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20.1 Steiner Forest Problem

e Input
- a graph G = (V, E)
- cost function c: E — R
- pairs (s1,t1), -+, (Sg, tx) of nodes

e Feasible solution
F C E such that (V, F) contains an s;-t; path Vi € [k].

e Objective
min .. - ¢(e)

20.2 Linear Program

Definition 20.2.1 Let S; = {S CV : |SN {s;,t;}| =1}. And let S = UF_;S;.

minimize: Z cle)xe
eclE
subject to: Z Te> 1 VSeS
e€d(S)
Te> 0 Vee B
20.3 Dual
maximize: Z Ys
SeS
subject to: Z ys < cle)
S€eS8,ecé(S)
ys = 0
20.4 Algorithm

Vee E

vSeS
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Algorithm 1

Fi=0,§=0j=1

while F}; not feasible do
Let C; = {S € S : S component of (V, F})} be the components of (V, F}) that are also sets in
S.
Increase all ys : S € C; uniformly until Je; € 6(5), S € C; such that constraint for e; is tight,
Le. ZSGS:ejed(S) Ys = C(ej)'
Let 6; be amount of dual variables increased.
Fjp1 = FjU{ej}.
j=J+1

end while

F =F;.

while Je € F such that F' — {e} is feasible do
Remove e from F.

end while

return F.

20.5 Properties

Note: 3 is always dual feasible.

Proof: ¢ = 0 is feasible at the beginning. At each iteration, we will increase yg until some
constraint is tight for e € E. And such e will be inside the component in the following iterations
so its dual constraint will remain tight (not violated).

Note: This algorithm is polytime.

Proof: There are at most |E| iterations and at most n active components. So there are at most
n|E| nonzero dual variables.

Note: Final pruning is necessary.

Proof: Consider the star graph where s is in the center connected to vy, - -+ ,v,_2 with costs all
1 and connected to t; with cost 3. Then without the final pruning, the algorithm would buy the
entire star rather than just the {si, ¢} edge.

Lemma 20.5.1 Let T be a tree. If S C V(T') such that all leaves are in S, then

S degr(v) < 2]].

veS



Proof:

Z degr(v)

veS
= degr(v) = degr(v)
veT vgS
=2(n—1) = > " degr(v)
vegS
<2(n—1) —2(n —|S|)
=2|5| — 2.

Lemma 20.5.2 At all iterations j, ZSeCJ_ |[FNo(S)| <2IC.

Proof: Note that by construction, Fj is a forest for all j (we only ever add edges that leave a
component).

Consider time j the new graph G; = (V}, E;). Here Vj is the components of (V, Fj), and E; =
{{S1, 852}, 51,52 € V; and Je € F; with 1 endpoint in Sy, other in Sp}.

Equivalently, start with (V, Fj«), where j* is the final iteration before pruning,
- Contract edges in Fj;
- Remove edges in Fj» — F'.

Claim 20.5.3 If S € V; has degree 1 in G}, then S € C;.

Proof: Suppose S ¢ C;. Let e € F be edge incident on S in G (such an edge must exist since
S has degree 1 in G;). Then S ¢ S indicates that S does not separate any s; and t;. So pruning

would have removed e from F'. [
By Lemma [20.5.1] we finish the proof. [ |

Proof: Incudtion on iterations.

At 7 =0, ys = 0 so it is true.

At iteration j, LHS increases by > geq. Aj16(5) N F| < 2A;(Cj| by Lemma [20.5.2

RHS increases by 2256@- A = 20(C].

So induction holds. [

Theorem 20.5.5 Primal-dual algorithm is a 2-approximation.



Proof: By the Claim above,

ZC(e)ZZ Z ys

ecF e€F SeS,ec)(S)

= _16(S) N Flys

SeS

<2 ys

Ses
<20PT.

The last inequality is by weak duality. [ |

20.6 Open Question

Is there a less than 2-approximation algorithm for Steiner Forest?
Definition 20.6.1 [-Steiner Forest is the case to choose l of the k pairs to connect.

Theorem 20.6.2 [-Steiner Forest has O(y/n)-approzimation.
Theorem 20.6.3 Ifc(e) =1 for all e € E, then l-Steiner Forest has O(n%(7_4\/§))—appmxz'mation.
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