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Complexity Theory

• For computable problems, study the resources required. 

• Complexity class: a set of problems/languages that can be solved given a 
certain amount of resources. 

• Main goal: relations between different complexity classes.



Time Complexity

• The class DTIME 

• Let T: N →N be some function. Let DTIME(T(n)) be the set of all languages 
that can be decided by some TM  in time O(T(n)). 

• the class P. 

• P=Uc≥0 DTIME(nc), i.e., all languages decidable in polynomial time of the input 
length.



Some Properties of the class P

• Rough approximation of decision problems that are efficiently solvable. 

• P is close under a polynomial # of operations of sub programs. 

• Example: graph connectivity: given a graph G and two vertices s, t, decide if s 
is connected to t. 

• Can be solved in time O(|V|+|T|) using DFS/BFS.



Time Hierarchy Theorem

• If f, g are time constructible functions satisfying f(n)log f(n)=o(g(n)). Then 

• Allowing more time increases the power of computation. 

• Easy to see DTIME(f(n) ⊆ DTIME(g(n)), just need to show a language in 
DTIME(g(n)) that is not in DTIME(f(n).

DTIME(f(n) ⊂ DTIME(g(n))



Proof: Diagonalization

• FSOC assume TM M decides L in time cf(n), note that f(n)log f(n)=o(g(n)) 

• ∃ a description x of M with length n s.t. cf(n)log (cf(n)) < g(n). 

• Thus, the universal TM U can finish the computation of M  on x in time g(n).

By assumption, we have M(x)=L(x)=U(x).

By construction, we have L(x)=U(x)≠M(x).



The class NP and Non-deterministic TMs

• Recall P roughly stands for the set of efficiently solvable problems. 

• The class NP roughly stands for the set of efficiently verifiable problems. 

• Examples: math problems are hard to solve (needs creativity), but relatively 
easy to verify (no creativity required).



The class NP

• A language L is in the class NP if 

• M is called the verifier for L. 

• U is called a certificate for x (w.r.t. L and M).

∃ a polynomial function P: N →N and a polynomial time TM M s.t. ∀ x ∈ {0, 1}*
x ∈ L iff ∃ u ∈ {0, 1}P(\x\) s.t. M(x, u)=1 (accept)



Intuition

• A language L is in the class NP if 

• Think of L as the set of all mathematical theorems that are true. 

• x: a theorem, u: a proof, M: the verifier (you).

∃ a polynomial function P: N →N and a polynomial time TM M s.t. ∀ x ∈ {0, 1}*
x ∈ L iff ∃ u ∈ {0, 1}P(\x\) s.t. M(x, u)=1 (accept)



Examples

• Independent set: Given a graph G and an integer k, decide if G has an 
independent set of size k. 

• Traveling salesman: Given a set of n nodes, and a number dij denoting the 
distance between node i and j for every pair <i, j>, decide if there is a closed 
loop that visits every node exactly once with length length at most k.  

• Subset sum: Given a set of n numbers A1, …, An and a number T, decide if 
there is a subset of the numbers that sums up to T.



Relations between DTIME and NP

• P ⊆ NP. 

• Define EXP=Uc≥0 DTIME(2nc). Then P ⊆ NP ⊆ EXP. 

• Proof L ∈ NP => L ∈ EXP: try all the possible certificates u. 

• Don’t know if any subset is proper, but by Time Hierarchy we know P ⊂ EXP so 
at least one is proper.



Non-deterministic TM

• The original definition of NP comes from non deterministic Turing machines (NDTM). 

• Previously, all TMs are deterministic: at each configuration, the transition function 
gives a unique next configuration. 

• An NDTM is different in the following way: at each configuration, the transition 
function can have 1 or more (WLOG 2) possible outputs. 

• Mimics the situation of multiple choices (guess/freewill/creativity) in real life.



Computation of a non-deterministic TM

• Whenever the transition function has 2 possible outcomes 

• The TM accepts an input if ∃ a copy that accepts the input. 

• The TM rejects an input if all copies reject the input.

The TM splits into 2 copies/branches, with each copy taking one outcome. 



Running time of a non-deterministic TM

• Similarly, an NDTM may not halt on an input for some branch of computation. 

• We prefer NDTMs that halt on all branches of computation (decider). 

• For a function T: N →N, say an NDTM N runs in time T(n) if for any input of 
length n, all branches of N halt within T(n) steps.



NTIME and alternative definition of NP

• Let T: N →N be some function. Let NTIME(T(n)) be the set of all languages 
that can be decided by some NDTM  in time O(T(n)). 

• Let NP=Uc≥0 NTIME(nc), i.e., all languages decidable by some NDTM in 
polynomial time of the input length.


