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21.1 Introduction

Today we’re going to talk more about combinatorial auctions, which we introduced last time.

21.2 Combinatorial Auctions and Single-Minded Bidders

Let’s recall the setup for combinatorial auctions.

• Players [n].

• m items M .

• Outcome: each bidder i gets a set (bundle) Si ⊆M , where Si ∩ Sj = ∅ for all i ≠ j. Note that
this means there are many outcomes: (n + 1)m.

• Valuations: each player i has a valuation vi(S) for each S ⊆M , which is the value that player
i gets from receiving bundle S. Note that this means that player i does not care about what
any other player j gets: they just care about what they get. As we discussed last time, this
means that each player has 2m private parameters, which is a lot. We’ll assume (for today)
that vi(∅) = 0 and that vi(S) ≤ vi(T ) for all S ⊆ T ⊆ M , since player i could always just
throw away the items in T ∖ S.

• The social welfare of outcome (S1, S2, . . . , Sn) is ∑ni=1 vi(Si).

• The utility of a player in an outcome is its value minus the price it is charged.

What mechanism should we use for combinatorial auctions? The classical answer is VCG, but
as talked about last time, this has a number of issues. VCG can be bad for revenue, bids are
massive and hard to communicate, and finding the welfare-maximizing outcome/allocation can
be an extremely difficult computational problem. As computer scientists, we’re mostly concerned
with this last issue. One obvious approach would be to use an approximation algorithm for social
welfare, but even if a good approximation algorithm exists we have another problem: if we try to
define prices as we did before (the externality of a player), then the fact that we’re approximating
social welfare instead of computing it may result in prices that are not incentive compatible. So,
unfortunately, we (to some extent) need to start from scratch every time we encounter a new
combinatorial auction setting.

21.2.1 Single-Minded Bidders

We’re going to spend most of today on one of the simplest combinatorial auctions: single-minded
bidders. This is an important setting in practice since it models some realistic behavior, and is also
one of the simplest non-single parameter environments.
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This setting is simple to describe. Each bidder i has a (private) set Ti ⊆M , and there is a private
parameter vi ∈ R+ such that

vi(S) =

⎧⎪⎪
⎨
⎪⎪⎩

vi if S ⊇ Ti

0 otherwise

So this is almost a single-parameter environment, since there are now two private parameters vi
and Ti. A bid in this context is a pair (bi, Si), which is easy enough to write down and transmit
from the player to the auctioneer.

21.3 Greedy Mechanism

Like last time, we need to think about simultaneously designing the allocation rule and the prices –
there’s no general theorem which will let us derive prices from an allocation like Myerson or VCG.

21.3.1 The Mechanism

We’ll use the following allocation rule/algorithm:

• Sort the bidders so
b1

√
∣S1∣

≥
b2

√
∣S2∣

≥ ⋅ ⋅ ⋅ ≥
bn

√
∣Sn∣

.

We’ll see why we use this specific ordering later, when we analyze the approximation of social
welfare. But it’s worth noting that for incentive compatibility we just need an ordering that
is increasing in bi and decreasing in ∣Si∣ – any such ordering will do. Being linear in bi and
1/

√
∣Si∣ is a choice for social welfare maximization.

• W = ∅

• For i from 1 to n: if Si ∩ (∪j∈WSj) = ∅, add i to W .

• Return the allocation which gives Si to player i if and only if i ∈W .

To define prices, we’ll (obviously) set pi = 0 if i /∈W . If i ∈W , the price is a little more complicated.
Fix a bidder i ∈ W . Let α(i) be the minimum index (bidder in the sorted order) such that
Si ∩ Sα(i) ≠ ∅ and Sk ∩ Sα(i) = ∅ for all k < α(i) with k ≠ i and k ∈W . In other words, α(i) is the
first player who lost because of bidder i: if i had not been participating then α(i) would have been
in W . If no such α(i) exists, then we set pi = 0. Otherwise, we set

pi =
bα(i)

√
∣Sα(i)∣/∣Si∣

= bα(i)

¿
Á
ÁÀ ∣Si∣

∣Sα(i)∣

21.3.2 Analysis

This mechanism is obviously polynomial time, and obviously outputs a valid allocation. So we need
to show that it is incentive compatible and approximately maximizes the social welfare.
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21.3.2.1 Incentive Compatibility

Let’s prove that this mechanism has two important properties: monotonicity and critical payment.

• Monotonicity: if i wins with bid (bi, Si), then it would win with any bid (b′i, S
′
i) such that

b′i ≥ bi and S′i ⊆ Si. This is trivial to prove: increasing bi or decreasing Si can only move i
earlier in the greedy ordering, so if Si did not conflict with any earlier j ∈W then it still will
not conflict after moving earlier.

• Critical Payment: if i wins then the price it pays is the smallest x such that i would still win
if it had bid (x,Si).

To prove this, first consider the case when α(i) does not exist. Then there is no other bidder
who fails to win because of i’s participation, and thus if i was last in the ordering it would
still win. So it is charged 0, which is the critical payment.

Now suppose that α(i) does exist. Then i will still win as long as it appears before α(i) in the
ordering, and if it appears after α(i) then α(i) will win and so i will not (since Si∩Sα(i) ≠ ∅).

Thus the critical payment is the x such that x√
∣Si∣

=
bα(i)√
∣Sα(i)∣

. Solving for x, we get that the

critical payment is

bα(i)

¿
Á
ÁÀ ∣Si∣

∣Sα(i)∣
= pi

So the greedy mechanism has these two properties.

Theorem 21.3.1. Any mechanism where losers pay 0 which has both the monotonicity and critical
payment properties is incentive compatible.

Proof. Fix player i ∈ [n] and all bids other than i’s. Let u(b, S) be the utility that player i would
get by bidding (b, S), so u(b, S) = vi(S) − pi(b, S). By the critical payment property, we know that
pi(b, S) = inf{x ∶ i wins with bid (x,S)}.

Let’s first show that truthful bidding results in nonnegative utility. If player i bids truthfully then
it gets either utility 0 (if it does not win) or utility vi(Ti) − pi(b, Ti) = vi − pi(b, Ti) ≥ 0 (by the
definition of pi(b, S)).

Now let’s show that telling the truth is a dominant strategy, i.e., that u(vi, Ti) ≥ u(b, S) for all bids
(b, S). This is obvious if (b, S) is a losing bid (since we just proved that telling the truth gives
nonnegative utility). This is also obvious if Ti /⊆ S, since then even if player i won with bid (b, S)
they would receive a bundle which has zero value to them. So without loss of generality, assume
that Ti ⊆ S and that (b, S) is a winning bid.

We’ll prove that u(vi, Ti) ≥ u(b, S) by a two-step argument: first we’ll show that u(b, Ti) ≥ u(b, S),
and then we’ll show that u(vi, Ti) ≥ u(b, Ti).

For the first step, we know that both (b, S) is a winning bid and thus (b, Ti) would also be a
winning bid by the monotonicity property. So u(b, Ti) = vi−pi(b, Ti) and u(b, S) = vi−pi(b, S), and
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hence we just need to show that pi(b, Ti) ≤ pi(b, S). By the critical payment property, pi(b, S) is
the minimum x such that (x,S) would win. By the monotonicity property, this means that (x,Ti)
would also win, and thus the minimum y such that (y, Ti) would win is at most x, and so (again
by critical payment) pi(b, Ti) = y ≤ x = pi(b, S).

For the second (and final) step, we need to show that u(vi, Ti) ≥ u(b, Ti). As discussed, by mono-
tonicity we have that (b, Ti) is a winning bid. If (vi, Ti) is a winning bid, then u(vi, Ti) = u(b, Ti)
since the value of the bundle is the same and the price is the same (by the critical payment prop-
erty). If (vi, Ti) is not a winning bid then u(vi, Ti) = 0, but on the other hand pi(b, Ti) ≥ vi and
thus u(b, Ti) ≤ 0.

21.3.2.2 Social Welfare

Let OPT be the winners in a welfare-maximizing allocation, and W be the winners from our greedy
mechanism.

Theorem 21.3.2. ∑i∈OPT vi ≤
√
m ⋅ ∑i∈W vi

Proof. Let OPTi = {j ∈ OPT ∶ j ≥ i ∧ Ti ∩Tj ≠ ∅}. Note that OPT = ∪i∈WOPTi, since every player
j ∈ OPT is either in W (in which case it is in OPTj) or was not added to W because some player
i < j with Ti ∩ Tj ≠ ∅ was added to W , in which case j is in OPTi.

Let j ∈ OPTi. Then j ≥ i, so

vj
√

∣Tj ∣
≤

vi
√

∣Ti∣

Ô⇒ vj ≤
vi

√
∣Ti∣

√
∣Tj ∣

Since this was true for all j ∈ OPTi, we can add them all up to get

∑
j∈OPTi

vj ≤
vi

√
∣Ti∣

∑
j∈OPTi

√
∣Tj ∣ ≤

vi
√

∣Ti∣

√
∣OPTi∣

√

∑
j∈OPTi

∣Tj ∣

This last inequality is due to the Cauchy-Schwarz inequality, a super important and useful inequality
which sounds obvious: Cauchy-Schwarz says that ∣⟨x, y⟩∣ ≤ ∥x∥ ⋅ ∥y∥ for all vectors x and y (where
⟨⋅⟩ denotes the inner product and ∥ ⋅ ∥ denotes the length in the usual Euclidean norm). If we set
x to be the all 1’s vector and y to be the vector with yj =

√
∣Tj ∣, then Cauchy-Schwarz implies the

final inequality above.

Now let’s bound ∣OPTi∣. This is actually pretty easy to do: every j ∈ OPTi has Tj ∩ Ti ≠ ∅, but
for any j, j′ ∈ OPTi with j ≠ i we know that Tj ∩ Tj′ = ∅ (since they are both able to get their
desired bundles in OPT ). So every every player in OPTi conflicts with i in a different item, and
so ∣OPTi∣ ≤ ∣Ti∣. So if we continue the above series of inequalities, we get

∑
j∈OPTi

vj ≤ vi

√

∑
j∈OPTi

∣Tj ∣ ≤ vi
√
m,
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where the last inequality is again because players who win in OPT cannot have overlapping desired
bundles. Thus

∑
i∈OPT

vi ≤ ∑
i∈W

∑
j∈OPTi

vj ≤ ∑
i∈W

vi
√
m =

√
m ∑

i∈W
vi,

as claimed.

21.4 Hardness

We now sketch a proof that the greedy mechanism is essentially optimal, in the sense that even
if we didn’t care about incentive-compatibility, it is hard to approximate the social welfare better
than m1/2 in combinatorial auctions with single-minded bidders.

Theorem 21.4.1. For every constant ε > 0, it is NP-hard to approximate the social welfare better
than Ω(m1/2−ε).

Proof. We give a reduction from the Independent Set problem. Recall that in Independent Set, the
input is a graph G = (V,E) and we are asked to find an independent set of maximum size (where
a set S ⊆ V is independent if there are no edges in E between any vertices in S). It is known that
it is NP-hard to approximate Independent Set better than Ω(n1−ε), where n = ∣V ∣.

Let G = (V,E) be an instance of Independent Set. We create an combinatorial auction with single-
minded bidders by letting the bidders be V , the items be E, and for every i ∈ V we set vi = 1 and
Ti = {e ∈ E ∶ e ∩ {i} ≠ ∅} (i.e., every node wants the edges that are incident to it). Clearly this is a
polynomial-time reduction.

Suppose that G has an independent set S of size α. Then it is easy to see that the social welfare in
the instance we created is at least α, by assigning every edge incident on a node in S to that node
(note that both endpoints of an edge cannot be in S by the definition of an independent set).

Now suppose that it is possible to get welfare α. Let S be the set of bidders who get their desired
subset (so ∣S∣ ≥ α). Then it is easy to see that S is an independent set, since if there is an edge
between two nodes in S then those two nodes both require that edge to be in their subset, so at
most one of them can contribute to the social welfare. Hence there is an independent set of size α.

Thus the optimal value of the independent set instance and the combinatorial auction are the
same, and hence this is an approximation-preserving reduction. So it is NP-hard to approximate
combinatorial auctions with single-minded bidders better than Ω(n1−ε). Since n ≥

√
m, this means

that it is NP-hard to approximate combinatorial auctions with single-minded bidders better than
Ω(m1/2−ε)
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