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n players jobs i b i has weight wi

m machines strategies i m Vita S m

Aes assignment A a m
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Thy Land Balancing game has a pure Nash equilibrium

A lila illa lala

sort non increasing X Al d A Xm A TCA

cost A X A

Let 4 be lexicographic ordering
of vectors

1,2110 4 42,15 4 1,31 4 3,2 1

For A B ES AL B if TCA L XCP

note if TCA X BI then either ALB or BLA

Let Aes he min according to 4

lat A is a pure Nash



Ses i has incentive to deviate to get a

A XILAI it A k A Incas

y r
deviate to here

machine i is assigned

by A

Note without loss of generality X A hit A

A Xilai X A Xa A'l Xm A

since they don't change

X CA'ledical decayed Al X CA X A

Only changes at machine i and k

Since i has incentive to deviate l A lect

I A tilt I I I
if same machine goes down I jtl k

it k still les
if itt know dit A d A



Cy Price of stability 1

PI A pure Nash from before

B arbitrary assignment

YA LX B VB

T.CA EXicB

cast Al t.CA EX B c.st B



purevashus.mil dNash

Ex let him wi 1 tie Cn

Pure Nash

DE Dee
each job gets own machine c it 1

Mixed Nash

Each job chooses machine uniformly at random

ECC A I Ey PLACK Ali It

Elect i It EE ALACK
i It

Nash



ECentCA I even though 5 x EClical 1

Ex m 4 2

Ew uEE ED
t t t t

Ecco t I I 2.2 12

So pure Patt 1 Paa

Q Is pure Pot always
1 Always smell

How big can f A he

How his can IIe he

1 pure Pot always small pot can get pretty big



Thy Pure price of anarchy 2 E

PI Let A pure Nash

j machine with highest load under A

costa l A

it job with smallest weight assigned to

Is it only job assigned to it

If DDD OpTIW l A costCA
j

So WL oh 22 i h assigned to j

A
Wit E z l A z est A

j

Since Nash Kit m



l A 2 l A w

I else it would switch to

I cast A t coat A cast A

l A castCA W E L l A

HDB

opt I É max load average load

fifth total load total load

lataltfglif

2 castcaltgtte.tl previous



CHELHI

Itn cotta

motif L E

Analysis tight n 2m m i his weight m

m ich weight 1

OPT

MM
Each machine has 1

load big I small job

OPT Mtl

machine



Pare Nash

land m

II

Pure price of anarchy 211 2



MixedNast
Look at previous example

n n wi I tied

The Price of Anarchy 21 Fm

E Éi't 1
Nash o All players choose machine v a r

Balls in bins throw n balls randomly

into m bins

E max f Al
Expected max occupancy a o tech

o Itani



For us men flite

So pure Nash always 2 ORT

mixed Nash can be 244T OPT

This Price of Anarchy E 0 YE

Pfskety
Let o be mixed Nash

want to show E Its local 20 Fal ont
A 0

Easier band IE foll All

lemme Wieland Goll lADE 2 E OPT

Pfskelf just like pure Nash

Let it machine with max expected load

Let it jab of min weight with nonzero

probability of choosing it



Now show concentration

Simple Chernoff bound

Im If X XitXet Xn where each Xi is an

independent random variable in oil then

Prex t EI ft LeECX

Fix machine je m

Xi if if Ali

o if Ali t

x EE Xi E
i ac

For Eff

ECx ECA ETF PLAC

It Ii i f Cali



Jet Ell All

Eton 2 015 2

set t vlog m apply
cnn.tt

PrCx7tJ PrCxSylogm I 2
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tiff Poll cat ylagm opt E I

Union bound over all machines

Pr cast A y lag m Oct E Ey Pull A ylasm opt

E m I I
the

Eccast Al I OPT ly m P Coast A SORT log m

x Precast A x dxTortuga

OAT lag m t I toga ont ta dy



40101T log m

To get O int slightly stronger version

of Chernoff


