
 

2 121 Two Player Games Lemke Howson

Today computing Nash in 2 player games

Exponential time h t still interesting

Nash are essentially combinatorial

Cool structural corollaries

Recall Bimatrix game
2 players S CN Sn Cn

A B e IN nili Ai u isi Bi

if xe In ye Am x'Ay E Chili D

xtRy E Cali

Def e An is a best response to ye Dm if

Ay max
T

yep
x'Ay

Yedu is a best response to xedn if

IBy max x'By
y'edm



x y is a Nash if and only if x and y are

best responses to each other

Lemmy Let x eAn yeDm Then x is a best response

to y if and only if Kien

X 0 CAN Tien Adk

y a BR to x itt v je Cn

Y 70 TB Yeh x'B k

Pflkett
convex combinations

Simplealgorithm support enumeration

If know support of Nash top can find probabilities

by solving system of linear equations Gaussian elimination

Try all possible support

skipping in lecture details in lecture notes NRTV 3.2



Lemke Howson Algorithm

Pseudo final se fun graph theory convey geometry linear algebra

Def for xelR let sext i X O he support of x

Def A him trix game is non degenerate iff

1 Vx edn I seal pure best responses to x

Liecm B III x'B all
2 Ky EDM I y 2 pure best responses to y

Alien Adi III Ailill

Intuition if a pure strategy 1 best response
each row of B has unique max

if y a pure strategy each column of A has aigenax

Notes will assume all games non degenerate

Slightly perturbing A B g a a tees this

See NRTV 3 G for dealing with degeneracy

use even more linear algebra think geometrically algebraically



Define two polyhedra

B

F Lyn xeDn Eiti Bi En Viens

Q y yean EEAi Y Eu Kit LN

s
Ay

Infernal f mixed strategies for row player t upper hand on utility
for cal player

E mixed strategies for cal player t upper bond on tility
for row player

Define related polytopes make bonded by dividing through

by upper bound

P xe.IR X 20 Hitch I x B 21 Hitch

Q yen 420 Hjelm I Ai y 21 View



Basic facts

A vertex of a polyhedron polytope is an extreme

point a poi t x s t no direction 2 where xt2 x 2

both in polyhedron polytope

In non degenerate polyhedra polytopes in IR each

vertex defined by exactly d tight constraints

Lenny There is a bijection between vertices of f and

vertices of P other than O Sane for Q and Q

Pfskett Let ye vertex in F
E vertex in P

Let x O vertex in P

I II vertex i t

Same for Q



Going to end up showing relationship ble vertices and Nash

Intuition S perse x 0 vertex of p

N tight constraints at x

K tight unnegativity constraint Xi O

N K others values at i s t E X B 1

these values of are pure best responses to x

A
scaled to In

Def The label set L CN ACM ILE Ntm
T
disjoint union

Label for every pure strategy row or column

Let xep Lex labels of tight constraint

i X o Uli fixB 1

Let yea y labels of tight constraint

L y 03 U i Airy 13

x EN IN if vertex

y EM C M if vertex



Thy I I e DuxDm is a Nash equilibrium iff

x U Cly L where xeP correspond to I and

YEQ corresponds to f

PI If Sps Lex ULLA L

IL x N LG M vertices

Every label appears exactly once either in LG c ly

Partition N

Ni Li ECN Xi O ie LCA

Nz it CN ETA y 1 Cittly

x Na

I BR to I

Partition m

M item y 0 Citlly

Mz item Efx B 1 ie Lall

y Ma

I BR to I



CI y Nash

Onlyif Sps I j Nash

want to show every label appears at least

once in LG VLly

LCAULLY L

Let it n

If Xi o if Lex

Else x 0 since Nash i must be pre BR

ETA x 1

it y

Let seem

if y O jelly

else y 0 since Nash must be p re BR

EixiBi 1

It Lex

So to find Nash just need to find vertices that

co tain all the labels



Now snitch to graphtheay

Given polytope can create graph of vertices two vertices

adjacent in graph if adjacent connected by 1 dim

face in polytope

t.EE

far as L vertices x y adjacent if Lex ALE N 1

drop label from x add label to get x

lame for Q ILLA Alex'll m 1

Let V vertices of P

VL vertices of Q



Create graph G

V Vix V2

Edie btw ta and x y't if
x adjacent to x in P and yet or

y adjacent to y in Q and x x

Let Kel be arbitrary label

Let UK Cx Dev LG ULLA I LICK

Hii subgraph of h induced by Uk

Thy l 0,0 and all Nash are in Uk

degree in Hk is 1

2 Every other vertex in Uk has degree 2 in His

PI
1 010 has all labels in UK

toy Nash LCHULLA L in UK

Degree Let x y either Nash or 0101



Sps Kelly Kelly will be symmetric

drop k move along edge in P to son x
LI At Uk
x y has degree 21

If x y had some other edge would correspond to

dropping some other label

other endpoint not in Uk

Hy has deg I in Hk

2 Let x y some other vertex in his
K 4 G ULLA or else x y would have all

labels 710,0 or Nash

I le LG Ally since KCAL N 11411 4

IL ICHI Nt M 1

can drop l from x in P x

y y adjacent to x y in Hk

can drop l from y in P y

It y adjacent to xx in Hk

It y has degree 22 in Hk



Only I d elicated label l since in Uic

cannot drop any other label

x y has degree 2 in Hk
x y has degree 2 in Hk

what does this imply about structure of Hk

Hk a collection of paths and cycles

Lemke Howson

choose Kel arbitrarily
Start at co o degree 1 in Hk walk along path
in Hk until reach a node ay of degree 1

Return x y

Corollary In any non degenerate bimatrix game
there are an odd number of Nash equilibria


