
 

tardiness of Approximation

want to prove some maximization problem IT hard to approx

Gap reduction from some problem T2 we knw is NP hard

e.g SATI

Ti SAT IT

1ps had f approx alg for IT with y I
on SAT instance r n f approx on FCA get

IT g l tin of value ALL

If not satisfiable ALL EOPTCfci.DE B

If is satisfiable

ALL J OPTCflx I a p

poly time alg for SAT

Hard to distinguish OpTIa from OPTER



Now suppose un t to prove IT hard to approximate

start with IT

OPT

a i it
IT better than

OPT EB p
IT IT L

Doesn't matter what 5 does to middle instances

Generic reduction frame k to prove IT had to approx

Start with problem IT where i

instances of IT partitioned into YES No MAYBE

it is NP hard to distinguish YES instances from

NO instance

Design a reduction fi IT 11T s t

Completeness If x cYES OpTCfcx Za

Sundress If xeno optcax EP
Ian

hardness of approximation



an get pretty far with this Book 16.416.2

Breakthrough PCPThearemy Digression into complexity theory

et Le NP if I polynomial p a d algorithm A s t

1 If xel 3 proof y i t.ly EpClxl and

Atx y returns YES in time at mast pad

2 If L then try A x y returns NO

Def A probabilistic proof system for L is a

verifier algorithm A c t Vx

1 A use rUxl random bits

2 A read qUxl bits of a proof y nonadaptively

3 If xel then I poof y s t A return YES

ith probability 241 11 completeness

4 If L then Hy A returns YES with probability

E s 1 1 soundness



YI
Head

iii iii f1917 Lol

if

EI If LeNP then L has a probabilistic proof system

with RH 0 glut polyhl ch I s n 0

et PCP
ca
RH Hnl is the class of languages

that have a probabilistic proof system with parameters

Cnl glut curl scut

o Np PCP o
0 polylal

The CP Theorem NP PCP locks al OCH

AS 98 ALMSI 98



Easy direction Pchialoclasal 0411 E NP

RI Let L C Pch Klay ul 041

for each choice of 04cg a ra dam bits verifier

checks 04 bits of proof

Only 20 OCI polylal hit of proof might

ever be looked at

NP verifier A
Try all 2 polyla choices of random bits

simulate Pcp verifier on each

Return YES if PCP verifier always return YES

Otherwise return NO

If Xel PLP verifier aheys ret ra YE's A return YES

If x L Pcp verifier return YES ith probability EI

for at least on choice of random kits return No

A return NO

ta d direction NP E PCP 04gal 0111



Back to approximation algorithms why do we care about

PCP Theorem

et 1T arbitrary Nf complete problem e.g SATI

by Pcp thin I verifier with OClaga random hits

0 l queries

Ch I
ul 1L

New problem IT given instance of IT find proof

maximizing Prcverifier accepts

i can't approximate 1T better than 12

Pt Sps had 8 z approx for IT

if YET of IT OPTCH I ALL 2J z

it No of IT 0ft X e k ALG x Etz

o r n f approx to get y

check all 20 ftp.lylal possible queries

if pcl verifier no Id accept a 22 of them YES

else x NO



Could solve IT

More detailed IT is a CSP constraint satisfaction pahlen

for each of the poly n choices of re door hits verifier

queries 04 spots of proof

Query some deterministic FCK h ya tf YES No
proof hits queried

profy Tft
nicer rain

I fly y no I 10

i fly yg yal 1 I 0

Maximizing Prlue ifier accents y choose bits of y

to maximize satisfied constraints

curleteness ul Sandnes scn hardness of 1



Can rewrite arbitrary constraints as 3CNf formulae

hardness of IT for Max 3SAT

an do even better through other versions of PCP Than

1 if xitx.tl oddDef oddlxyxz.ly
o otherwise

even X K X
1 it At Ktx even

0 otherwise

42 Holstad for any constant e O

NP E PCP e Ollogal 3
and verifier restricted to odd even factions

4mi V constant 20 it is Ne hard to approximate

Max 3SAT better than Ig E

PI Start with arbitrary NP complete problem e.g SATI

Let y instance of AT

By Histad 3 verifier with chl I E scut te



011cgn m dam hits

I queries
even ladd tests only

let N 20 polycal be distinct re dam strings used

for each at N ra dam strings 3hits and en Ladd test

for each odd Xi Xi Xu test

XiVXiVXk
If oddly x xk 1 all 4 satisfied

I VIVA
else exactly 3 satisfied

IV x VI

x VI VxI

For each even Xi Xi Xu test i

Vx VXk
If even x X xa 1 all 4 satisfiedxivx.TV Xk

xivg.VE
else exactly 3 satisfied

IVF VxI

If qC SAT YES instance I proof it vorif.eu accents

with prob Z l C



Can satisfy 2 CHIN at the eve ladd constraints

can satisfy 244 EIN ZEN 4 IN clauses

If 94SAT No instance V proofs verifier accepts

with prob E ITE

Can satisfy E4 It e N t 3C'z e N LETe N clauses

hardness of fate
4 ein

Ig te


