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Def A cast minimization game with objective function

cost STIR is Hm smooth if

1 castes E EIC s Uses

2 É Cils i s EX castes't th castes vs es

Switch to utility maximizing
k players player i has strategy let Si S Six t tsk
player i has utility function vii SIR

Def A utility maximization game with objective function

we
Vi silk is din smooth if

1 V s 2 Ein s Uses

2 É a s i s X VCs n vis Uss'es



riceottatalanaf
I g life

Thy PotA in a dim smooth utility maximization game

is at most tf
PI Same as cast minimization

V61 EC iniCs1J E.ECui4ll

IF I Ethicsinstill Ethics i still

eat 2 Ld ult n vis t vest n Elvis

Vest E 1 Eval



FacilityLacationhane

Competitive facility location with price taking market

and profit maximizing firm

Set f of possible locations

K players Player i has strategy let Fi Ef

places where player i can build a facility

Set M of markets Each Jem has value v 20

amount customer at market willing to pay for service

For each ref and jem cost ex 20

cost of serving market i from location x

Before define utilities formally do example

K2 Ifl 3 M 1 2

I M

f lil

2 62 3



Intuition player at location will charge each market

as much as possible

each market will accept lowest price if
below u give money to player
Player who receives money pays cost of service

sit so

player 1 offers price s to market2

3 to market 1

player 2 offers price y to market 1

3 to market 2

player I profit utility 3 1 2

2 profit futility 3 1 2

5 2 so

If P2 still charges 3 to M2 then PI can

charge 23 and still make a profit

True if P2 charges 72 to M2

P2 can only offer price 2 to MZ

p I still offers price 3 to M1



PI utility 3 2 1

P2 utility 2 1 1

Fomaldefinitionofutilities

WLOL Cx Ev Uxef if M

change example from cast x to cost 3

Strategy profile s

player i at location s

who will end up servicing market j

Whoever is at closest location

Csi I Cy VxeCk

what price do they charge

Second closest IiPi s II Csx

Profit of player from market



Ti s
Pics Csis if Csis Csp Vxeck
O otherwise

utility of player i under strategy profile s

Ui s E
Jem

Ti s

alohalvakefunction V STIR

Sum total happiness over all players and markets

social surplus social welfare

under strategy profile s let

fl player who serves market

Pay s price paid by market

Total player utilities

Iii's If Im't s É E
in jiffy

s

Een Tre s E
jam

Pfeil s
say



utility of market value price

total utility of all market

E u Pam s
jem

Add players t markets

V s Em Paco s see t E
jem

Vi Pan s

Eml's semi

Prices don't matter

Smoothy

Fact Potential game exercise in Roughgarden

This 1,1 smooth



PutA 52

Property Ein s I Vls Uses

Easy added market utilities nonnegative

property hi s V s V s i Kit Ckd Uses

abusing notation value of game without player i

on strategy profile with i'th coordinate
removed

English utility surplus created

for each j em

g j closest location with a player in g

g it closest location with a player in S i

V6 VCs i u Cge Emv g ieJEM

2
g ie goJEM

o if si go
second closest closest if i gl



Ti s

E ti s n sJEM

property V is monotone and submadular

Ah se notation even more also think of s as set of location

so SEF

ok since U only depends on locations chosen not players

monotone If SES then VCs EVI's

Def of Vi adding more chosen locations

change U s can only decrease Cecil s

subnodular If ses then

VCs'V x VI IVC SUCH VCs Exef
decreasing marginal benefits

By property 2 equivalent to proving



Ux s'Ulx Eu Csu Ex my utility function
of player choosing
location x

By def of ax equivalent to proving

In Tx Is'VE E Ent su x

Let's prove IT s'Ult E IT sV63 Vith

If IT s'Ulx O

if IT s uld o

x closest open location to i in V x

x closest open location to i in a Vfx

Since S Es Palival E Px sua
r a

second closest in second closest is

s U x SVEx

Tix s'Ult Palival x

I Palsula x Tx shall



Finally proving lil smooth

É hits i s VCs i s VCs property 2

2 VINCI si sit VCsulsi.si is p abmadularity

Vls Us VIS telescoping

2 VCs VCs monotonicity

Monotoneutilityhamey

Generalization of facility location game d e to Vetta 02

player i has strategy set Si S Saxlex tsk
wiser

A S VlzV Usk locations

v
A
IR function on subsets of A

like facility location depends only on which locations chose



Abuse notation for set VCs VII si

four properties of a monotone utility game

1 V6 I will Uses

2 V submad K VITUCH VCT EUCTUEN UCT

H TET EA Xe A

3 V monotone UCT E VCT V TET EA

4 utility of player at least surplus created

u s VCs VCs il field SES

if a basic monotone utility game

So we proved that facility location game a

basic monotone utility game

The Every monotone utility game is lil smooth

PI Property 1 of monotone utility property 1 of smooth



É hits i s É VCs i s VCs property4

2 É VINCI si gs VCsulsi.si s p abmadularity

Vls Us VIS telescoping

2 VCs V s monotonicity

Note Monotone utility games defined before smoothness

Original bounds only for pure price of anarchy


