preserving the inner product.

For a vector space V, R Is an orthogonal
transformation if for any v,weV, we have:

(v,w) = (Rv, Rw)

)
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Orthogonal Transformations:

For a real inner-product space, an orthogonal
transformation is a linear transformation
preserving the inner product.

For a vector space V, R Is an orthogonal
transformation if for any v,weV, we have:

(v,w) = (Rv, Rw)

If the determinant of R Is 1, the transformation iIs
L called a rotation.

s
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Math Review

Orthogonal Transformations (Property 1):

The set of orthogonal transformations is a group.

o
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Orthogonal Transformations (Property 1):

The set of orthogonal transformations is a group.

To show this we need to show that If R and S are
orthogonal transformations than:

o RS is orthogonal
o Ris orthogonal
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Orthogonal Transformations (Property 1):

If R and S are orthogonal transformations, than
so Is the transformation RS.

Using the fact that R Is orthogonal, we get:
(RSv, RSw) =(Sv, Sw)

S
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Orthogonal Transformations (Property 1):

If R and S are orthogonal transformations, than
so Is the transformation RS.

Using the fact that R Is orthogonal, we get:
(RSv, RSw) =(Sv, Sw)

Using the fact that S is orthogonal, we get:
(Sv, Sw) = (v, w)

2
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Math Review

Orthogonal Transformations (Property 1):

If R and S are orthogonal transformations, than
so Is the transformation RS.

Using the fact that R Is orthogonal, we get:
(RSv, RSw) =(Sv, Sw)

Using the fact that S is orthogonal, we get:
(Sv, Sw) = (v, w)

Thus, we get:
(RSv, RSw) = (v, w)

showing that RS also preserves the inner product.

2
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Orthogonal Transformations (Property 1):

If R Is an orthogonal transformation, than so is the
transformation R

Starting with the identity:
(V, W) = <RR‘1V, RR‘1W>

2L
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Orthogonal Transformations (Property 1):

If R Is an orthogonal transformation, than so is the
transformation R

Starting with the identity:
(V, W) = <RR‘1V, RR‘1W>

We can use the fact that R is orthogonal to get:
(RR™', RR™w) =(R',R"'w)

2
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Orthogonal Transformations (Property 1):

If R Is an orthogonal transformation, than so is the
transformation R

Starting with the identity:
(V, W) = <RR‘1V, RR‘1W>
We can use the fact that R is orthogonal to get:
(RR™', RR™w) =(R',R"'w)

Thus, as desired, we get:
(V, W) = <R‘1v, R‘1W>

2
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Orthogonal Transformations (Property 2):

If R Is an orthogonal transformation and v Is an
eigenvector of R with eigenvalue A, then A=%1.

*
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Orthogonal Transformations (Property 2):

If R Is an orthogonal transformation and v Is an
eigenvector of R with eigenvalue A, then A=+1.

Since R orthogonal, we must have:
(v,v) =(Rv,Rv)

J
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Orthogonal Transformations (Property 2):

If R Is an orthogonal transformation and v Is an
eigenvector of R with eigenvalue A, then A=+1.

Since R orthogonal, we must have:
(v,v) =(Rv,Rv)

= (v, V)

%
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Orthogonal Transformations (Property 2):

If R Is an orthogonal transformation and v Is an
eigenvector of R with eigenvalue A, then A=+1.

Since R orthogonal, we must have:

(v,v) =(Rv,Rv)

(AV, AV)

Av.v)
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Orthogonal Transformations (Property 2):

If R Is an orthogonal transformation and v Is an
eigenvector of R with eigenvalue A, then A=+1.

Since R orthogonal, we must have:
(V,v) = 2*(v,V)

!

=1

J
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Orthogonal Transformations (Property 3):

If R Is an orthogonal transformation and v Is an
eigenvector of R, then if w Is a vector
perpendicular to v, Rw Is also perpendicular to v.

2
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Orthogonal Transformations (Property 3):

If R Is an orthogonal transformation and v Is an
eigenvector of R, then if w Is a vector
perpendicular to v, Rw Is also perpendicular to v.

Since R is also an orthogonal transformation:
(v, Rw) = <R‘1v, R‘lRW>

)
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Orthogonal Transformations (Property 3):

If R Is an orthogonal transformation and v Is an
eigenvector of R, then if w Is a vector
perpendicular to v, Rw Is also perpendicular to v.

Since R is also an orthogonal transformation:
(v, Rw) = <R‘1v, R‘lRW>
= <R‘1v, W>

Y
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Orthogonal Transformations (Property 3):

If R Is an orthogonal transformation and v Is an
eigenvector of R, then if w Is a vector
perpendicular to v, Rw Is also perpendicular to v.

Since R is also an orthogonal transformation:
(v, Rw) = <R‘1v, R‘lRW>
= <R‘1v, W>

1
=z<V’W>

J
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Orthogonal Transformations (Property 3):

If R Is an orthogonal transformation and v Is an
eigenvector of R, then if w Is a vector
perpendicular to v, Rw Is also perpendicular to v.

Since R is also an orthogonal transformation:
(v, Rw) = <R‘1v, R‘lRW>
= <R‘1v, W>
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.




-
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.

Since R is orthogonal we know that:
(RV,,V,) = <R‘1va, R‘1v2>

)
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.

Since R is orthogonal we know that:
(RV,,V,) = <R‘1va, R‘1v2>

= <v1, R‘1v2>

*)
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.

Since R is orthogonal we know that:
(Rv,,V,) = <v1, R‘1v2>

j1<V1’V2>:

1

72<V1’V2>

>
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.

Since R is orthogonal wle know that:

21<V1’V2> — /1_2<V1’V2>

Since A,=tx1, we know that 1/A,=A,, Implying that:
/11<V1’V2> = 22<V1’V2>

%
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Orthogonal Transformations (Property 4):

If R Is an orthogonal transformation and v, and v,
are eigenvectors of R with eigenvalues A, and A,
then if A,#A,, v, and v, must be perpendicular.

Since R is orthogonal wle know that:

21<V1’V2> — /1_<V1’V2>
2
Since A,=tx1, we know that 1/A,=A,, Implying that:
/11<V1’V2> = 22<V1’V2>
Since A #A,, this must imply that:

\ <V1,V2>:O 39)
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Classifying the 2D Orthogonal Transformations:

Let V be the space of 2D arrays with the standard
iInner product:

(X ¥0), (X5, ¥2)) = X%, + V1Y,

)
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Classifying the 2D Orthogonal Transformations:

We can express a linear operator R as a matrix:

R—

a b
c d

Y
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Classifying the 2D Orthogonal Transformations:

We can express a linear operator R as a matrix:
a b
R—
R Is orthogonal if R'R is the identity:

o 2 ale e,
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Classifying the 2D Orthogonal Transformations:

We can express a linear operator R as a matrix:
a b
R—
R Is orthogonal if R'R is the identity:

o 2 ale e,

(a2+c2 ab+cd]

2 2
ab+cd b +d s




-
Math Review

Classifying the 2D Orthogonal Transformations:
1] 0) (la’+c? ab+cd
0 [1) lab+cd [b”+d3

The diagonal entries give rise to the equations:

1=a’+c¢*
1=Db%+d?
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Classifying the 2D Orthogonal Transformations:

E

0

1

J

(la®+c?] ab+cd
ab+cd [b”+d]

The diagonal entries give rise to the equations:

1=a’+c’

1=b*+d"
For appropriate 6 and ¢, this gives:
a=Cosd c=siné
b=cos¢ d =sing

*/




-
Math Review

Classifying the 2D Orthogonal Transformations:
(1 0) (a°+c® lab+cd
0 1) \lab+cd| b*+d?
The other equation(s) then becomes:
0 =cosécosg+sindsing
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Classifying the 2D Orthogonal Transformations:
(1 0) (a°+c® lab+cd
0 1) \lab+cd| b*+d?
The other equation(s) then becomes:
0 =cosécosg+sindsing

Or equivalently:
0=cos(@—¢)
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Classifying the 2D Orthogonal Transformations:
(1 0) (a°+c® lab+cd
0 1) \lab+cd| b*+d?
The other equation(s) then becomes:
0 =cosécosg+sindsing

Or equivalently:
0=cos(@—¢)

Which implies that:

p=0+kr+ml2 .
N ~/
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Classifying the 2D Orthogonal Transformations:

If R Is an orthogonal transformation, then in
matrix form we have one of two cases:
o KIs even:

[cos@ —sin QJ
R—>

siné cosd
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Classifying the 2D Orthogonal Transformations:

If R Is an orthogonal transformation, then in
matrix form we have one of two cases:
o KIs even:

[cos@ —sin QJ
R—>

siné cosd
The determinant is 1, and this Is a rotation.

ap
\

%
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Classifying the 2D Orthogonal Transformations:

If R Is an orthogonal transformation, then in
matrix form we have one of two cases:
o KIs even:

[cos@ —sin QJ
R—>

siné cosd
The determinant is 1, and this Is a rotation.

o Kkis odd:
cosd sin &
R—| .
sinéd —cosé

Y
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Classifying the 2D Orthogonal Transformations:

If R Is an orthogonal transformation, then in
matrix form we have one of two cases:

o KIS even: _
cosé -sind
R—>|
sinéd  cosd
The determinant is 1, and this Is a rotation.
o Kis odd:
cosd sin &
R—| . <
sind —cosé s
The determinant is -1, and this is a reflection.

(cosg sin QJ
2 329
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Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

_ (cosg ,Sin %}L
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Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

To compute the eigenvalues, we need to solve for

the roots of the polynomial:
P. (1) =det(R - Ald)

_ (cosg ,Sin %Jj
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Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

To compute the eigenvalues, we need to solve for
the roots of the polynomial:

> (1) = det[(cos 0—A) sin & ]

sin & (—cosd —1)7 re

_ (cosg ,Sin gsjj
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Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

To compute the eigenvalues, we need to solve for
the roots of the polynomial:

> (1) = det[(cos 0—A) sin & ]

sin & (—cosd —1)7 re

= —cos°f—sin’ 6

_ (cosg ,Sin %6))




-

Math Review

Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

To compute the eigenvalues, we need to solve for
the roots of the polynomial:

> (1) = det[(cos 0—A) sin & ]

sin & (—cosd —1)7 re
= ¥ —cos’d—sin‘é

= ﬁz -1 (cosg,sin %)j
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Classifying the 2D Orthogonal Transformations:

Claim:

In the case that k is odd, the orthogonal
transformation has eigenvalues 1 and -1.

To compute the eigenvalues, we need to solve for
the roots of the polynomial:

P.(1)=1"-1

This polynomial has two roots, A=*1. .

?

g
CoS—,SIn —
28,
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* Representing 3D Rotations
o Quaternions
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Representing 3D Rotations (Quaternionsg;

We will show that any rotation R can be thought
of as a rotation about some axis.

)
A
A

©)
5]

2




Representing 3D Rotations (Quaternionsjig’

We will show that any rotation R can be thought
of as a rotation about some axis.

n particular, we need to show that every rotation
R fixes some vector v and acts as a rotation in the
nlane P perpendicular to v.

69




3 'J’G‘ S; v

Let V be the space of 3D arrays with the standard |
iInner product:

(%4, Y1r20)s (%00 Y2, 2,)) = XX, + V1Y, + 2,2,

J




Representing 3D Rotations (Quaternionsjig:

We can express a linear operator R as a matrix:

fa b ¢)
Ro>|d e f
g h 1)

%




Representing 3D Rotations (Quaternionsjig:

We can express a linear operator R as a matrix:
(fa b c)
R—>|d e f
g 1y
We can compute the eigenvalues of R by finding
the roots of the determinant:

((a-=1) b c
P.(1)=det(R-A4ld) =det, d (e—A1) f

. 9 h (1-4),

)




Representing 3D Rotations (Quaterniongé‘

.18 25
5 DA
>

Since Pr(A) has odd degree (d=3), it must have at

least one root.

)

©)
5]

)




Representing 3D Rotations (Quaternionsjig:

Since Pg(A) has odd degree (d=3), it must have at%

least one root.

Thus, R must have an eigenvector v with real
eigenvalue A.

)
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Representing 3D Rotations (QuaternionS%i;

Since Pg(A) has odd degree (d=3), it must have at%

least one root.

Thus, R must have an eigenvector v with real
eigenvalue A.

When R is orthogonal, we know that A==%1.

Y
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Representing 3D Rotations (QuaternionSé,,;

Thus, for every orthogonal transformation R,

there must exist a vector v that is either fixed by R
or mapped to its antipode.

\Y

Rv

S S

=1

S e

Rv

)
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the eigenvector v?

Representing 3D Rotations (Quaternionsjig:

What happens to the plane P that is orthogonal to

%




Representing 3D Rotations (Quaternionsé;

What happens to the plane P that is orthogonal to
the eigenvector v?

Since R maps the line spanned
by v back into itself, and since

R Is orthogonal, R must map Vv P
the plane P back into itself.

Y




Representing 3D Rotations (Quaternionsjig’

What happens to the plane P that is orthogonal to
the eigenvector v?

Since R maps the line spanned
by v back into itself, and since
R Is orthogonal, R must map Vv
the plane P back into itself.

Since R must preserve the
iInner product within P, the
restriction of Rto P is a 2D
orthogonal operator.

°




Thus, If we let w; and w, be an orthonormal basis

for the plane P, then with respect to the basis
{v,w,,w,}, we can express R In matrix form as

either:
‘A 0 0 )

R—|0 cosf -sind
0 sin coséd W,

or: W5
O/ 0 )
R—|0 cos@é sing

0 sin —cosd,

?)
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nat happens in the case that R Is a rotation?

"
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nat happens in the case that R Is a rotation?

If R Is a rotation, then in addition to being

orthogonal, it must have determinant 1.

Vv

oresenting 3D Rotations (Quaternionsjig’

*




Representing 3D Rotations (Quaternionsjig’

What happens in the case that R Is a rotation?

If R Is a rotation, then in addition to being
orthogonal, it must have determinant 1.

For the two representations y P
of R we get:
(A0 0 ) A
detf 0 cos@¢ -sind |=A W5

\O SIn coséd

(A 0 0 )
detf 0 cos@ sing |=-A
\O Sin —C0S0 ) J




Representing 3D Rotations (Quaternionsjig’

What happens in the case that R Is a rotation?

Thus, If A=1, we must have:
1 0 0 )
R—>|[0 cosé -sind
0 sin@ coso

and R Is a rotation In the
plane P by angle 6.

®)




What happens in the case that R Is a rotation?

On the other hand, if A=-1, we get:

(-1 0 0
R—->| 0 cos@d sind
0 sing -coso)

and R is the composition of

a reflection in the plane P and
a flip about the line spanned
by v.

Representing 3D Rotations (Quaternionsjig’

W




Representing 3D Rotations (Quaternionsjg:

What happens in the case that R Is a rotation?

Restricting R to the plane P, we get:

[cos@ sin 6’)
R, =

sind —cosé
V

which we know has eigenvalues
-1 and 1.




4 i,
Representing 3D Rotations (Quaternionsjg:

What happens in the case that R Is a rotation?

Thus, If we set w; and w, to be the corresponding
eigenvectors, we get:

(-1 0 0)
R—>| 0 -1 O

W,
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nat happens in the case that R Is a rotation?

This implies that R must be a rotation by 180° in

the plane spanned by v and w;.

oresenting 3D Rotations (Quaternionsjig’

%
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nat happens in the case that R Is a rotation?

So, In both cases, the rotation R can be realized
as a rotation by some angle 6 about an axis v.

Vv

oresenting 3D Rotations (Quaternionsjig:

"




What happens in the case that R Is a rotation?

So, In both cases, the rotation R can be realized
as a rotation by some angle 6 about an axis v.

That 1s, R sends the vector v
back into itself and rotates

vectors in the plane that Is Wy
perpendicular to v by the W5
angle 6.

Representing 3D Rotations (Quaternionsjig’

)




What happens in the case that R Is a rotation?

This motivates a representation of rotations by
specifying the axis about which the rotation
occurs and the angle of the 2D rotation.

Representing 3D Rotations (Quaternionsjig’

%




What happens in the case that R Is a rotation?

This motivates a representation of rotations by
specifying the axis about which the rotation
occurs and the angle of the 2D rotation.

This is precisely the information represented by
the quaternion representation of rotation.

Representing 3D Rotations (Quaternionsjig’

)
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* Representing 3D Rotations

o Euler Angles
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Representing 3D Rotations (Euler) #

We will consider a representation of rotations that
describe a rotation in terms of what it does to the
point (0,1,0) on the North pole of the sphere.

(0,1,0)

)
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We will consider a representation of rotations that
describe a rotation in terms of what it does to the
point (0,1,0) on the North pole of the sphere.

Given a rotation R, if we know
that R maps the North pole to
the point p, Is that enough
information to define R? -

0
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We will consider a representation of rotations that
describe a rotation in terms of what it does to the
point (0,1,0) on the North pole of the sphere.

Given a rotation R, if we know
that R maps the North pole to
the point p, Is that enough

information to define R?

No. There can be many
different rotations that all -
send (0,1,0) to the point p.

%




In particular, If R and S are two rotations mapping “
the North pole to the point p, we know that R1S
must map the North pole back to itself.




In particular, If R and S are two rotations mapping

the North pole to the point p, we know that R1S
must map the North pole back to itself.

That Is, for any rotations R
and S mapping the North
pole to the point p, RS
must be a rotation about
the North pole.

T _—

%)




Thus, if we denote by R, (y) a rotation about the
y-axis (North pole) by v degrees:

( cosy 0
R,(w)=| O 1
_ Siny 0

then iIf R and S are two
rotations sending the
North pole to p, then:

RS =R, (¥)

—siny
0

cosy




In particular, this implies that if R Is a rotation

sending the North pole to p, then any other
rotation S that sends the North pole to p must be

of the form:
S=R-R, ()




Representing 3D Rotations (Euler) #

\ej ‘;,"rf)fvj

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

%
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Representing 3D Rotations (Euler)

Nl LY
\'}1; oty s h‘:‘\))

Nl
Y

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

Let (0,¢) be the spherical coordinates of p:
p = €osOsing,cosg,sindsing |y
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Representing 3D Rotations (Euler)

Al v__s‘ &
\'}1; oty -’“’_é:".:")

ot 5
Y

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

Let (0,¢) be the spherical coordinates of p:
p = €osOsing,cosg,sindsing |y

The point p must lie on the
circle about the y-axis with z
height cosé.
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Representing 3D Rotations (Euler)

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

Let (0,¢) be the spherical coordinates of p:
p = €osOsing,cosg,sindsing |y

The point p must lie on the
circle about the y-axis with z
height cosé.

We can get (0,1,0) to this
circle with a rotation by an X
angle of ¢ about the z-axis.




Sl
Y

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

Let (0,¢) be the spherical coordinates of p:
p = €osOsing,cosg,sindsing |y

We also know that the point
P makes an angle of 6 with z
the xy-plane. S raim:
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Representing 3D Rotations (Euler)

Nl LY
N P

PAYAE o
Y

In order to represent all rotations, we need to find
an expression for the map that sends the North
pole to the point p.

Let (0,¢) be the spherical coordinates of p:
p = €osOsing,cosg,sindsing |y

We also know that the point
P makes an angle of 6 with z
the xy-plane. bt

We can get the rotation of
(0,1,0) to p by rotating by X
an angle of 6 about the y-axis.




Thus, when the spherical coordinates of the point

p are (6,¢), we can rotate (0,1,0) to p by:
o First rotating by ¢ degrees about the z-axis, and
o Then rotating by 6 degrees about the y-axis.




Representing 3D Rotations (Euler) #

Since a rotation R can be described by a rotation

about the y-axis, followed by a rotation that maps
(0,1,0) to R(0,1,0), we can represent rotations by:

R=R,(0)-R,(¢)R, ()

where R, (o) Is the rotation about the y-axis by a,
and R,(P) Is the rotation about the z-axis by £.
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Representing 3D Rotations (Euler) &

In matrix form, the triplet of angles (0,¢,y)
represents the rotation:

(cosé 0 —sin@d\cosg —sing O0)cosy O —siny)
RO, ¢,)=| 0 1 0 sing cosg O O 1 0

.sind 0 cosd |\ O 0 1jfsiny 0 cosy )
N— = )
' N
Rotation sending Rotation about
(0,1,0) to p=d(6,¢) the y-axis by y
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Representing 3D Rotations (Euler)

In matrix form, the triplet of angles (0,¢,y)
represents the rotation:

(cosé 0 —sin@d\cosg —sing O0)cosy O —siny)
RO, ¢,)=| 0 1 0 sing cosg O O 1 0

.sind 0 cosd \ O 0 1jfsiny 0 cosy )
N— = )
' N
Rotation sending Rotation about
(0,1,0) to p=d(6,¢) the y-axis by y

This is the Euler Angle parameterization of 3D
rotations.
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