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Fourier Decomposition (1D): Fourier Decomposition (1D):
Given a real-valued periodic function f(8), with More generally, given a complex-valued periodic
period 2w, we can express f(0) in terms of its function f(0), with period 2z, we can express f(0)
cosine / sine decomposition: in terms of its Fourier decomposition:
(6 =Y a, cos(kB)+b, sin(k6) F@®=Y flkle"
k=0 k
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Direct Methods b Direct Methods 5
Fourier Decomposition (1D): Fourier Decomposition (1D):
Both the cosine/sine and Fourier decompositions Both the cosine/sine and Fourier decompositions
have the property that the Laplacian of the have the property that the Laplacian of the
constituent functions is: constituent functions is:
Acos(k) = Acos(k) =—k* cos(k9)
Asin(k@) = Asin(k8) =
Aeikg — Aeikg —
N J N
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Direct Methods

Fourier Decomposition (1D):

Both the cosine/sine and Fourier decompositions
have the property that the Laplacian of the
constituent functions is:

Acos(k@) =—k* cos(k8)

Asin(k8) = -k sin(k6)

A =

-

Direct Methods

Fourier Decomposition (1D):

Both the cosine/sine and Fourier decompositions
have the property that the Laplacian of the
constituent functions is:

Acos(k@) =—k* cos(kB)

Asin(k@) = -k’ sin(k@)

ik@ 2 k@
Ae™ =—k"e'
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Direct Methods . Direct Methods L7
Fourier Decomposition (1D): Fourier Decomposition (1D):
Both the cosine/sine and Fourier decompositions Suppose we are given a known function g(6) and
have the property that the Laplacian of the we would like to solve for the function f(8)
constituent functions is: satisfying the Poisson equation:
Acos(k) = —k* cos(kO) Af(0)=g(6)
Asin(k8) =—k*sin(k )
Ae® = 200
These functions are the eigenvectors of the
L Laplacian operator! ) L
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Fourier Decomposition (1D): Fourier Decomposition (1D):
Expressing fand g in terms of their Fourier Expressing fand g in terms of their Fourier
decomposition: decomposition:
f©)=Y flkle™ g(0) =2 2lkle" f©)=Y flkle™ g(0) =2 2lkle"
k k k k
... the Poisson equation becomes:
Af(6)=g(6)
A(Z f[k]e’”j = 8lkle"
k k
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Fourier Decomposition (1D):

Applying the Laplacian operator to the complex
exponentials e®, this gives:

A(Z f[k]e”j: > §lkle"’
k I k

z_sz[k]eike — Zg[k]eike

k k
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Direct Methods

Fourier Decomposition (1D):

Applying the Laplacian operator to the complex
exponentials e®, this gives:

A(Z f[k]e”j: > 4lkle"
k

k

L g

z_sz[k]eike

k

Zg[k]eike
k

= |l

—k flk]= glk]
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Fourier Decomposition (1D):

Given a function g(6), to solve for the function f(6)
satisfying the Poisson equation:

Af(6) = g(8)

-

Direct Methods e \

Fourier Decomposition (1D):

Given a function g(6), to solve for the function f(6)
satisfying the Poisson equation:
Af(8)=g(6)
1. We compute the Fourier decomposition of g(6):
g(6) =Y §lkle™”
k
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Direct Methods e \

Fourier Decomposition (1D):

Given a function g(6), to solve for the function f(8)
satisfying the Poisson equation:

Af(6) = g(8)

1. We compute the Fourier decomposition of g(6):
g(6)=Y §lkle™”
k

2. We scale the k-th coefficient of g by -1/k2:

1,
f[k]—_Fg[k]
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Fourier Decomposition (1D):

Given a function g(6), to solve for the function f(6)
satisfying the Poisson equation:
Af(8)=g(6)
1. We compute the Fourier decomposition of g(6):
g(6)=Y §lkle™”
k

2. We scale the k-th coefficient of g by -1/k2:

R 1.
flkl= e 8lk]
3. We compute the inverse Fourier decomposition:
2 flkle" = £(8)
k
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Direct Methods
| N-Dimensional Array: n=N |

Fourier Decomposition (2D):

Given a function g(0), to solve for the function f(0)
satisfying the Poisson equation:

Af(6)=5(0)
1. We compute the Fourier decomposition of

F@.0)=Y flkIllle" e
0): Kt

2. We scale the k-th coefficient of g by -1/k?:

1.
f[k]z_kT 8lk] -

3. We compute the inverse Fourier decompo

3 71k = () _
g k

For 2D functions, the Fourier decomposition gives
an expression for the periodic function f(6,0) as:

-~
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Direct Methods

Fourier Decomposition (2D):

Fourier Decomposition (2D):
Applying the Laplacian to the 2D complex Applying the Laplacian to the 2D complex
exponential we get: exponential we get:
o 9% [ ., . 0% [ o i 0% [ ., . 0% [ ., .
A elk9e1l¢ — elk9e11¢ + elk9e11¢ A elk9e1l¢ — elk9e11¢ + elk9e11¢
_ _kz(eikeeim)_lz(eikaei1¢)

-~
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Direct Methods

Direct Methods

Fourier Decomposition (2D):

Fourier Decomposition (2D):
Applying the Laplacian to the 2D complex
exponential we get:

Applying the Laplacian to the 2D complex
exponential we get:

ik i 9° (., i 0’ ko i ko i 0’ ko i 0’ ko i
A(e'kge'l"’):ﬁ(e'we l¢)+87¢2( 17 l¢) A(e kaem):ﬁ(ekae l¢)+87¢2( 17 l¢)
:_kz(eikeeim)_lz(eikaei1¢)

_ _kz(eikeeim)_lz(eikaei1¢)
_ (_ K- Z2Xeik9eil¢) _ (_ K- Z2Xeik9eil¢)

As in the 1D case, the complex exponentials are
the eigenvectors of the Laplacian operator.
J \
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Fourier Decomposition (2D):

Given a function g(8,¢), to solve for the function
f(6,0) satisfying the Poisson equation:

Af(6.9)=g(6.9)
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Direct Methods

Fourier Decomposition (2D):

Given a function g(6,¢), to solve for the function
f(6,0) satisfying the Poisson equation:
Af(6,9)=g(6.9)
1. We compute the Fourier decomposition of g(8,¢):
2(6,9) =) glklllle*’e"™
k
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Direct Methods

Fourier Decomposition (2D):

Given a function g(6,9), to solve for the function
f(8,0) satisfying the Poisson equation:

Af(6,¢9)=g(6.9)

1. We compute the Fourier decomposition of g(6,¢):
2(8,0)="7 glklllle"%e™

k

2. We scale the (k,/)-th co?fficient of g by -1/(k2+P):

IR === 41K
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Direct Methods

Fourier Decomposition (2D):

Given a function g(6,9), to solve for the function
f(8,0) satisfying the Poisson equation:
Af(6,¢)=5(6,9)
1. We compute the Fourier decomposition of g(6,¢):
2(8,0)="7 §lklllle"%e™
k
2. We scale the (k,/)-th co?fficient of g by -1/(k2+P):
SLKI =—mgllelJ
3. We compute the inverse Fourier decomposition:
> Ik " = £(6.9)
k
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Given a function g(6,9), to solve for the function
f(8,0) satisfying the Poisson equation:

Af(6.9)=g(6,9)

1. We compute the Fourier decomposition of g(6,0):
g(0.0)=Y glklllle*e™
k

2. We scale the (k,/)-th co?fficient of g by -1/(k2+P):
FLkI] = ——— gLkl
S k2+12gl 111

3. We compute the inverse Fourier decomposition:
zf-[k][l]eiweim = £(6.9)
k

)
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Preliminaries (Dense nxn Matrices)

Matrix-vector multiplication
O(n?) time

Matrix inversion takes
O(m) time: Gaussian Elimination
O(n?807): Strassen Inversion
O(n?376): Coppersmith-Winograd

e —~
Preliminaries (Sparse nxn Matrices)#"

Matrix-vector multiplication
O(n) time

Matrix inversion takes
> O(r?) time
In general, the inverse of a sparse matrix will be a
dense matrix.

e N
Matrix Convergence @
Given an nxn matrix M, then for any vector v, the
sequence:

{V,MV,M 2v,...,Mkv,...}

converges to zero if the matrix M is guaranteed to
“shrink” the size of vectors.

4 o)
Matrix Convergence L
If we define the notion of “size” as the magnitude
of the largest coefficient (L.-norm) of the vector:
vik]

M. = max
*° 0<k<n

what condition should M satisfy to guarantee that
it “shrinks” vectors?

N N J
- N - )
Matrix Convergence e Matrix Convergence v

L -
Claim: max[Z\M[i][j]\]d
. o . Proof: o=
A sufficient condition for the convergence is that
the sum of the absolute values of the coefficients The i-th coefficient of Mv is:
in each row is less than one: (Mv)i1=3" M1 ]
n-1 i=0
rugg(Z\M[i][ﬂ\jd
si<n|
N N J
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Matrix Convergence
n=l1
max| Y |M ][ j]\j<1
Proof: “S’<”(/Z=f;

The i-th coefficient of Mv is:
(Mv)il=> M1V j]
i=0

(Mv)i] =

3 M1 ]

i=0

-

Matrix Convergence

n-l1
max(Z\M[i][ j]\j <1
j=0

O<i<n

Proof:

The i-th coefficient of Mv is:
(Mv)i1= M1V )]
i=0
()il =3 MEL- VL)

i=0

(o)l < 3 MUt
i=0

\ J \ J
e =) e =)
Matrix Convergence Y Matrix Convergence y

n— n-1
max[i\M[i][ j]\j <1 m_ax[Z\M [i][j]\j <1
Proof NV Proof: =
The i-th coefficient of Mvis: Since we have: .
(Mv)il=> M1 ) (Mv)i] < [Z‘MU]U]UHVHN
i=0 i=0
(Mv)[i]\ _ Z":M[i][j}v[j] for every coefficient i, Lt follows that:
. <{ S 4.
(vl < Y- [mMEac-p
i=0
(ot <[ Sostat .

\§ i=0 J \§ J
e =) e =)
Matrix Convergence L Outline w0
rﬂgax[Z\M[i][j]\j <1 Direct Methods

Proof: = Preliminaries
Since we have: ) n . Iterative / Relaxation Methods
aohit = St o ot
i=0
for every coefficient j, it follows that: Steepest Descent
. <[ St o
i=0
Combining this with the condition on the
magnitude of the row coefficients, we get:
§ s <o s )
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Iterative / Relaxation Methods: Ax=b'
General Problem:

Given an nxn matrix A and given an n-dim. vector

— —
Iterative / Relaxation Methods: Ax=b'

Direct Approach (Inversion):

Compute A and apply to the vector b:

Motivation:
Solving for the inverse matrix A1 is overkill.

The inverse matrix allows us to solve the Poisson
equation for any vector b.

We are only interested in the solution for a
specific vector.

b, solve for the n-dim. vector x such that: x=A"D
Ax=b
N\ J N\ J
4 o ) 4 o\
Iterative / Relaxation Methods: Ax=b?@, Iterative / Relaxation Methods: Ax=u@,
Direct Approach (Inversion): Direct Approach (Inversion):
Compute A1 and apply to the vector b: Compute A1 and apply to the vector b:
x=A"b x=A"b
Limitations: Limitations:
Temporal Complexity: Temporal Complexity:
1. O(r®): Gaussian Elimination 1. O(r®): Gaussian Elimination
2. O(n?8%7): Strassen Inversion 2. O(n?80%7): Strassen Inversion
3. O(n?®76): Coppersmith-Winograd 3. O(n??76): Coppersmith-Winograd
Spatial Complexity: O(n?)
Note: In general, even if the matrix A is
\ J/ N |sparse, the matrix A" will not be. L/
4 o ) 4 o\
Iterative / Relaxation Methods: Ax=b?@, Iterative / Relaxation Methods: Ax=u@,

Approach:

Define an iterative process that takes as its input
a preliminary guess for the solution and returns
an improved guess.

Applying the process to some initial guess x°, we
obtain a sequence of vectors:

0 1 i
X, X ey X

converging to the solution:
lim|ax' ~¢] >0
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Iterative / Relaxation Methods: Ax=b%;

Key Idea:

Rather than trying to solve for all the coefficients
of x simultaneously, we will try to iteratively
perform 1D optimizations.

— —
Iterative / Relaxation Methods: Ax=b%;

Direct Approach:

* For some number of iterations:
» For each 0<k<n:
» Update x[K] by fixing all but the k-th
coefficient of x[ ] and solving for the
optimal value of x[K].

Direct Approach:

To update the value of x[k], we treat the matrix A
as a set of column vectors Ay

. J . J
( o ) 4 o
lterative / Relaxation Methods: Ax=li@, lterative / Relaxation Methods: Ax=lj@,

Direct Approach:

To update the value of x[k], we treat the matrix A
as a set of column vectors Ay

Iterative / Relaxation Methods: Ax=lj@,
A, +[ix[i]A[]—b

ik

x[k]=arg min

Direct Approach:
Setting v to be the constant component gives:

x[k]=arg minHtAk + sz

Ay o A X = b Ay - A Ix =|b
Then the equation for x[k] becomes:
2
n—l
(k] = arg min||tA, +[Zx[i]A[]—b
N J N / i J
e ) e )

Iterative / Relaxation Methods: Ax=lj@,
A, +[ix[i]A[]—b

ik

x[k]=arg min

Direct Approach:

Setting v to be the constant comp<oner;t gives:
A v

a[k] = arg min|[tA, +vH2 =_<A A
t s "
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Iterative / Relaxation Methods: Ax=b'

2
tA, +[z x[i]A,]—b

(4.v)
(A A)

x[k]=arg min

x[k] =arg min|tA, + sz =—
t

Direct Approach:
Q: What is the complexity of updating x[k]?

— —
Iterative / Relaxation Methods: Ax=b'

2
n—l
A A [Z «lilA, |-b

x[k]=arg min
t =0
ik

(4.v)
(A A)

x[k] =arg min|tA, + sz =—
t

Direct Approach:
Q: What is the complexity of updating x[k]?

A: Computing v amounts to a matrix-vector
multiplication so O(n) for sparse matrices.

Direct Approach:
Q: What is the complexity of updating x{k]?

One iteration of the solver to update all the
coefficients of x[ ] will taker order O(n?).

N\ J N\ J
4 & \ 4 & \
Iterative / Relaxation Methods: Ax=lj@ Iterative / Relaxation Methods: Ax:lj@

2 N 2 N
x[k] = arg min|tA, [i x[i]A; |- x[k] = arg min|tA, [i x[i]A; |-
t i=0 t i=0
ik ik
. (A.v) . : (AL
x[k]=argmin|fA, +v P vl A xlk]=argmin|fA, +v| =——"—
i, o = i, o =

Direct Approach:
Q: What is the complexity of updating x{k]?

One iteration of the solver to update all the
If we are solving the Poisson equation on

an NxN grid (n=N?) this would result in an

\ J | O(N*) algorithm! I
- )\ e o )
Iterative / Relaxation Methods: Ax=lj@ Iterative / Relaxation Methods: Ax:lj@

" A

To address the limitations of the direct approach, Jacobi:
we1cc3r;ifb?r two different types of approaches: « For some number of iterations:

Minimize the amount of work required to update the + For each O<k<n:

coefficient x{K]. « Update x[K] by fixing all but the k-th

2. Steepest Descent: coefficient of x[ ] and solving for the
Choose the “coefficients” more carefully so that less optimal value of x[].
work is required to get to the correct solution.
\ J \ J

10
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lterative / Relaxation Methods: Ax=
Jacobi:

When updating x[k], assume that the k-th column
vector A, only has a non-zero entry in the k-th
coefficient (A,[j]=0 for all j#k).

0

-

lterative / Relaxation Methods: Ax=
Jacobi:

When updating x[k], assume that the k-th column
vector A, only has a non-zero entry in the k-th
coefficient (A,[j]=0 for all j#k).

0

0 0
Ayl AJK]--- AL |X = |b Agl---AJK]--- AL |X = |b
0 0
0 0
Then the values of (Ax)[]] is independent of x[A]
whenever j#k.

\ J \ J
e R e R
Iterative / Relaxation Methods: Ax=li@, Iterative / Relaxation Methods: Ax=lj@,

> N > Rt
A[k] = arg min 1A, +[§x[i]A,J—b A[k] = arg min 1A, +[§x[i]A,J—b
Jacobi: v Jacobi: v
In this case, the optimization: In this case, the optimization:
x[k]=arg minHtAk + VH2 x[k]=arg minHtAk + VH2
n-l 2
=argmin Y (4, [j1+v11)

\ J \ J
e R e R
Iterative / Relaxation Methods: Ax=li@, Iterative / Relaxation Methods: Ax=lj@,

> A > Rt
A[k] = arg min 1A, +[§x[i]A,J—b A[k] = arg min 1A, +[§x[i]A,J—b
Jacobi: u v
[k] = arg min(A, [+ v[k])’ ‘
In this case, the optimization: :
x[k]=arg minHtA +VH2 .
. * Jacobi:
n-| 2
=arg mini(tAk[j]+v[j]) Or in other words:
- n-1
becomes: {Zx[i]A,[k]J—b[k]
x[k] = arg min(iA, [k]+ v{k]) k= - MK\
: Alk][k] Alk][k]
\ J \ J

11
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lterative / Relaxation Methods: Ax=

Jacobi:

What is really going on?

ik

x[k] = arg min||fA, +[§x[i]A,]h
r =0

v

-~

-

lterative / Relaxation Methods: Ax=b&

Jacobi:

We decompose the matrix A

ik

as the sum A=D+P: —

x[k] = arg min||fA, +[§x[i]A,]h
‘ =0

o Dis the diagonal part of A.
o Pis everything else.

N

00 O0
0
| &
0 0
D P Y,

-~

-\

lterative / Relaxation Methods: Ax=bjﬁ

Jacobi:

We decompose the matrix A
as the sum A=D+P:

=0
ik

v

x[k]= arg min||tA, +[ix[i]A,]—b

|

o Dis the diagonal part of A.
o Pis everything else.

With respect to this decomposition, we get:
n-1
> AilA k] = Px
i=0

i#k

-~

-\

lterative / Relaxation Methods: Ax=bjﬁ

Jacobi:

We decompose the matrix A
as the sum A=D+P:

=0
ik

v

x[k] = arg min||tA, +[ix[i]A,]—b

|

o Dis the diagonal part of A.
o Pis everything else.

With respect to this decomposition, we get:
n-1
> AilA k] = Px
i=0

i#k

and the update becomes:

(Px)k1-blk]

Kl=—
ST

-~

-\

lterative / Relaxation Methods: Ax=bjﬁ

Jacobi:

We decompose the matrix A
as the sum A=D+P:

=0
ik

v

x[k]= arg min||tA, +[ix[i]A,]—b

|

o Dis the diagonal part of A.
o Pis everything else.

If we update all of the coefficients of x at once,
then an iteration of the Jacobi solver becomes:

x« D'(b—(Px))

-~

Iterative / Relaxation Methods: Ax:li@t

x <« D7'(b—(Px))
Jacobi:

We can think of the Jacobi solver as an iterative
solver that takes a guess for the solution x' and
returns the improved guess x*1:

=D (b - (Px’ ))

-\

12
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x« D'(b—(Px))
Jacobi:

We can think of the Jacobi solver as an iterative
solver that takes a guess for the solution x’ and

lterative / Relaxation Methods: Ax=

— —
Iterative / Relaxation Methods: Ax=b'

=D (b-(px))
Jacobi (Fixed Point):

If X' is the true solution, Ax-b=0, then:

P+D)x' -b=0
returns the improved guess x*1: ( )
=D (b - (le ))
We need to show:
1. The true solution is a fixed point of the update.
2. The process converges.

N J N J
s 0 s —\
Iterative / Relaxation Methods: Ax=b%' Iterative / Relaxation Methods: Ax=u@,

‘xm _ Dfl(b—(le »‘ ‘xm _ Dfl(b—(le ))‘
Jacobi (Fixed Point): Jacobi (Fixed Point):
If x'is the true solution, Ax-b=0, then: If x'is the true solution, Ax-b=0, then:
(P+D)x' -b=0 (P+D)x' -b=0
DY (P+D)x' =D 'b=0 DY (P+D)x' =D 'b=0
x' =D (b-Px")

N J N J
s 0 s —\
Iterative / Relaxation Methods: Ax=b?@, Iterative / Relaxation Methods: Ax=u@,
=D () =D b-(r)

Jacobi (Fixed Point): Jacobi (Fixed Point):
If x'is the true solution, Ax-b=0, then: If x'is the true solution, Ax-b=0, then:
(P+D)x' -b=0 (P+D)x' —b=0
D(P+D)x'~D"b=0 The true‘solution ié a fixéd point of the
Jacobi iterative process.
x' =D (b-Px") x' =D (b—Px")
L xl — xl+| ) L xl — xl+| )

13
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Iterative / Relaxation Methods: Ax=b%"

‘x”] =D (b - (Px’ ))‘

Jacobi (Convergence):

To show this, we need to show that the errors
tend to zero:
lim(x’ - x)= 0

[—00

-

Iterative / Relaxation Methods: Ax=

‘x”] =D (b - (Px’ ))‘

Jacobi (Convergence):

Expressing the solution property in terms of the
decomposition A=P+D gives:

Ax=b

(P+D)x=b

4 =\
Iterative / Relaxation Methods: Ax=lj@,

=0 (b (pr) et

Jacobi (Convergence):

Expressing the solution property in terms of the
decomposition A=P+D gives:

-

Iterative / Relaxation Methods: Ax=lj@,

=D (b - (le ))‘
x=D"(b-(Px))

Jacobi (Convergence):

Subtracting the two properties we get:

a0 )

"

Ax=b
xM=D" (b - (Px’ ))
N — x=D"(-(P)
x=D"(b-Px) 3= x= Db~ (Px'))- D7 (- (Px))
g J g J
( R e —

lterative / Relaxation Methods: Ax=lj@
L= p! (b _ (le ))‘
x=D"(b-(Px))

Jacobi (Convergence):

Subtracting the two properties we get:
Y= p! (b _ (sz ))
- x=D"(b—(Px))
M —x=D" (b - (le ))— D' (b—(Px))

= D’IP(x— xl)
N J

Iterative / Relaxation Methods: Ax=lj@,

L= p! (b _ (le ))‘
x=D"(b—(Px))

Jacobi (Convergence):

Subtracting the two properties we get:
XM —x=-D'Plx' —x

"

14
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Iterative / Relaxation Methods: Ax=

2 =D p—(Px'))
x=D"'(b—-(Px))

Jacobi (Convergence):

Subtracting the two properties we get:
XM —x=-D'Plx' - x)

So, the error at the (+1)-th iteration is obtained by
applying the matrix -D-'P to the error at the /-th
iteration.

-

Iterative / Relaxation Methods: Ax=

‘x”] =D (b - (Px’ ))‘

Jacobi (Convergence):

Subtracting the two properties we get:
K —x= —D_lP(xl - x)

So, the error at the (4+1)-th iteration is obtained by
applying the matrix -D' P to the error at the +th
iteration.

Thus, if the matrix -D'Pis guaranteed to “shrink”
vectors, we will have convergence.

-

a0 )

Iterative / Relaxation Methods: Ax=li@

"

=D (er)

Jacobi (Convergence):

A sufficient condition for convergence is that each
row vector (0<i<n), the matrix -D-! P satisfies:

n=l

> [Pl <1

=0

1

-

@\
Iterative / Relaxation Methods: Ax=li@

"

=D - ()

Jacobi (Convergence):

A sufficient condition for convergence is that each
row vector (0<i<n), the matrix -D-! P satisfies:

Sl Phiny <1

2

=0

& | PLL]

Ali][i]

<1

=0

1

-

a0 )

Iterative / Relaxation Methods: Ax=li@

"

=0 (P

Jacobi (Convergence):

A sufficient condition for convergence is that each
row vector (0<i<n), the matrix -D-! P satisfies:

n=l

> [Pty <1
]

=0

& | PLL]

Ali][1]

<1

=0

n—1
> |Atinji <At
=

1

-

@\
Iterative / Relaxation Methods: Ax=li@

"

=D (ed)

Jacobi (Convergence):

Thus, a sufficient condition for convergence is
that the matrix A is diagonal-dominant:

n-1

D AL <AL

=0
Jj#i

1
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Iterative / Relaxation Methods: Ax=

‘x”] =D (b - (Px’ ))‘

Jacobi (Complexity):

As opposed to the direct method, the Jacobi
method requires one matrix-vector multiply in
order to update all of the coefficients.

-

Iterative / Relaxation Methods: Ax=
=D (b (Px'))

Jacobi (Complexity):

As opposed to the direct method, the Jacobi
method requires one matrix-vector multiply in
order to update all of the coefficients.

When the matrix A is sparse, an iteration updating
all of the coefficients takes O(n) time.

N J N J
e N e N
Iterative / Relaxation Methods: Ax=lj@, Outline b=

Gauss-Seidel Sovler: Direct Methods
In the Jacobi solver, we compute the updated Preliminaries
coefficient x[k] in one iteration, but do not use it . .
until the next iteration. Iterative / Belaxatlon Methods
o Jacobi

In the Gauss-Seidel solver, we use it in the same o Steepest Descent
iteration for updating x[k] with K'>k:

o Does not require additional memory for storing in-

between vector.

o Tends to converge more efficiently.

N J N J
e N e N
Iterative / Relaxation Methods: Ax=li@, Iterative / Relaxation Methods: Ax=lj@,

Approach: Motivation:
In order to efficiently solve the Poisson equation, If the matrix A is symmetric and positive definite,
the next method focuses on effectively choosing the value of x satisfying the condition Ax=b can
directions for performing the update. be realized as the minimtizer of the equation:
x Ax
F(x)= -b'x
N J N J
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lterative / Relaxation Methods: Ax= ﬁ;
Proof:

We first show that the point Ax=b is the unique
critical point, and then we shown that it is the
minimum.

-

lterative / Relaxation Methods: Ax= ﬁ;

Proof (Unique Critical):

Computing the gradient 9f the equation, we get:
A
F(x)= YA iy

l

VF(x)=Ax-b
so that Ax=b is a critical point.

Furthermore, since A is definite, it is invertible and
Ax=b is the only critical point.

N J N J
e ) e )
Iterative / Relaxation Methods: Ax=li,®, Iterative / Relaxation Methods: Ax=lj,®
Flo=2% _py Flo =% _py

Proof (Minima): Proof (Minima):

Fixing a position p, and direction v, we can define Fixing a position p, and direction v, we can define

the 1D function: the 1D function:

f(t)=F(po+tVo) f(t)=F(p0+tV0)
Computing the second derivative of f we get:
F1 @) =vyAv,

and since A is positive, this implies that the
second derivative is positive.

N J N J
e ) e )
Iterative / Relaxation Methods: Ax=li,®, Iterative / Relaxation Methods: Ax=lj,®
Flo =% _py Flo=2% _py

Steepest Descent: Steepest Descent:
Given an initial guess x,, we obtain the next Given an initial guess x,, we obtain the next
guess by stepping away from x, in a direction guess by stepping away from x, in a direction
opposite the gradient: opposite the gradient:
X =x,—t-VF(x,) X =x,—t-VF(x,)
Specifically, if we define fto be the 1D function:
f@)=F(x,~t-VF(x,))
we need to find the value of t minimizing f.
N J N J
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lterative / Relaxation Methods: Ax=
x'Ax )
2

F(x)= b'x

Steepest Descent:
Denoting r=VF(x;), we can re-write the equation:
f@)=F(x,~t-VF(x,))

-

lterative / Relaxation Methods: Ax=
x'Ax )
2

F(x)= b'x

Steepest Descent:
Denoting r=VF(x;), we can re-write the equation:
f@)=F(x,~t-VF(x,))

to get: to get:
1 ! t 1 ! t
f@) :E(xn _tro) A(xn _tro)_b (xo _trn) f@ =E(xn _”o) A(xn _”o)_b (xo _trn)
@ =t-ryAr, -1, (b— Ax,)

N J N J
e R e —\
Iterative / Relaxation Methods: Ax=b?$, Iterative / Relaxation Methods: Ax=uﬁ,

' o ' o
Flo=2% _py Flo =% _py
Steepest Descent: Steepest Descent:
Denoting r=VF(x;), we can re-write the equation: Thus, the 1D function f(t) is minimized at:
f@t)=F(x,~t-VF(x,)) __ Ik
1, Ar,
to get:
110 :l(xﬂ —tr,) Alx, = r,)— b (x, - 11, and the next guess is obtained by stepping in the
2 direction opposite the gr?;tdlent:
_ . _ I
S =t AR 1 (b= Axy) %=X ~VE()
. . 0 0
L =t-1,Ar, — 1y, ) L )
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