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Trade-off between multiple-copy transformation and entanglement catalysis

Runyao Duart* Yuan Feng-" Xin Li,** and Mingsheng Yiny®
IState Key Laboratory of Intelligent Technology and Systems, Department of Computer Science and Technology,
Tsinghua University, Beijing, China, 100084
(Received 20 November 2003; published 8 June 2005

We demonstrate that multiple copies of a bipartite entangled pure state may serve as a catalyst for certain
entanglement transformations while a single copy cannot. Such a state is termed a “multiple-copy catalyst” for
the transformations. A trade-off between the number of copies of source state and that of the catalyst is also
observed. These results can be generalized to probabilistic entanglement transformations directly.
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I. INTRODUCTION ELOCC—was discovered by Jonathan and Pléa®. This
o phenomenon can be understood as follows. |igtand | o)

~ In recent years, more and more applications of quantunpg o bipartite entangled pure states such that the transfor-
information processing, such as quantum cryptogrddfly  mation of|y) to |¢) cannot be realized with certainty under
quantum superdense codifig], and quantum teleportation | 5cc. Then Jonathan and Plenio demonstrated that some-
[3], have led us to view quantum entanglement as a new kingjmes one may use an auxiliary entangled stae known as
of physical resourcé4]. One of the central problems about 5 catalyst, to make the above transformation possible without
guantum entanglement is to find the conditions under Wh'Crbeing consuming at all. In fact, the transformation in the
an entangled state could be converted into another one b;yresence ofl$) is of the form|y)®|d)—|@)®|¢), from
using local quantum operations and classical communicatiofhich one can easily see that the catalyst sfafeis not
(LOCC) only. Bennett and his collaboratdiS—7] made sig-  mogified during the process. A concrete example is as fol-
nificant progress in attacking this challenging problem for|,.s Take|1/)=1/0.400)+10.411)+0.122)+10.133) and
the asymptotic setting, while for the deterministic tfa”SfOF'Ijqo):\s'o*.aoo>+\x’_o.2511>+v‘o.2522>. We know that]y) can-
mations, the first important step was made by Nielsen in Ref, ot pe transformed thp) with certainty under LOCC, but if
[8], where he found a necessary and sufficient condition for &, iher entangled stathp)=10.644)+0.455) is intro-
bipartite entangled pure state to be transformed to anoth%[uced’ then the transformation pf) ® |4) to |¢)® |#) can
pure one deterministically, under the constraint of LOCC.q realized with certainty becauge ¢< ¢® . The role of
More precisely, suppose that Alice and Bob share an engq satd ) in this transformation is similar to a catalyst in
tangled statgy), and they want to transform it into another 5 cpemical process since it can help the entanglement trans-
state|) by using only local quantum operations on their fomation process without being consumed. In the same pa-
own subsystems and classical communication between thei?er Jonathan and Plenio also showed that the use of a cata-
Nielsen proved that the two parties can finish this taskyst can improve the maximal conversion probability when

successfully—i.e., transforming) to |¢) with certainty un-  he yransformation cannot be realized with certainty even
der LOCC—if and only ify/< ¢, wherey and ¢ denote the it the help of a catalyst. The mathematical structure of

Schmidt coefficient vectors ¢f) and|e), respectively. Here  gianglement catalysis was thoroughly studied in REs].

the symbol *<” stands for “majorization relation,” which is Bandyopadhyagt al. found another interesting phenom-

a vast topic in linear algebra. For details about majorizationenon[m]: sometimes multiple copies of the source state may

see Refs[?,lo]. N e transformed into the same number of copies of the target
Nielsen's result implies that there can be two entanglediate aithough the transformation cannot happen for a single

pure states—sayy) and|e)—such that they are incompa- ., Sych a phenomenon is called “nonasymptotic bipartite
rable in the sense that neither the transformatiofg/pfo | o) pure-state entanglement transformation” in Ha#]. More

nor the transformation ofg) to |¢) can be realized with intuitively, this phenomenon can also be called “multiple-
certainty. For transformations between incomparable stateéopy entanglement transformation,” or MLOCC for short.
Vidal [11] generalized Nielsen’s result to a probabilistic ver- Take the above statég) and |¢) as an example. It is not
sion'and established an ex.p'licit expression to calculate thisicult to check that the transformation oB)°3 to |p)=3
maximal conversion probability. . occurs with certainty by Nielsen's theorem. That is, when
Shortly after Nielsen’s work, a startling phenome_non of Alice and Bob prepare three copies |gh instead of just a
entanglement—namely,  entanglement  catalysis,  OLjngle one, they can transform these three copies all together
into the same number of copies|gf by LOCC. This simple
example means that the effect of catalyst can, at least in the

*Electronic address: dry02@mails.tsinghua.edu.cn above situation, be implemented by preparing a sufficiently
"Electronic address: feng-y@tsinghua.edu.cn large number of copies of the original state and transforming
*Electronic address: x-li02@mails.tsinghua.edu.cn these copies together. Some important aspects of MLOCC
SElectronic address: yingmsh@tsinghua.edu.cn were investigated in Refl14].
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In this paper we examine the catalysis power when mulpure bipartite states with the Schmidt coefficient vect#rs
tiple copies of a catalyst state are available. What was dis=(«ay, ...,y and ¢=(B4,...,8,), where ay=---=,=0
covered by Bandyopadhyay al.is that sometimes the effect andg,;=---= 3,=0. Then there exists a transformation that
of catalysis can be implemented by increasing the number afonverts|#) into |¢) with certainty under LOCC if and only
copies of the source state, whereas we present some ek-¢< ¢—i.e.,
amples to show another interesting phenomenon: a large | |
enough number of copies of an entangled pure state may act D o< D g, 1=l
as a catalyst although a single copy cannot. Such an en- = =
tangled pure state can be calledrmaultiple-copy catalyst
More formally, if |#) is not a catalyst for the transformation with equality whenl=n.
of [) to |@), but there is an integen> 1 such that¢)®™ is Nielsen’s theorem establishes a connection between the
a catalyst for the same transformation, tHei is called a transformation ofl¢) to |¢) and the mathematical relation
multiple-copy catalyst for the transformation |gf to |¢). A #< . Intuitively, we often write|y) <|¢) instead ofy< ¢.
necessary condition for a given entangled pure state to be rom that one can immediately deduce that the transforma-
multiple-copy catalyst for a specific transformation is ob-tion of [¢) to |¢) can be achieved with certainty under
tained. LOCC.

It is worth noting that both ways of enabling entangle- As a useful application of Nielsen'’s theorem, we present a
ment transformations in Ref14] and in the present paper technical lemma as follows.
are increasing the number of copies of states. The essential Lemma 2 Let|) and|¢) be two bipartite entangled pure
difference is that in Ref[14] the number of copies of the states. If[)“P<|p)“P for eachp=k,k+1,...,%~1, then
source state is increased while in this paper we consider if#)“?<|¢)®P for all p=k.
creasing the number of catalysts. A lot of heuristic examples In other words, to check whethé)“P<|¢)“P holds for
lead us to find a trade-off between the number of copies ogvery p=k, one only needs to chedkvalues ofp—i.e., p
the original entangled state and that of the catalyst. As isk, ..., X-1.
expected, the more original-state copies are provided, the Proof. By Nielsen's theorem and the assumptions, to
fewer catalyst copies are needed and vice versa. prove that|)“P<|¢)“P for every p=k, we only need to

A similar phenomenon also exists in the case of probabishow that the transformation ¢f#)“P to |¢)“P can be real-
listic entanglement transformations. We show by example&zed with certainty for anyp=2k. For this purpose, we
that sometimes the combination of MLOCC and ELOCC caruniquely decompose the positive integesuch thatp= 2k
increase the maximal conversion probability efficiently. Weas
also present a necessary co_ndition for when the combin_ation p=(r-1k+(k+s), r=2 and O=s<k-1. (2)
of multiple-copy transformations and entanglement-assisted
transformations has advantages over pure LOCC transform&ow an explicit protocol implementing the transformation of
tions. |)®P to |)®P with certainty under LOCC consists of the

The rest of the paper is organized as follows. In Sec. Ilfollowing two steps.
we study the combination of MLOCC and ELOCC in deter- (i) Perform(r—1) times of the transformation ¢f) to
ministic transformations. These results are generalized tfp)®.
probabilistic ones in Sec. Ill. The paper is concluded in Sec. (i) Perform one time of the transformation af)®**s to
IV with some open problems that may be of interest for|g)®k*s,
further study. By Nielsen’s theorem and the assumptions again, we
know that both the transformations i) and (ii) can be
realized with certainty by LOCC. That completes the proof
of lemma 2. O

It is worth noting that the conditions in lemma 2 are also

The main purpose of this section is to demonstrate thé@ecessary in general. In fact, as pointed out by Leung and

effect of multiple-copy catalysis. We accomplish this goal bySmolin in Ref.[15], the majorization relation is not mono-
giving an explicit example, which confirms the existence of atonic in general in the sense thiag** < |¢)“¥ does not al-
multiple-copy catalyst. Then we further combine multiple- ways imply[4)®¥1 <)L, Thus, to guarantee thay)®P
copy transformation and entanglement catalysis together ard |¢)“P holds for everyp=k, one needs to check &lcon-
show that a trade-off exists between the number of copies diitions.
a multiple-copy catalyst and that of the source state in the Now we begin to examine the catalysis power when mul-
entanglement transformation. A necessary condition for atiple copies of the catalyst state are available. In particular,
auxiliary state being a multiple-copy catalyst for the giventhe following example indicates the existence of a multiple-
transformation is also presented. copy catalyst.

For the sake of convenience, we present here Nielsen’'s Example 1 Suppose that the original entangled state
theorem[8] as a lemma since it will be used frequently owned by Alice and Bob is
ltgttzgalyze the possibility of entanglement transformations ) = v’m00>+ \5'0.4{11>+ J0.122) + VJO.]J33>’ 3)

Lemma 1 Let [¢)=3",Vaii)]i) and|e)==",VB|i)]i) be  and the final state they want to transfofu# into is

=n, (1)

II. COMBINING MLOCC WITH ELOCC:
DETERMINISTIC CASE
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lo) = \y’@o@ +10.2511) +10.2222) + /0.0333). (4) are owned by Alice and Bop, it is easy to see thqt 3 copies of
) ) o |#,) are not enough for their purpose and the minimal num-
This example is very close to the original one used byper of |¢,) is 4. Finally, when Alice and Bob own only one
Jonathan and PIe_n[dZ] to demonstrate the effect of cataly- copy of |¢), using 6-10 copies offi,) cannot achieve the
sis. One may think that Alice and Bob could realize thetask. We conclude that they must borrow at leat 11 copies of
transformation of ) to [¢) with a 2x 2 catalyst, as in the |4,) from the catalyst banker since the relatigh ® |¢,)®
original example in Ref[12]. Unfortunately, it is not the <|u)®|¢,)®k holds only fork=11. Here we have used
case since the small deviation violates the condition of the\jelsen’s theorem and the fact that|if)®* is a catalyst for

existence of a X2 catalyst[16]. However, we can find a the transformation ofy) to |¢) then|$)®P is also a catalyst

3X3 state for the same transformation for ay=k. Alice and Bob
| 50 [30 23 must borrow a large number of catalysts to complete the
|p1) = \| —=|44) + \| —|55) + \/ —|66) (5) transformation in this extreme case. This example illustrates
103 103 103 a trade-off between the number of copies of original state

such thaly) ® [¢1) <[¢) ® |$y). and that of catalyst. 0

Moreover, by a routine calculation, we may observe that 1h€ above two examples show that it will be very useful
to know when a given entangled pure state can serve as a

[l 1<k=4, (6)  multiple-copy catalyst for a specific entanglement transfor-
mation. Unfortunately, such a characterization is not known
at present. Nevertheless, we can give a necessary condition

<@, B5=<k=9 (7)  for the existence of a multiple-copy catalyst.

. ) Before presenting this necessary condition, we introduce
hqlds. Thus Eq(7) is true for anyk=5 by Iemma 2. Again,  some yseful notations. We definé as the vector which is
.thIS shqws that the effect of alcatalyst can be |mplemented PYbtained by rearranging the componentsxofnto nonin-
increasing the number of copies of the source state in atran%‘reasing order. A useful fact about this notation is tkiat
formation. We now further put =yl if and only if the components of are exactly the same

— e 0 2 as those ofy. In other words, they are equivalent up to a
[#2)=0.644) +0.459), ® permutation. For any bipartite entangled pure stat@sand
which is certainly not a catalyst for the transformation men-|¢) with the ordered Schmidt coefficient vectorg!
tioned above. An interesting thing here is tha)®® does  =(ay, ...,a,) ande!=(B4, ....B,), we define a set of indices
serve as a catalyst for the transformation|@f to |¢) be- as
cause an easy calculation shows tHah® |ph,)*°<|e)

® |¢o)®°. Of course,|p,)®° is not the optimal one in the

sense that its dimension is not the minimum among all cata-

lysts. This phenomenon indicates that increasing the number
of an entangled pure state may strictly broaden the power dhtuitively, for anyl e Ly, the sum of the largest compo-

its catalysis. 00 nents ofy is strictly larger than that op. So|y) and|¢) are

In the next example, we combine MLOCC with ELOCC, incomparable if and only if., ,#0 andL,, ,# 0.
and show that a trade-off exists between the number of cop- The following lemma is interesting in its own right. It
ies of source state and that of the catalyst. gives us a necessary condition for a bipartite entangled pure

Example 2Suppose that Alice and Bob share some copiestate|¢) with Schmidt coefficientsy,=y,=---=,>0 to
of source statéy) as in Eq.(3), and they want to transform be a catalyst for a given transformation.
it to the same number of copies of Lemma 3 Let |¢) and|¢) be two incomparable states. If

_ Ao [ — — |¢) is a catalyst for the transformation ff) to |¢), then for
|#)=10.500) +0.2911) +10.222+V0.0833 (9 gnyicL, it holds thatys/ yc> B/ By and

by LOCC. Suppose that the only states they can borrow from

a catalyst banker are some copies|¢$) in Eq. (8). Can noBoo o % _PB (12)

Alice and Bob realize their task? Notice that Y B Yisr B

|¢>®5{|¢>®5 but |4, ek < |<P>®k, 6=<k=<11. (10 and

but

=1ll<I<n and X q>XB(. (11
i1 i1

Ly,

3

Applying lemma 2 yields that if the number of available Yis1 . B
copies of|y) is larger than or equal to 6, then Alice and Bob T
always can realize their task by themselves without borrow-
ing any catalyst. But if they only own 5 copies jaf), they  fori=1,... k—1.

cannot realize the transformation even if joint operations on Proof. By contradiction, suppose that one of the following
the 5 copies are performed. It is easy to check that borrowingolds.

one copy ofl¢,) is enough for Alice and Bob’s task because = Case(a): there existlye L, and 1<ig<k-1 such that
=5 | o) < | )5 ® | ). Similarly, when they only own 4 either Eq.(12) or Eq.(13) does not hold.

copies of|), it is sufficient to finish the task successfully by ~ Case (b): there exists lgel,, such that y,/y
borrowing 2 copies of¢,). For the case that 3 copies g < B, /B +1-

or P (13)
Y o B Yi+1  Bn
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We only need to prove that both cagesand(b) contra- Corollary 1. Let |¢) and|e) be two incomparable states.
dict the assumptioh)) ® |¢) < |¢) ® ¢). If |¢) is a catalyst for the transformation pf) to |¢), then,
First, we deal with casén). Let us decomposg into two ~ for anylel,,,
shorter vectors)’ and /'—that is, ¢=(¢/',/')—such that

P =(ay, ... ,a|o) and 1//’=(a|0+1, coo,ap). @ is similarly de- n_ B and Yie1 @_ (18)
composed a=(¢’,¢"). We also decompose=(¢’, "), Y2 B Yk Bn
where ¢’ =(yy, ..., %) and ¢"=(¥i1, - - The following theorem indicates that the condition in Eq.

Since ¢® ¢=(¢',¢")@(¢',¢"), one can easily check (18)is also necessary fdy) to be a multiple-copy catalyst
that the components af® ¢ are exactly the same as those for the transformation ofi) to | ).
of (¢’ ¢, ¢’ ®¢",¢"® ", ¢"® ") by a simple algebraic Theorem 1Let |¢) and|¢) be two incomparable states. If
calculation. By our notations introduced above, we alwayge) is a multiple-copy catalyst for the transformation |g§
have to |¢), then for anyl e L, ,, Eq. (18) holds.
., - by Proof. If |¢) is a multiple-copy catalyst for the transfor-
(p2 ) =(¢'® ¢ ¢ ®¢.¢" @b ¢" @) mation of [¢) to |¢), then there exists a positive integer
(14)  such that¢)®Mis a catalyst for the same transformation. By

Notice that the minimal component af’ ® ¢’ is BiyYiy corollary 1, it follows that

while the maximal components of’ ® ¢, ¢"® ¢’, and (¢®m)£ B
" @y are BrYi 1, By, and B 1i+1, respectively. (")} E (19
To finish the proof of caséa), it suffices to consider the 2
following two subcases. and
Subcasda.l): Equation(12) is not satisfied, that is, (¢>®m)l
k-1 By
Ny, <B /B and w/lvi= BB, (19 aml (20
0 oo o ‘o 0 (¢ )km Bn
th
en foranylel,,.
Bi,Yi, = ma)<{,81)/i0+1,,8|0+171,ﬁ|0+17i0+1}, (16) It is easy to check that
which implies that the minimal component of ® ¢’ is not ("Mi_ A m (21)
less than the maximal components @f® ¢’, ¢’ ® ¢' and (=™} B Yoyt %
¢"® ¢". By Egs.(14) and (16), the largestgl, components
of ¢® ¢ are just the components gf ® ¢’'. So and
iolo iolo (¢®m)k m-1
™1 Yk Y1 _ Yk-1
Dledd)=2(¢' ® ¢ = = 2t (22)
j=1 A : (%™ i T W
lo lo lo lo Combining Eqs(19—(22), we have the validity of Eq(18).
= Z B E Yi| < E qj Z i This completes the proof of theorem 1. O
- - - - With the help of theorem 1, we are able to find a staibe
iolo iolo such that it is a multiple-copy catalyst for the transformation
=2 (W ® ) <2 (Yo ), (17)  of [)® to |)® with somek> 1, but not for the transfor-
< o

mation of|) to |¢). Intuitively, a multiple-copy transforma-

where the strict inequality follows frorhy e L, ,, while the tion can be catalyzed more easily than a single-copy trans-

last inequality is by the definition Gt[99(y® ¢)T It follows ~ formation.
that [) ® | ¢)£| @) @ |4, a contradlctlon Example 3 Take the source state as
Subcase(a.2: Equation (13) is not satisfied. Then by 1 N
similar arguments we can verify that the ledstiy)(n—Io) ly/'y= Vl_—Ol(M +10.0144)), (23

components ob ® ¢ are just the components of ® ¢”, and

thus|y) ® |#)%|e) ©|¢), by considering the sum of the least while the target as
(k=ig)(n=1g) components ofr® ¢. This is also a contradic-

tion.

Now we deal with caséb). In this case,$’'=¢ and ¢ ") = ,r(|90>+ J0.0144), (24)
disappears. With almost the same arguments as in(eaBe
we have thaty) ® | ) +|¢) ®|$), again a contradiction. Tha
completes the proof of lemma 3. O

In the above lemma, if we takie=1, then from Eq(12) —Jn 0 2
we havey,/ y,< /8. Similarly, takingi=k—-1 leads us to [#2) = V0755 +0.366). (25
Yier! W< Bi+1/ Bn from Eq. (13). Consequently, we have the A simple calculation shows thdips) is a catalyst for a
following corollary. 5-copy transformatiori.e., the transformation ofy’)®® to

t where|y) and|¢) are defined as E¢3) and Eq.(9), respec-
tively. We choose
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l")®%), and|¢3)®2 is a catalyst both for a 4-copy transfor- entangled statpp)=10.6533)+0.3544), the maximal con-
mation and for a 3-copy transformation. It is obvious thatversion probability becomesP .| ®|d)—|¢) @|d))
Ly =12}, ¢'=1/1.010.5,0.25,0.2,0.05,0.01 and ¢53  =0.904, which means thatp) is a 0.904 catalyst for the

=(0.7,0.3. So transformation of|#) to |¢). Can Alice and Bob increase
their conversion probability to 0.985? A careful analysis
N 0.7 = 05 _B shows that the transformation faf) to |¢) does not have any
v 03 025 a,’ 2X 2 0.985 catalysf17]. Fortunately)¢) is a multiple-copy
which yields that the condition in Eq18) is violated. Thus, 0.985 catalyst since
by theorem 1, it follows thates) is not a multiple-copy Pmad|t) ® |2 — |0) @ |)®1%) = 0.985. (29
catalyst for the transformation ¢f’) to |¢’). In other words, ) ]
for arbitrarily largeq, the transformation ofy’) ® |p5)®9 to Suppose now that Alice and Bob share two copief/pf
l¢")® | pg)®9 cannot be achieved with certainty. 1 According to our definition, the transformation [af) to |¢)
can attain a probability0.853312=0.9237 under MLOCC
since
IIIl. COMBINING MLOCC WITH ELOCC:
PROBABILISTIC CASE Prmad|1)%? — |#)®?) = 0.8533. (30

We considered deterministic transformations in the last Ilft' vlve combine ta c?r;talysttr;assste_d tlransformatlon arl;d
section. In this section, let us turn to examine entanglemer{;bql.t'p gz;"no!?]ycrggee%%?c'eer:il EOTZ‘X;:? Ieconversmn prob-
transformations with probability strictly less than 1. iy ! S iciently. xample,

Recall Vidal's theorem from Ref11] that the maximal Proad[)%% ® [9)*% — |¢)*? ® [¢)*%) = 0.9535. (31)
conversion probability of transformingy) to |¢) under R ) ]
LOCC is given by This implies that the transformation of) to |¢) can attain

the probability 0.95382=0.9765 under the combination of
P () — |o)) = min E(¥) 26) MLOCC and ELOCC. In contrast to that, a pure MLOCC
ma ¢7) = Mih<i<n Ele)’ needs at least 7 copies of) to attain the probability
0.985. O
whereE(|))=2L,e; anda; = a,= - - = , are the Schmidt Next, let us turn to another interesting question: is it al-
coefficients of| ). ways useful to combine a catalyst-assisted transformation

Let\ € (0,1). We call|¢) aX catalystfor the transforma-  with a multiple-copy transformation? The above two ex-
tion of |¢) to | ) if amples give some hints at a positive answer to the question.

However, the next theorem indicates that such an improve-
Pnad| ) ® |#) — o) ® |¢)) = \. (27) ment does not always happen. This theorem is a generaliza-

Furthermore, if¢)®¥ serves as a catayst for some integer tion of lemma 4 in[12] which says that the presence of
k>1, then we say thdip) is a multiple-copy\ catalystfor catalysts cannot always increase the conversion probability.

this transformation. We should point out that a similar result has also been ob-
We say that a transformatide) of |¢) can attain prob- tainedin[14].
ability A by MLOCC if there exists a positive integkrsuch For any bipartite entangled pure stafgs and |¢), we
that define
Prad |17 — @)®*) = \X. (28) Prad| ) — |) = sUBy), Pral|1) © [6) — |¢) @ |¢)).
Notice that if the maximal conversion probability frdu) to (32

|¢) by LOCC is\, then the right-hand side of the above | itively, PE_(|y)—|¢)) denotes the optimal conversion
fq“"’?“"” 'S®]H.St the m®EX|maI conlvers;]on prqbablllty of tr:ans'probability of transformingd#) to |¢) by using some catalyst.
orming |¢)** into |¢)“* separately—that is, in a way where ™ 10 5 | of |y and|¢) be twonxn states with the

no collective operations on thecopies are performed. Thus | : .- ;
e ; TR . east Schmidt coefficienta, and 3,,, respectively. Then we
the intuition behind the above definition is that with the helpj,5ye that " P TESP y

of MLOCC, the average probability of a single-copy trans-

formation is not less than. a;
With the above preliminaries, the results obtained in Sec.  LPmal[#) — )P < Prall )P — |@)®P) < (E>

[l can be directly extended to the probabilistic case. The 3

following example, first considered by Jonathan and Plenio

in [12], demonstrates the existence of multiple-copgata-  for any positive integep.

lysts. It also shows that the presence of a multiple-cBpy  Proof. The first inequality in Eq(33) is obtained by per-

catalyst and multiple copies of the source state can increaggrming the transformation ofy)®P to |¢)“P under LOCC

the maximal conversion probability efficiently. separately. The second inequality in E83) can be proven
Example 4 Let |¢)=10.600)+10.211+10.222) and  as follows. Suppose thi) is any entangled pure state with

|¢)=10.500)+0.411)+0.122). By Vidal's theorem, we the least Schmidt coefficient.>0. By Vidal's theorem, we

have thatP,,,(|#) — |¢)) =0.80. However, with the aid of an obtain that

(33
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Pral| )P ® | ) — |0)2P @ | b)) although a single copy cannot. Such a state is called a
B ® |4) multiple-copy catalyst. We have analyzed the power of com-
= Min; =< ek % bining MLOCC with ELOCC. Moreover, a trade-off between
E(e)P@|4) the number of copies of a source state and that of a catalyst
Ewd[DP@[h)  aby [ an)\P is observed. We also show that the combination of MLOCC
=< P = =\% ] and ELOCC can increase the maximal conversion probabil-
EnPk(|(P> ® |¢>) IBnd Bn

ity efficiently. Note that there are no analytical ways to find
(34 catalysts for a given transformation except for some special

where we have used the fact thBiw(|1)*"®|#)=aly. caseq16,18. The notion of a multiple-copy catalyst some-

times may lead us to a possible way to seek an intended
The second inequality of E33) follows from Eqgs.(32) and y P y

g catalyst.
(34). This completes the proof of the theorem. O
Corollary 2. With the same assumption as in theorem 2, if There are many open problems that may be of relevance.

The most interesting one is, of course, what is the precise
Prma[#) —[)) = an/ By, then Pﬁaﬂ'/’?m.—)|‘P>®p):(a”/.'8”)p' relation between MI?OCC and ELOCC? Furthermore Iois the
In other words, even the combination of a multiple-copy '

) . : combination of MLOCC and ELOCC always more powerful
transformation and catalyst-assisted transformation canntg}1an MLOCC or ELOCQ18]? Another interesting one is to

increase the conversion probability. In fact, collective opera-_. . o .
tions in this case have no advantages over individual operag've.a sufficient condition for a given entangled_ state to be a
tions. multiple-copy catalyst for a certain transformation.

An interesting application of corollary 2 is to deal with
the case wheng) is a maximally entangled state—that is,
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