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Spherical Harmonics
and
Legendre Polynomials
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Gram-Schmidt Orthogonalization

Given an inner product space V, and given a
basis {v,,...,vV,} we can define an orthonormal
basis {wy,...,w,} for V:

<wi,wj>=5..

J
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Gram-Schmidt Orthogonalization

Given an inner product space V, and given a
basis {v,,...,vV,} we can define an orthonormal
basis {wy,...,w,} for V:

(W w;) =5,
Algorithm:
Start by making v, a unit ve\;:tor:
W, = —L
v
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Gram-Schmidt Orthogonalization

Given an inner product space V, and given a
basis {v,,...,vV,} we can define an orthonormal

basis {wy,...,w,} for V:
<Wi , Wj> =0,

J

Algorithm:

To get the 2" basis element, subtract off from v,

the w, component and then normalize:
V, —(V,, W, )W
AR A

Hv2 —<V2,W1>W1H
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Gram-Schmidt Orthogonalization

Given an inner product space V, and given a
basis {v,,...,vV,} we can define an orthonormal

basis {wy,...,w,} for V:
<Wi , Wj> =0,

J

Algorithm:

To get the I-th basis element, subtract off all the

earlier components from v, and then normalize:
o —(Vy, Wi )W,y — == (V,, W W,
=

HVi - <Vi ) Wi—1>Wi—1 IR <Vi 1 W1>W1H
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Gram-Schmidt Orthogonalization

Example:

Consider the space of polynomial functions of
degree N on the interval [-1,1], with the standard

Inner-product: 1

(f(x),909)= | f(x)g(x)dx

We would like to obtain an orthogonal basis:

(P (X), -+, Py (X)}
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Gram-Schmidt Orthogonalization

Example:

Consider the space of polynomial functions of
degree N on the interval [-1,1], with the standard

Inner-product: 1

(f(x),909)= | f(x)g(x)dx

We would like to obtain an orthogonal basis:

(P (X), -+, Py (X)}

An easy basis to start with is the monomials:

{1,x,x2,...,xN}
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Gram-Schmidt Orthogonalization

Example:

Starting with the constant term, we get:

1
Po (X) — Tl
i
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Gram-Schmidt Orthogonalization

Example:

Starting with the constant term, we get:

1 1
Po (X) Tl
il

jldx

-1
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Gram-Schmidt Orthogonalization

Example:
Starting with the constant term, we get:
1 1
Po (X) — M — .
j dx
-1
1
J2
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Gram-Schmidt Orthogonalization

Example:

Moving on to the linear term, we get:
X=X, Po()) Po(¥)
[x= (%, Po (X)) Py (X)]

pl(x) —

2
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Gram-Schmidt Orthogonalization

Example:

Moving on to the linear term, we get:

0. () = <X po(X)> P, (X)

2
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Gram-Schmidt Orthogonalization

Example:

Moving on to the linear term, we get:

0. () = <X po(X)> P, (X)

)
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Gram-Schmidt Orthogonalization

Example:

And the gquadratic term:

X* = (X%, Py(X)) Py (X) = (X, Py (X)) Py (X)

P B m0) 09— 2, 00)0,0)

s




-

Gram-Schmidt Orthogonalization

Example:

And the quadratic term:

X% = (X2, Py(X)) Py (¥) = (X%, Py (X)) Py (X)

P, (X) — H

2 _ <X2, pl(X)> pl(x) — <X2, Py (X)> Po (X)H

)
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the

Legendre polynomials have the same parity as k:
p. (X)=a,x+a,_,x?+..
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction:
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction (k=0):

Po (X) — %

\_ >/
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction (assume true for k=n):

X" = (X", P, (X)) P, () == (X", Py (X)) Py (X)

pn+1(x) —

X" = (X", () Py (X) =+ = (X", Py (X)) Po (X)|

2
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction (assume true for k=n):

X" = (X", P, (X)) Py (X) =+ = (X", Py (X)) o (X)
X" = (X", () Py (X) =+ = (X", Py (X)) Po (X)|

pn+1(x) —

Recall that:

1
X", P (X)) = [ X" py, (X)dx
N ! 2
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction:
(X", (X)) = j X" p,, (X)X

Since m<n we can assume that the monomials
comprising p.,(x) are all even if m is even and all
odd if m iIs odd.

2
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction:

So if n and m are both either odd or both even,
the polynomial x"*1p_(x) is comprised of strictly
odd-powered monomials:1

(X", P (%)) = [ X" Py ()% =0

2
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

P, (X) =a X +a,_, X +..

Proof by Induction:

pn+1(X) —

X" = (X", P, (X)) Py (X) === (X", Py (%)) o (X)
XM= (X, D (X)) Py (X) == (X, g (X)) Py (¥)|

Xn+l < n+1 » Py 1(X)> P, 1(X) < n+1’ pn—S(X)> pn—3(x)_”°

pn+1(X) —
-

1 _ < y 11 P, 1(X)> o 1(X) < n+1, pn_g(x)> pn—B(X)_.ZﬂL
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Legendre Polynomials

Claim:

The degrees of the monomials comprising the
Legendre polynomials have the same parity as k:

p. (X)=a,x+a,_,x?+..

Proof by Induction:

Xn+l < n+1 » Py 1(X)> P, 1(X) < n+l n—S(X)> pn—3(x)_”°

XM= (X, P (0) Py s () = (X7, P 5 () Py s (X) =+
So p,.1(X) Is obtained by starting W|tn the
monomial x"*! and subtracting off monomials with

the same parity.
- >/

pn+1(x) —
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Gram-Schmidt Orthogonalization

Example:

Consider the space of polynomials of degree N
on the interval [-1,1], with an inner-product giving
more weight to points near the origin:

(£(x).9(9), = [@-x)" T (x)g(x)dx

-1
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Gram-Schmidt Orthogonalization

Example:

Consider the space of polynomials of degree N
on the interval [-1,1], with an inner-product giving
more weight to points near the origin:

(£(x).9(9), = [@-x)" T (x)g(x)dx

We would like to obtain an orthogonal basis:

I (X),, PI (X))}
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Gram-Schmidt Orthogonalization

Example: .
(f(x).9(9), = [ X* )" £ (x)g(X)dx

1
We proceed exactly as before but now using the
new inner-product.

J
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Gram-Schmidt Orthogonalization

Example: .
(f(x).9(9), = [ X* )" £ (x)g(X)dx

1
We proceed exactly as before but now using the
new inner-product.

Since the weighting function is even, if f Is an
even function and g is an odd function (or vice-
versa), the inner product must be zero:

(f(x),9(x)), =0

2




Gram-Schmidt Orthogonalization
Example: .
(f(x).9(9), = [@-x)" T (x)g(x)dx

1
We proceed exactly as before but now using the
new inner-product.

Since the weighting function is even, if f is an
even function and g is an odd function (or vice-
versa), the inner product must be zero:

(f(x),9(x)), =0

Thus, as before, the degree of the monomials
L comprising p,™(x) must all have the same parity.

)
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Height Functions

Given a function f(x) on the interval [-1,1], we can

turn the function into a function on the sphere:

F(X,Vy,2) = \f/%z)

Y
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Height Functions

Given a function f(x) on the interval [-1,1], we can

turn the function into a function on the sphere:

f(y)
F(X,V,zZ
VD= o
Given two such functions f(x) and g(y), the

mapping from 1D functions to spherical functions
preserves inner products: _,

| F(p)-G(p)dp= j f(y)-g(y)dy

pl=L

J
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Height Functions

To see this, we can parameterize points on the
sphere by spherical angle:

(0, p) = (cosGsin ¢, cos @,sin Gsin @)

Then the integral on the left-hand side becomes:

T 27

| F(p)-G(p)dp= J j F(2(6,¢))-G(0(6, ¢))dOsin(¢)dg

|p|=1
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Height Functions

To see this, we can parameterize points on the
sphere by spherical angle:

(0, p) = (cosGsin ¢, cos @,sin Gsin @)

Then the integral on the left-hand side becomes:

T 27

| F(p)-G(p)dp= J j F(2(6,¢))-G(0(6, ¢))dOsin(¢)dg
p|=L

w27

Zijjf cos¢)- g(cosg)d@sin(g)d¢
T00




-

Height Functions

To see this, we can parameterize points on the
sphere by spherical angle:

(0, p) = (cosGsin ¢, cos @,sin Gsin @)

Then the integral on the left-hand side becomes:

[F(p)-G(p)dp = J j F(@(0,4))- G(®(6,9))d6sin(4)dg
p|=L

Zijjf cos¢)- g(cosg)d@sin(g)d¢
T00

T

f (cos¢)- g(cosg)sin(g)dg

O'-—-.

)
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Height Functions

On the other hand, setting y=cos¢, the left-hand
side can be expressed as:

J 10y = 1 (cosg) -o(cosg)  do

*)
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Height Functions

On the other hand, setting y=cos¢, the left-hand
side can be expressed as:

J 10y = 1 (cosg) -o(cosg)  do

f (cosg@)- g(cosg@)(—sin(¢))d¢

N “——— o

>
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Height Functions

On the other hand, setting y=cos¢, the left-hand
side can be expressed as:

J 10y = 1 (cosg) -o(cosg)  do

f (cosg@)- g(cosg@)(—sin(¢))d¢

Oty Y = O

f(cosg)-g(cosg)sin(g)de
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Height Functions

On the other hand, setting y=cos¢, the left-hand
side can be expressed as:

J 190y =] 1cosg)-g(cosg) s

f (cosg) - g(cosg)(-sin(¢))dg¢

f (cosg)- g(cosg)sin(g)deg

Oty N O

= [F(p)-G(p)dp

| pl=L
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Completing Homogenous Polynomials

Given a polynomial p(x,y,z) of degree d,
consisting of monomials of powers d,d-2,d,...:

[d/2]r
p(X1 y1 Z) — Z Za‘lmnxI ymznj

k=0 \I+m+n=d-2k
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Completing Homogenous Polynomials

Given a polynomial p(x,y,z) of degree d,
consisting of monomials of powers d,d-2,d,...:

[d/2]r
p(X1 y1 Z) — Z Za‘lmnxI ymznj

k=0 \U+m-+n=d—2k

This Is not a homogenous polynomial.
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Completing Homogenous Polynomials

Given a polynomial p(x,y,z) of degree d,
consisting of monomials of powers d,d-2,d,...:

[d/2]r
p(X1 y1 Z) — Z Za‘lmnxI ymznj

k=0 \U+m-+n=d—2k

This Is not a homogenous polynomial.

However, if we restrict it to the sphere, we can
think of it as homogenous:

[d/2]|

p(X,y,2) > Z(x +y° +7 )k( Za,mnx'ymz”]

| +m+n=d -2k

\_ )
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Completing Homogenous Polynomials

Example:

D(X,Y,2) = XY+ Y+

Is not a homogenous polynomial.

¥/
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Completing Homogenous Polynomials

Example:

PD(X,Y,2) =Xy + Y+
Is not a homogenous polynomial.
But on the unit-sphere, the polynomial:
q(x,y,2) = X°y+(y+2)x* +y* +2°)

has identical values and is homogenous of
degree 3.

*)
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Review

Spherical Harmonics

*/
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Spherical Harmonics

For each non-negative integer |, there are 2|+1
spherical harmonics of degree | satisfying:

1. Each spherical harmonic of degree | can be
expressed as the restriction of a homogenous
polynomial of degree | to the unit-sphere.

2. The different spherical harmonics are
orthogonal to each other.
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Spherical Harmonics

We had seen that by considering just the
rotations about the y-axis, we could factor the
spherical harmonics as:

Y|m(91¢): eimeplm(¢)
= (cos @ +isin 8)"P"(¢)
where |m|<l.




Outline

Defining the Harmonics

®/
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Defining the Harmonics (m =0)

To define the spherical harmonics, we would like

to express the function:
Y,™(8,4)=(cos@+isin 0)"P"(¢)

as the restriction of a homogenous polynomial of
degree | to the unit sphere.

®)
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Defining the Harmonics (m =0)

Using the parameterization of the unit-sphere
(0, #) = (cos Bsin ¢, cos @,sin Gsin ¢)

we get:
Ylm (‘9’ ¢) = (
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Defining the Harmonics (m =0)

Using the parameterization of the unit-sphere
(0, #) = (cos Bsin ¢, cos @,sin Gsin ¢)

<
3

—_~

N

~—
|

we get: (

n B (4)

sin" ¢

= (x+iz)
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Defining the Harmonics (m =0)

Using the parameterization of the unit-sphere
(0, #) = (cos Bsin ¢, cos @,sin Gsin ¢)

we get: . L
¢ —(—¢+i—j R"(¢)

n B (#)
sin" ¢
n R"(cos™ )

= (x+iz) (\/1_7)”

<
3

—_~

N

~—
|

= (x+iz)

2
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Defining the Harmonics (m =0)

v0(0,9) v iz)] TS D)

Wiy

This ¢ Is a homogenous polynomial of degree m.
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Defining the Harmoni

cs (m =0

Y\"(0.4)=|(x+iz)"

P™(cos™ y)

=3

This ¢ Is a homogenous po

So we want:

ynonial of degree m.

1. This l to complete to a homogenous

polynomial of degree I-m.

)
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Defining the Harmoni
Y"(0,4)=|(x+iz)"

cs (m =0
R (cos™ y)

This ¢ Is a homogenous po

So we want:

=3

ynonial of degree m.

1. This l to complete to a homogenous

polynomial of degree I-m.

2. The different Y™ to be orthogonal.

%)
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Defining the Harmonics (m =0)

Y,"(0,¢)=(x+iz)" A" (Cos” )

Wiy

Homogenelty:

To satisfy the homogeneity constraint, we need:
R (cos™ )

=

|—m |-m-2
=8 Y QY | e




-
Defining the Harmonics (m =0)

Y,"(0,¢)=(x+iz)" A" (Cos” )

Wiy

Homogenelty:

To satisfy the homogeneity constraint, we need:
R (cos™ )

oy
Or equivalently:
A" (cosy)= Ol(“(y)(\/l‘7 T

for a polynomial: | o
\_ q (Y)=a_.y  +a_,.,Y +... 7,

|—m |-m-2
=8 Y QY | e
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Defining the Harmonics (m =0)

Y,"(0,¢)=(x+iz)" A" (Cos” )

Wiy

Orthogonality:

To satisfy the orthogonality constraint, we need:
<Y,m(¢9,go),Y,T"'(6’,gp)>:O VI#l'or mzm
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Defining the Harmonics (m =0)

Y"™(8,¢)=(x+iz)" A" (cos )

Wiy

Orthogonality (m=m’):

Since we have separation of variables:
Y,"(0.4)=€""R"(9)

we know that:

27

(0,07 (0,0)) = [ [e™R" (¢)e™ BT (#)d6sin 4dg

0
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Defining the Harmonics (m >O)

v0(0,6)=(x-+iz)" SV

i)

Orthogonality (m=m’):

Since we have separation of variables:
Y,"(0.4)=€""R"(9)
we know that:

(Y"(0.0).Y" (0.0)) =

[e™R"($)e™ R ()dOsin gdg

!
[T R"™(#)R" (¢)sin ¢d¢JUe'(m m)edé’j

%
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Defining the Harmonics (m =0)

Y"™(8,¢)=(x+iz)" " (cos™ )

Wiy

Orthogonality (m=m’):
T N/ 27 N\
<Y|m(t9,<0),Y|-m'(9,<0)> = ( f P (#)R" (#)sin ¢dg [ j e'™™’dg
0 /|

But this l IS zero whenever m-=m’:

o 27
J‘ei(m—m')edé, _ 1 ei(m—m')@
0

=0

I((m—m")

0
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Defining the Harmonics (m =0)

Y"™(8,¢)=(x+iz)" " (cos™ )

Wiy

Orthogonality (m=m’ and |#l’):

We have to choose the function:
P (cos* y)=gP (/I y?

SO that: 0 |
(Y"(6.0).Y"(6,0)) = [ [€™R"(#)e™ R (#)dOsin gdg =0

O e
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Defining the Harmonics (m_le)
Y"™(8,¢)=(x+iz)" H_(cos y)

Wiy

Orthogonality (m=m’ and |#l’):

We have to choose the function:
P (cos* y)=gP (/I y?

So that: r2r _
(Y"(6,0).Y," (6,0)) = [ [e™R" (8)e""R" (#)dOsin gdg =0

Since m=m’, this reduces to:

[ R (@R (¢)sin ¢dg =0

)
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Defining the Harmonics (m =0)

Y"™(8,¢)=(x+iz)" " (cos™ )

Wiy

Orthogonality (m=m’ and |#l’):

We have to choose the function:
P (cos* y)=gP (/I y?

Using the change of variable formulation we get:
[ R™(#)P" (#)sin gdgp = [ R (cos™ y)R" (cos * y)dy
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Defining the Harmonics (m =0)

Y"™(8,¢)=(x+iz)" " (cos™ )

Wiy

Orthogonality (m=m’ and |#l’):

We have to choose the function:
P (cos* y)=gP (/I y?

Using the change of variable formulation we get:
[ R™(#)P" (#)sin gdgp = [ R (cos™ y)R" (cos * y)dy

= [ar (a7 (y)-y?'dy
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Defining the Harmonics (m >O)

v0(0,6)=(x-+iz)" SV

iy
P"(cos ™ y)= p.m(}’)(ﬂ T

Thus, we require:

1. The polynomials g™(y) to complete to
homogenous polynomials of degree |-m:

Q|m(Y):a|—my T 2y| B




-
Defining the Harmonics (m >O)

v0(0,6)=(x-+iz)" SV

iy
P"(cos ™ y)= p.m(}’)(ﬂ T

Thus, we require:

1. The polynomials g™(y) to complete to
homogenous polynomials of degree |-m:

ar(Y)=a_,yY "+ Y "o+
2. And they satisfy the orthogonality condition:

[ar(arm-y?Jdy=0
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Defining the Harmonics (m >O)

v0(0,6)=(x-+iz)" SV

iy
P"(cos ™ y)= p.m(}’)(ﬂ T

"his Is precisely what we get when we compute
the G.S. orthogonalization of {1,y,y?,...} relative to
the inner-product:

(F(9).9(y), j f(y)g(y)L-y? ) dy

and set:

Q|m (Y) — pﬂm (Y)
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Defining the Harmonics (m =0)

Y"(0.4)=e""R" ()
R"(cosy)=p (y)(\/l—y i

In sum, we get an expression for the spherical
harmonics as:

Y,"(8,4)=e""p"_(cos ¢)(\/1— cos? ¢T
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Defining the Harmonics (m =0)

Y (6,

$)=e""R" ()

R"(cosy)=p (y)(\/l—y i

In sum, we get an expression for the spherical

harmonics as:
Ylm(9’¢):
_ eimH
where P, (Y)is a po

e™ p". (cos ¢)(\/1— cos’ ¢)ﬂ

0, (cos@)sin™ ¢

ynomial of degree I-m.

Y
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The Spherical Harmonics

Y"™(0,4)=e"p"_(cosg)sin" ¢

Examples (I1=0):

5 (0.0)=—

"
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The Spherical Harmonics

Ylm(‘9’¢):

e pl’,(cos g)sin" ¢

Examples (I=1):

C0.4)= | s ge”
©(6.9)= | = cos
(0.0)= | s 9"

2
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The Spherical Harmonics

Y"™(0,4)=e"p" _(cosg)sin" ¢

Examples (I=2):

Y, %(6,¢)= ‘/% sin 2 (¢)e 4"
_1 15 iy
Y,1(0.4)= J; sin( ¢) cos(¢)e
Y, (6,6)= .| g (BCos (4) — 1)
Y,(0.¢)= —\/; sin( ¢) cos(¢)e'’
Y/ (0,0)= J% sin? (¢)e"’

"




